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Towards a new bound for a matrix norm

P. G. POPESCU, E. I. SLUSANSCHI and V. PREDA

ABSTRACT. In this paper are given refinements of several classical inequalities like Jensen, Young and Heinz
which are then applied to obtain new improvements of recent results. We also give a new bound for a matrix
norm expression, related to a matrix inequality of Bhatia and Davis.

1. INTRODUCTION

It is well known [4, 7] that a continous function, f, convex in a real interval I C R has
the property f <Pin Sy pkazk) < P%L Sn_i pif(xk), the Jensen inequality, where x), €
1,1 < k < nare given data points and p1, p2, - - - , P, is a set of nonnegative real numbers
constrained by Y7 _, p = P;. If f is concave the inequality is reversed.

The classical Young inequality for scalars, which states that for any nonnegative real num-
bersa,b > 0and 0 < v < 1 wehave a’b*~¥ < va+ (1 —v)b, can also be deduced as a direct
consequence of Jensen inequality, for f = Inz.

Furthermore from the Young inequality one can deduce the Heinz inequality, which states
that for any nonnegative real numbers a,b > 0 and 0 < v < 1 we have the following
H,(a,b) < %2 where 2H,(a,b) = a’b'~" + o ~¥b".

Let M, be the space of n x n matrices and || - || any unitary invariant norm on M,,. Also
for all A € M,, and for all unitary matrices U,V € M,,, we have that ||[UAV|| = ||A]|.
Now if A = [a;;] € M, then the following norm is called the Hilbert-Schmidt norm,

1/2
4]l = (37— lag?) - (see [3)

2. REFINEMENT OF JENSEN INEQUALITY AND APPLICATIONS

Many refinements of Jensen inequality have been presented in the recent literature, see
[2, 8,9, 10]. We present here another one, which will then be applied to refine the Young
and Heinz inequalities.

Theorem 2.1. Let f be a convex function on interval [0,00), a,b > 0and 1 > v,u > 0, then if
i 0<v<u: float(1—v)h) < %f(ua+(1—u)b)+ (1— %) ()
< ovf(a) + (1 —v)f(b),

v—Uu

itu<v<1l: f(va+ (1—0v)b)

IN

T /(@) + (1— ?‘Z) flua + (1 —u)b)

< wf(a) + (1 —0)f(b),
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Proof. i. 0 < v < u. We express va + (1 — v)b like £ (ua + (1 — u)b) + (1 — £) b, where

u

2 < 1. Then by applying the Jensen inequality for the nonnegative numbers ua + (1 — u)b
and b, we obtain

Flva+ (1 —v)b) = f (% (ua + (1 — w)b) + (1 - %) b) < %f(ua+ (1— u)b) + (1 - 3) £(b)

u
and appling again Jensen inequality for a and b, we get

= f(ua+ (L =wp) + (1= 2) £(0) £ = (uf(@) + (L= u)f®) + (1= ) F(b),
which is equal to v f(a) + (1 — v) f(b) and we are done.
ii. u < v < 1. We consider va + (1 —v)b = ¥*=%a + (1 - ”’Z) (ua + (1 — u)b), so applying

1-u 1—
Jensen inequality for nonnegative numbers a and ua + (1 — )b, yields

Fva+ (1 —v)b) :f(”_“a+ (1— “‘“) (ua+(1—u)b))

1—u 1—wu

v — v —

= Z) flua + (1 —u)b)

and applying again Jensen inequality for a and b, we conclude

~1l—u

< “f(a)+<1—

—fla)+ %Zf(ua—k (1—wb) < ——f(a) + 1:2 (uf(a) + (1 — ) (b)),
which is equal to v f(a) + (1 — v) f(b) and we are done. 0

As can be noticed, the results form the previous Theorem can be considered as two di-
fferent refinements of the Jensen inequality. However, they only differ by the choosing of
u. Also both inequalities reverse when f is concave.

Using the previous result we refine the Young and Heinz inequalities, as follows

Theorem 2.2. (Refinements of Young Inequality) Let a,b > 0and 1 > v,u > 0, then if
i0<v<u: va+(1—v)b> (ua+ (1—u)b)= b~ >a’b~",
iu<v<1l: va+(1—v)b>atv (ua+ (1 — u)b)l_H > a'bt .

Proof. Considering the previous Theorem applied for function f = in(x), which is con-
cave, so both inequalities reverse and thus follows the conclusion. O

Theorem 2.3. (Refinements of Heinz Inequality) Lef a,b > 0and 1 > v, u > 0, then if

— upl—t _ W gl-2
i0<v<u: a;bz(uaJr(l w)b) b J2r(ub+(1 w)a)* a > H,(a,b),
= - I-1=0 | pi=o _ 1-3=
iu<vs1; S0, T (wat (- wh) ;bl (wh+ (1~ wa) > H,(a,b).
Proof. It follows directly from the previous Theorem by summating the inequalities ob-
tained for a, b with the ones obtained for b, a and divided by two. O

In order to delineate the impact of the results we choose a numerical example for the
concave function in(z) where a,b > 0 and 1 > v > 0. We have the folowing results

(1) Jensen inequality : va + (1 —v)b > a’b* ™.
(2) Inequality from [6] : wva+ (1 —v)b > ab*~" + min{v,1 —v}(y/a — vb)>.
(3) Theorem 2.1(0 <v <u<1): wva+ (1—v)b> (ua+ (1 —u)b)* b~ %,
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(4) Theorem 21(0 <u<v<1): wva+(1—v)b>aT+ (ua+ (1— u)b)l_%.
It is simple to observe that the result from [6], inequality (2) is a refinement of Jensen
inequality (1). In the next section we prove that inequalities (3) and (4) are refinements of
inequality (2).
Numerically, the inequalities (1),(2) and (3), fora = 1.1,b = 2.3 and v = 0.35,u = 0.4 are

(1) Jensen inequality :  0.35%1.14 (1 —0.35)%2.3 > 1.1°3°%2.3170935 = 1,88 > 1.77669...

(2) Inequality from [6] : 0.35%1.14(1—0.35)%2.3 > 1.19%°x2.3170-35 1.0.35%(v/1.1-/2.3)?
< 1.88 > 1.85327...

(3) Theorem 2.1: 0.35% 1.1+ (1 —0.35) 2.3 > (0.4% 1.1+ (1 — 0.4) x2.3) 0% x 231757
& 1.88 > 1.87404...

Now if we consider a = 1.1,b = 2.3 and v = 0.35, u = 0.32, we have

(1) Jensen inequality :  0.35%1.14 (1 —0.35)%2.3 > 1.1°3°%2.317935 = 1.88 > 1.77669...

(2) Inequality from[6] : 0.35%1.14+(1—0.35)%2.3 > 1.19%°%2.3170-351.0.35%(v/1.1-1/2.3)?
< 1.88 > 1.85327...

(4) Theorem 2.1 :  0.35%1.1+(1—0.35)%2.3 > 1.1 =032

& 1.88 > 1.86966...

.35—0.32

(0.32+1.1+4(1-0.32)%2.3)1~ =02

3. REFINEMENTS OF SOME RECENT RESULTS
We continue with a refinement of a result presented in [6] as Theorem 2.1, which states
Theorem 3.4. (F. Kittaneh and Y. Manasrah) If a,b > 0and 0 < v < 1, then
a’b* " + ro(va — Vb)? < wva+ (1 — )b,
where rg = min{v,1 — v}.

Considering the refinements of the Young inequality presented in Theorem 2.2, one ob-
tains

Theorem 3.5. Ifa,b> 0and 0 < v,u <1, then
va+ (1 —v)b>ro(va— vVb)2 + Ry > ro(vVa — Vb)? 4 a®b' 77,

where ro = min{v, 1 — v} and

(uv/ab + (1 — w)b) % b= if0 <2v<wandry =,

2u—1

(ua—i—(l—u)\/@)mfx/%l_ “ if0<2v—1<wandro=1-v,

RO = 2v—u v
Vab T (uvab+ (1 — u)b)llefu ifu<2v<landry=w,
o T (ua + (1 — u)\/ab)l_hf—tu fu<2v—1<landro=1-w.

Proof. The first two inequalities (concerning the first two expressions of Ry) correspond
to the first refinement of the Young inequality presented in Theorem 2.2, as follows, for
0<v<u,

va+ (1—v)b> (ua+ (1—u)b)» b =% > a’b!~".
Soifrg =wv (v < 1/2) then

va+ (1 —v)b —v(va —vb)? = 20Vab + (1 — 20)b



258 Popescu, Slusanschi and Preda

and applying the previous inequality, where a = Vab,b = b,v = 2v, yields

va+ (1= )b —v(va— VB2 > (uvab+ (1 — wb) ¥p' =% > Vab b2 = a"b1—,
where 0 < 2v < w.
For the other case, when ro =1 — v (v > 1/2), we consider
va+ (1 —0v)b— (1 —v)(va—vb)?=(20—1)a+2(1 —v)Vab

and applying again the previous inequality (first refinement of the Young inequality from
Theorem 2.2), this time for a = a, b = vab,v = 2v — 1, we obtain

_ _2v—1 —v
vat-(1=0)b—(1-v) (Va—vB)? > (wat+(1—u)Vab) T Vab' — * > a® Wab' " = avpi-v,
where 0 < 2v —1 < u.
The other two inequalities can be deduced following the above steps, this time using the
second refinement of the Young inequality, as shown in Theorem 2.2, foru < v <1,

va+ (1 —v)b>aT (ua+ (1 — u)b)lf% > a’b' Y.

In [11], Theorem 2.1 presents a refinement of the Heinz inequality, as follows

Theorem 3.6. (L. Zou and Y. Jiang) Let a,b > 0and 0 < v < 1. If rg = min{v, 1 — v}, then

2, (a,b) < (1 — 4ro)(a +b) + dro(a'/*b¥* + a®/*p1/%), ve0,1/4]U[3/4,1],
SUTE ) 2(drg — 1)Vab + 2(1 — 2r0) (/4634 + 63464, v e [1/4,3/4).

This result is in fact a refinement of an inequality presented in [6], based on Theorem 3.4,

which states that for a,b > 0,0 < v < 1 and rg = min{v,1 — v},
b
mm@+muf—ﬁﬁga;.

The demonstration of the previous Theorem is based on the following

Lemma 3.1. Let f be a real valued convex function on an interval [a, b]. For any 1 < x2 € [a,b],

we have
flaa) = flx1) 21 f(x2) = 22f(21)

T2 —T1 T2 — T1

f(x) < , T € (331,.132).

Proof. The inequality is in fact the Jensen inequality considering that for any = € (z1, z2),
there exists a € (0, 1) such that z = az; + (1 — a)x2 and then the inequality transforms
into

_ z1 f(22) — x2.f(21)

L) G (40, 4 (1~ ) o
P— To — X1

flazs + (1 —a)xs) <
where the right hand side equals a.f(x1) + (1 — ) f(x2), after calculations. O

So applying the refinements for the Jensen inequality presented in Theorem 2.1, to the
previous Lemma, yields

Lemma 3.2. Let f be a real valued convex function on an interval [a,b] and 1 < z2 € [a,b],
then for any x € (x1,x2), i.e. Ja € (0,1), such that x = oz + (1 — a)xe,

f(x2) — f(m)x w1 f(x2) — waf(21)

T2 — X1 T2 — T1

)

flx) <R<
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where
o [5In e+ (1-8) @), VB E (O, witha <5,
$5 7))+ (1= 555) F(Bar + (1= B)a), B € (0,1, with B < a.
Proof. It follows from Theorem 2.1 and Lemma 3.1. O

We continue presenting a refinement of Theorem 3.6, as follows

Theorem 3.7. Let a,b > 0and 0 < v < 1. If ro = min{v, 1 — v}, then

Ry < (1 —4rg)(a+b) + 4ro(a/*p3/* 4 a3/*b1/4), € [0,1/4],
QM (a.b) < Ry < 2(4rg — 1)Vab + 2(1 — 2ro) (a/*b%/* + a?/*b'/%), v e [1/4,1/2),
’ Ry < 2(4rg — 1)Vab+ 2(1 — 2ro) (al/*63/* + a3/4p1/%), v e [1/2,3/4],
Ry < (1 —4rg)(a + b) + 4ro(a/*b3/* 4 a3/4b1/4), € [3/4,1],
with
—4Y) Hy 4(a,b), YVu € (0,1),with 1 < 4v + u,

Ry _ [5SRHawa(eb) + (1
5 L (g, ) + (1 1“7”“) Hp_wyja(a,b), Yu € (0,1), with 4v+u < 1,

Ry 2= 4”H2 wy/a(a, b) + ( )Hl/g(a b), Yu € (0,1), with 2 < 4v + u,
2T B (a,b) + (1 )H(Q_u)/4(a,b), Vu € (0,1), with 4v +u < 2,
Rs 340 His yy/a(a,b) + (1 — *4“)H3/4(a b), Vu € (0,1), with 3 < 4v + u,
2 T\ B (a,b) + (1 347u> Hs_uyala,b), Vu € (0,1), with 40 +u < 3,
Ry — )H(4 wy/a(a,b) + (1 M) Hi(a,b), Vu € (0,1),with 4 < 4v + u,
2 %Hm(a,b) ( - %) Hsuyjala,b), Vu € (0,1), with 4v +u < 4,

Proof. For each of the three double inequalities we will apply Lemma 3.2, for f(v) =
2H,(a,b), 0 <wv <1, which is obviously convex.

For v € [0,1/4], there exists a € [0,1] such that v = a0 + (1 — «)1/4, whence a = 1 — 4v.
So applying Lemma 3.2 for f = 2H,(a,b),a = 1 — 4v, 8 = u, yields the wanted result.
Forwv € [1/4,1/2], there exists a € [0, 1] such thatv = a1/4+(1—a)1/2, whence o = 2—4wv.
So applying Lemma 3.2 for f = 2H,(a,b),« = 2 — 4v, § = u, we get the wanted result.
Forwv € [1/2,3/4], there exists a € [0, 1] such thatv = a1/2+(1—«a)3/4, whence o = 3—4wv.
So applying Lemma 3.2 for f = 2H,(a,b),« = 3 — 4v, § = u, we obtain the result.

And finally for v € [3/4, 1], there exists a € [0, 1] such that v = a3/4 + (1 — )1, whence
a =4(1 —v). Using Lemma 3.2 for f = 2H,(a,b),a = 4(1 — v), § = u we are done. O

4. A NEW MATRIX NORM INEQUALITY

Some new refinements of a matrix inequality of R. Bhatia and C. Davis from [1], have been
presented in [6, 5]. These state that for A, B, X € M,,, with A, B positive semidefinite and
0 <wv<1,then

2||AY2X BY?|| < ||JAVX BV 4 A"V X B"|| < ||AX + XB||.
We are interested to obtain a new bound for the expression [|[A’XB!=% + A'"?X B"||,,

for which we will make use of the first refinement of the Heinz inequality presented in
Theorem 2.3 as follows for suitable positive semidefinite matrices C and D
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Theorem 4.8. Let A, X, B € M, such that A and B are positive semidefinite and 0 < v < 1,
then

HAUXBlfv +A17UXBU||§ < ||A17v/uXcv/u + ‘Dv/uAXBlfv/u”%7
forall 0 < u <wv <1, where C, D € M, are suitable positive semidefinite matrices.

Proof. Because A and B are positive semidefinite, exists unitary matrices U, V' € M,, such
that A = UAlU* and B = VAQV*, with A1 = diag()\h )\2, cony )\n)» A2 = diag(/,th U2y ey /Ln)
and Ai i >0, i =1,....,n. Let C = VA3V*, D = UANU*, with A3 = uls + (1 — ’U,)Al,
Ay = ulAy + (1 — u)As. Considering Y = U*XV = [y;;] and applying the first refinement
of Heinz inequality from Theorem 2.3, yields

A" X B+ A X B3 =|[U (AYY AL +AT Y AS) VA3 =300y [Nl A 2] Jyy 2

Q=1
2
< S0 [ (= g o G (1= AP gl
, 92
= S A gy (1= A (e (1= )t
—|lU (A}‘”/“YAg/" -‘rAZ/uYAé_v/u) V*H% _ ||A1—'U/uXCv/u + DU/UXBl_U/u‘|%7

because Az = uls + (1 — u)Ay, Ay = uA; + (1 — u)Ay and we are done. O
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