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A survey on the approximation properties of
Schurer-Stancu operators

DAN BARBOSU

ABSTRACT. The paper is a survey of some results obtained by the author in the last two years,
concerning approximation properties of Schurer-Stancu operators.

1. PRELIMINARIES

Let p € N be a given integer and let «, 3 € R be given parameters satisfying
the conditions 0 < a < 3.

The Schurer-Stancu operators g,(,ff’pﬁ) : C([0,1 + p]) — C([0,1]) are defined for
any m € N and any f € C([0,1 + p]) by
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where

(12)  Ponle) = (m;—p>xk(1 . x)m-&-p—k
are the fundamental Schurer polynomials (see [4]).

Note that the operators (1.1) belong to a class of more general linear operators
introduced in 1996 by Stancu, D.D. (see [19]).

For @ = 8 = 0, the operators (1.1) are the Schurer operators
Bump : C([0,14p]) — C(]0,1+p]), defined for any n € N and any f € C([0,1+p])
by

(1.3) (Em,pf> (z) = Wipﬁm,k(x)f (Z)
k=0
(see [16])).

For p = 0, the operators (1.1) are the Stancu operators
P® - c((0,1]) — €([0,1]) defined for any m € N and any f € C([0,1]) by
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where
15 pale) = ()1 - ot

are the fundamental Bernstein polynomials (see [1]).

For p = 0 and o = § = 0, the operators (1.1) are the classical Bernstein
operators By, : C([0,1]) — C([0,1]), defined for any m € N and any f € C([0,1])
by

(16) (B7nf) (Z‘) = anL,k(x)f (Z)
k=0
(see [14]).

2. RESULTS

Let gfﬁ})’g) be the Schurer-Stancu operators (1.1).

Theorem 2.1. [4]. The sequence {gﬁ’pﬂ)} y converges to f, uniformly on [0, 1],
me
for any f € C([0,1+ p]).

As consequences of Theorem 2.1 one obtain:

Corollary 2.1. [16]. Let o« = 8 =0 and let Em’p = 5,3?;2) be the Schurer operator

(1.3). The sequence {Em,pf} o converges to f, uniformly on [0,1], for any
me

feC([0,1+p]).

Corollary 2.2. [17]. Let p = 0 and let ]5753’5) = g’ff,bm be the Stancu operator
(1.4). The sequence {Pf(na“@)f}mEN converges to f, uniformly on [0,1], for any
fec(o,1]).

Corollary 2.3. [14]. Let p = a« = 3 = 0 and let B,, = Nf,?:g) be the classical

Bernstein operator (1.6). The sequence { By, f},,cn converges to f, uniformly on
[0,1], for any f € C([0,1]).

Let wq : [0, +00) — R be the first order modulus of smoothness (or modulus of
continuity). The order of local approximation of f € C([0,1 + p]) by 57(: ’0’8 ) is
contained in

Theorem 2.2. [4]. For any f € C([0,1+ p]) and each x € [0, 1], the following

@7 [(852f) @ - £@)] <201 (Vompasa)

holds, where
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Taking the maximum in (2.8) yields the order of global approximation of f by
§(“ﬁ)f,
m,p
As particular cases, from Theorem 2.2 one obtain the orders of local approxi-
mation by Schurer, Stancu and respectively Bernstein operators.
The next theorem contains a nice result related to simultaneous approximation
by the operators (1.1).

Theorem 2.3. [9]. Let j be a positive integer and let DI be the j — th order
differential operator. For any f € C7([0,1+ p]) the sequence {Dj (gﬁff)f)}

converges to D7 f uniformly on [0,1].

meN

A consequences of Theorem 2.3 one obtain:

Corollary 2.4. [8]. The sequence {Dj (Em,pf>} N converges to DI f, uni-
. me
formly on [0,1], for any f € CI([0,1+ p]).

Corollary 2.5. [2]. The sequence {Djégg’ﬂ)f} N converges to DI f, uniformly
. me
on [0,1], for any f € CI([0,1]).

Corollary 2.6. [1]. The sequence {Dijf}meN converges to D7 f, uniformly on
0,1], for any f € C3([0, 1)),

Following the ideas of Kantorovich, L.V. [15], in [11] we constructed the oper-

ators IN(f,?i’pﬁ) : L1([0,1]) — C(]0,1]) defined for any f € L1(]0,1]) and any m € N
by

st
29) (KSP) @=m+p+6+0Y Vi) [ fs)as
. m,p k=0 m,k
k4o
m+p+B+1

Theorem 2.4. [11]. The sequence {f(,(ﬁf)f} u converges to f, uniformly on
me
[07 1]7 fO’f’ any f € Ll([07 1])

Theorem 2.5. [11]. For any f € Li([0,1]) and each = € [0,1], the following
inequality

210) |(RE5) (0) - 1(0)] < 200 (13700 0))

holds, where

(211) 8520 (@) = Kl ((er = 2)%52)
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Theorem 2.6. [11]. For any f € C*([0,1]) and each x € [0,1], the following
inequality

(212) |(Kef) @) - f()] <

/ m+ﬁ 5+1
<If (x)‘z(m+p+ﬂ+1)2 - (m+p+ﬂ+1)2x’+

5 (2) wn (f'; 50:8) <x>)

holds.
Remark 2.1. For p = 0, K(af) = K(a 5 are the so called Kantorovich-Stancu
operators (see [10], [11]). Some of them approximation properties can be obtained

from Theorem 2.4, Theorem 2.5 and Theorem 2.6.

Remark 2.2. For a = 6 = 0, I?fr?”g) = I?m,p are the Kantorovich-Schurer op-
erators (see [10]) and their approximation properties follow from Theorem 2.4,
Theorem 2.5 and Theorem 2.6.

Remark 2.3. For o« = 8 = p = 0, I?fg:g) = K,, are the classical Kantorovich
operators (see [15]).

Remark 2.4. In our earlier papers [5], [6], [7], [8], [12] were also introduced and
studied extensions of operators Sffi })ﬂ) and K,(,?p ) to the case of bivariate functions.

Using the method of parametric extensions [3], in [6] we introduced the bivariate

Schurer-Stancu operators Sr(,?i{%’az’ﬁz) C([0,14p] x[0,1+q]) — C([0,1] x[0,1]),
defined by

m+p n+q

213) (S 1) ) = 3 Y dmalelinstf (5500 150

k=0 =0 m+ 0631 n+Ps

where py, (), Dn,;(y) are the fundamental Schurer polynomials (1.2), p, ¢ are non-
negative integers and o, (1, ag, B2 are real parameters satisfying the conditions
0<a; <B1,0< az < fo.

We proved

Theorem 2.7. [6]. For any f € C([0,1+p] x [0,1 + q]) the sequence

o(a1,01,a2,02)

converges to f uniformly on [0,1] x [0,1].

The approximation order of f by Sn?i,’glélaz’ﬁ 2) f in terms of first order modulus

of smoothness for bivariate functions was also established in [6].
In [5] we constructed the GBS operator of Schurer-stancu type and we studied
some of them approximation properties were studied.

Some integral forms of operators S\ i{%(}a“@ 2) were introduced and studied in

[7] and [10].
Now, we are dealing with other approximation properties of Schurer-Stancu
operators, which, we hope, will be published in the future.
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