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GEOMETRIC PROPERTIES OF
EXTENDED HOLOMORPHIC FUNCTIONS

Lidia Elen:s KOZEMA

Abstract. In this article T have detsrmined some gaimetrical praperties of the real srfcs

(8) F=tiy+ ju{z,y) + kv(z, y) attached Lo & monagenous guatarnion,

The nation 0f monogenous quaternion wes iobrodeeed in [} and represents o prolongemment of
the oliomorphuc functions in the Four-dimensinn space. The differente hotwea Lhise allevmnephoe
funetions and she monogenous functions nnalyzed to |-1-| i the facn chat e functions introduced in
[£] iz b partienlavized as ollomorphic funclions from tha ueual comples analvaiz, The annlvzad
geomerrical properties: Tha Causs Curvatore, the curves’ torsion on cocrdinates, she ares of e
allomorglie sarfuor aloment. The notion of IdsgEnous quaternion given under ralation (1] as
well ws ity properties constitites the nuthor's eriginal contelbution
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PrOperties

Wi licke a quaternion Lype function of wo resl variables

Kz ) =Pz} + i@z, y) + iRz y) + kS(z,0) = D B2

C = the qualernion’s set ({x.u) = pair of real varables), which we choose wishing to
axtend the complex numbers and the Canchy. Riemenn monogenity conditions of form

[

K-I[.T: T.ll.: =T 11-" + j“'::r'l ﬂ.:l T J'--“E“:.:I:!: Ill': [1}
where
2 = mkhes 1
if = k& M=gj k=i
Jo= =k k= e§ k= —i

Wi showed in [1] thet this function verifies the fllowing conditions:
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EX(z,y)eC? I:E?::l aned we use the Cauchy-Riemann’s conditions for functions i,y
(u{, ), . 4)
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Gy thy
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with A w =0 and & v = 0 we obeain’ For' the codtérnion K(#, ) given by relation (1} the
followring monogenity condilions
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é:.:'_':“ K |":',|_;I = i [l + [ }J 1 I.“F.:IE] =1 El ] [.l._,:‘].d + |:'|.::|‘..:|‘|
1 Faes e .
3 EEE L LE = (L, Dhtag v A i) = (1,0,0.0) = acaler a3
O Ak :
E (E— ].E!J) = [[]:[]:%I:H'I-'-”'I.l]:é[_!:r - 'E.I.pll
= (00 ey o ) (0,0, wy, L)

Observations: The fivat condition in, (3}, will be considered a monogenity condition for
the cuaternion £{r, ). The conditions two and thres in relation (3) can be repardid as

i By
roctentions of the dasivatives % respectively ﬁh of the function wiz, ¢ from the complex

F x

aialyais,
We take the surface

(F) Py Fula p) ikl v} (4]

which i= a wvector -:-I?LIJH.r:E.I'I'I;I'III reclreee] te 1.rr,'|_.'|;.-;_'r|:'}
K. =k T [sondar o+ vootorind, function) (4

Let’s further analyee some geometric properties of chiz surface 3] frorn relacion [4)

i:,. =i, .-.IJ_-::I T ;.DE.';. 1] : 11. _T. .”:- (s
o= [1iuym,) T Dz : "
Tn Canchy-Itiomenn's monogenity conditions then
- SNwwY 2 ;. :
Py KT"“H{.n.w; J oty — ey {8
We enloulate BG - #72 for surface () given by [4)
E = (u,)? + (1)
F=Ik (7
Fe=l+u. + 1.1'; !

Efi— F* = I:u;_:lu e, ) 4 {“;-"f';- + “Iﬂ:;}!
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If X iz & monogenous tuneting, they

' ! < 3
BG—Fi=ir, x7,

(8)
Coordinate curves op (S}
The rtangents to the ro-ordinate eurves will e respectively
Vi =i1.-' T :.'_L'f-l'-u--:y} 18 E'i‘-'[::'ﬂ. bl (4
Fam = Fyn + Julx, )T Jn."i‘.'l:_'-!'u Ho) =
T.'ru = |:T|-. lfl-}l: 1?_:| [III_III
Tl'l'll = I:I 'b:.r: I-'I:_]
W findd that Fﬂ-:, Tb’n = [+ 1..';1'-'-;, I-'?-'._:E=:r = U in the monaogenity ease, this TJ_"J_?IL,___;
the: co-ordinate eiirvag are orthogonal for F o= 0, amd the frae fundamental form of the
surface is dyd = Er— % o fates

The to-ordinate cyrves network cometitutes sn jeor

herm netwaork [isotherm syEtem),
and aboul metricg Jx2

= Az, 5}{(dr)? + [dy1?] wrhere Al y) =

it has &n sotherm form in the monoagenity

[rfc.!.]"-'J-_fdﬁ W sav bl
rase’ 4],
The area of a surface portion

TNt i R S
= jr]r VEF- Flidady = /:/ | :- :)' | ardy = Area| ).
i i L

The differentig erualicn of the gran:iu.u;fr lines of surface (5} is (W, aF, ¥ =1
wherg § = 5, » Fy thus K I:.'i‘lulin. — Uy Uy ),
Ir

{ TII T {]lu-ﬂ;!-iln;.]

ty =[], l,u:i.'t']'_,;l

".:? == E“' l!--'l: lI-':';l.'-' 1 U H}
= (0,00, ) =

o = (0,00, 17

The Ganas Curvature

In the case when F =

0 for surfuee {9,
the following furply

the Gaess curvaturm can be caloylated [4] with
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(%) (5)

Bor the surface considered in (4) the Gauss curvature is

{roe [3]) for surfaces witl o
RO e met s

ds® = Efdn? 4 dv?)
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Making the raleulacings:
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_[,': + F__E = [I:.u._:"-,_:l:‘. + I:.T-'-i:.,! :I:d — 2':5-':-_.}!] ;

We ahiain
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7= {—2-,_;1_.:1_} ETIE EJ.-;,] (e )" 4 2. )" (1,07 .Jl_tl:u.] chucd | E

a T 4 . v vy # L1l
= = [fﬂy] |{1-':s-.:=]2 T {“:_-h'fl i [-t“.'.'] [':.1"'5..:‘;I &= {usﬁ] i -
FARY Y
o l [eomam i ia]
=4 ﬁ_’l 7 Ll:ﬁu.l _'x1'lr:| J =ﬂ
O this aurfuce {5) 7 = iy — Julz, gl + ki y) in conditions (&~ R of monogenin,
e carvature Gauss = 0. (for surfeces with & imuterm rmetrica).

The calculation of curves' torsion on surface
The surfame [ 5)
Ty 4wl ) ke, ) 4

actached to the quaternion K = = + 7 allows the curves on surface

e = (v

P (L)
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The curve g — yp =constan! ia of mull torsion, thas the curve s plane.
The curve © — rm =cnnstant has the torson
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The curvature of co-ordinate corves
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We find that the curvatures of co-ordinate curves are not constant, although the

Clanss curvabure defined [3] as product of two curvacures of coonlinate curves is i
alile ':. l"h.nzn.t:l[ﬂr'-mhl.:l'



Crencrally, curves o =z, and ¥ = w are not straight (&, # (0. Ky A 0. In che
MONCEETICY cnye
(K maed (Fm] =0 = The Gange Crragbure.
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