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Fixed point theorems for cyclic non-self single-valued
almost contractions

VASILE BERINDE!? and MIHAELA ANCUTA PETRIC !

ABSTRACT. Let X be a Banach space, A and B two non-empty closed subsets of X and letT: AUB — X
be an operator. We define the notion of cyclic non-self almost contraction and we give a corresponding fixed
point theorem.

1. INTRODUCTION

Most of the results in metric fixed point theory deal with sigle-valued self mapping T :
X — X and multi-valued self mappings 7' : X — P(X) satisfying a certain contraction
type condition, where X is a set endowed with a certain metric structure. These results
are mainly generalizations of Banach contraction mapping principle, which can be briefly
stated as follows.

Theorem 1.1. Let (X, d) be a complete metric space and T : X — X a strict contraction, i.e., a
map satisfying
(1.1) d(Tz, Ty) < a-d(x,y),Ve,y € X,

where a € [0,1) is a constant. Then T has a unique fixed point in X, say x* and the sequence
{T"xo} converges to x* for all zy € X.

Notice that any contraction is continuous on X and 7'(X) C X. These two conditions
makes this important result not applicable to most of the nonlinear problems where the
associated operator T is actually a non-self operator. In 1968 R. Kannan in [7] extended
Banach’s Contraction principle to mappings that don’t need to be continuous by consid-
ering instead of (1.1) the next condition: there exists a € [0, 0.5) such that

d(Tz, Ty) < ald(x,Tx) + d(y, Ty)],Vz,y € X.

Following the Kannan'’s theorem a lot of papers were developed to obtaining fixed
point theorems for various classes of contractive type conditions that do not require the
continuity of the self operator 7. For some other fixed point results see, for example
[5, 17, 18] and references therein.

One of them, known as weak contraction, almost contraction or Berinde operator was intro-
duced by Berinde in [2, 3, 4, 5] and is a simple but more general contraction condition that
includes most of the conditions in Rhoades’ classification [16]. The corresponding fixed
point theorems is stated as follows.
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Theorem 1.2. Let (X, d) be a complete metric space and T : X — X an almost contraction, that
is, a mapping for which there exist a constant 6 € [0, 1) and some | > 0 such that

d(Tz,Ty) <§-d(z,y) + Ld(y, Tx), forall z,y € X.

(1) Fiz(T)={x e X : Te =z} #;
(2) For any zo € X, the Picard iteration {z,}, x, = Tx,_1,n > 1 converges to some
x* € Fix(T);
(3) the following estimate holds
i
1-906
This result, established mainly in [4], has some important features that differentiates
it from other similar results in literature: 1) the fixed points set of almost contractions is
not a singleton, in general; 2) the fixed points of almost contractions can be obtained by
means of Picard iteration, like in the case of Banach contractions and, 3) the error estimate
is of the same form as in the case of the usual contraction mapping principle.
Note that the estimate (1.2) includes the a priori estimate

(1.2) d(Tpyi-1,2") <

d(xnaxnfl);n > 072 > 1.

)

d(z;,x*) < T3 d(xg,x1),1 > 1,

obtained from (1.2) by taking n := 1, as well as the a posteriori estimate

A, %) < o (2 1)m 20,
obtained from (1.2) by taking 7 := 1.
On the other hand, the contraction mapping principle has been extended by W.A. Kirk,
PS. Srinivasan and P. Veeramani [8] by considering a cyclical contractive condition as

given by the next theorem.

Theorem 1.3. Let A and B be two nonempty closed subsets of a complete metric space, and
suppose T' : AU B — AU B satisfies the following conditions:

T(A)CBand T(B)C A
and there exist a constant a € [0, 1) such that
(1.3) d(Tz,Ty) < a-d(z,y), forz e A,y € B.
Then T has a unique fixed point in AN B.

Inspired by the results in [8] other fixed point theorems were obtained see for example
[9, 10, 11, 12, 13, 14, 15] and references therein. All the above presented results have been
established for self mappings.

Very recently, V. Berinde and M. Pdcurar [6] established a fixed point theorem for
single-valued non self almost contractions. In order to state their main result, we need
some notions and notations.

Let X be a Banach space, K a nonempty closed subset of X and 7" : K — X a non-self
mapping. If # € K is such that Tz ¢ K, then we can always choose an y € 0K (the
boundary of K) such that y = (1 — A)xz + ATz (0 < A < 1), which actually expresses the
fact that

(1.4) d(z,Tz) = d(z,y) + d(y,Tz), y € 0K,

where we denoted d(z,y) = ||z — y||.
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In general, the set Y of points y satisfying condition (1.4) above may contain more than
one element. The following concept is essential for stating Theorem 1.4.

Definition 1.1. Let X be a Banach space, K a nonempty closed subsetof X and 7" : K — X
a non-self mapping. Let x+ € K with Tz ¢ K and let y € 0K be the corresponding
elements given by (1.4). If, for any such elements z, we have

(1.5) d(y, Ty) < d(z, Tx),
for all corresponding y € Y, then we say that 7" has property (M).

Theorem 1.4. Let X be a Banach space, K a nonempty closed subset of X and T : K — X a
non-self almost contraction, that is, a mapping for which there exist two constants § € [0,1) and
L > 0 such that

(1.6) d(Tz,Ty) <§-d(z,y) + Ld(y,Tx), forall z,y € K.
If T has property (M) and satisfies Rothe’s boundary condition

(1.7) T(0K) C K,

then T has a fixed point in K.

A similar result, but for multi-valued self almost contractions has been obtained in [1].

Starting from this background, our aim in this paper is to obtain fixed point for single-
valued self almost contractions, as well as for single-valued non-self almost contractions,
thus extending or generalising most of the related results in literature.

2. FIXED POINT THEOREMS FOR CYCLIC ALMOST CONTRACTIONS

We extend Theorem 1.2 by considering cyclical assumptions.

Theorem 2.5. Let (X, d) be a complete metric space, A and B two nonempty closed subsets of X,
and T : AU B — AU B satisfies the following conditions:

(2.8) T(A) CBand T(B) C A

and there exist a constant 6 € [0,1) and some L > 0 such that

(2.9) d(Tz,Ty) <6 -d(z,y)+ Ld(y, Tx),Vx € A,y € Borx € B,y € A.
Then T has a unique fixed point in AN B.

Proof. It readily follows that for any « € AU B, we have
d(Tx, T?z) < éd(x, Tx)

and this implies that the sequence {z,}, z,, = Tz,,—1,n > 1, is a Cauchy sequence. Con-
sequently {z,} converges to some point z* € X. However in view of (2.8) an infinite
number of terms of the sequence {z,,} lie in A and an infinite number of terms lie in B.
Therefore z* € AN B so AN B # (. Hence the restriction of T to A N B is an almost
contraction and applying Theorem 1.2 we get the desired conclusion. O

Remark 2.1. We should note that, since the almost contraction condition is not symmetric,
instead of requiring that it should be satisfied Vz € A,y € B, we must require that it is
satisfied Vo € A,y € Borz € B,y € A.

Note also that a similar estimate to (1.2),
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7

. ni—7*§
(2.10) d(Tnti-1,2") 1—5

d(xnaxn—l); n Z Oal 2 17
may be obtained for the cyclical almost contractions in Theorem 2.5, too.
Now, we illustrate Theorem 2.5 by the following example.
2
Example 2.1. Let X = [0, 1] with the usualnormand 7' : X — X, Tz = 3 ifx <1and
T1=0. 5 1
We consider A = [O, f} and B = [g, 1] and prove that all assumptions of Theorem 2.5

are satisfied. Indeed, T is a cyclic self almost contraction, that is, there exist § € [0,1) and
some L > 0 such that

(2.11) |Te — Ty| <dlz —y|+ Lly — Tx|,Vx € A,y € Borxz € B,y € A.

2 1 2 2
Casel.Ifz € [0, %} ,Y € [5’ 1) then T;J =3 Tx = 3 and (2.11) obviously holds.
Case 2. If z € {O, g} ,y=1then Tx = 3 Ty = 0 and (2.11) becomes
2 2
S <ole—1l+ L= 3
which is always true for any § € (0, 1) if we take L > 2.
2 2
Case3.Ifx =1,y € {0, 5} ,thenTx =0, Ty = 3 and (2.11) becomes

)

< 0|1 —y|+ Llyl,

Wl o

2 2
which is true for all y € {0, 5} if wetake d = L = 3 in view of the fact that
1=[1|=1-y+yl<[1-y[+]yVy R

2
Therefore, for L =2, and 0 = 3 T satisfies (2.11).

Then by virtue of Theorem 2.5, T has a unique fixed point, % € [%, ;} =ANB.

Note that T in this example does not satisfy condition (1.3) in Theorem 1.3 and hence
we cannot obtain the above conclusion by means of Theorem 1.3. Indeed, let us assume
that (1.3) holds, that is,

|Tx — Ty| < dlx —y|,YVx € A,y € Borz € B,y € A,
2
for some § € (0,1) and takez = land y = 3 in (1.3) to get

<d- <

Wl N
Wl =
w| =

a contradiction.
This shows that Theorem 2.5 properly extends Theorem 1.3.
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3. FIXED POINT THEOREMS FOR CYCLIC NON-SELF ALMOST CONTRACTIONS

Let X be a Banach space, A and B two nonempty closed subsets of X.
Definition 3.2. Let X be a Banach space, A and B two nonempty closed subsets of X. We
say that T': AU B — X is a cyclic non-self operator if
(i) forany z € A we have [z,Tz] N OB # 0;
(ii) for any x € B we have [z, Tz] N 9A # 0.
If z € Asuchthat Tz ¢ B and [z, Tz] N OB # () then we can always choose an y € 0B
such that y = (1 — M)z + ATz, with A € (0, 1) which actually expresses the fact that:
(3.12) [ = Tzl| = [z = yll + ly = Tyll,y € B.

Similarly, if x € B such that Tz ¢ A and [z,Tz] N DA # (0 then we can always choose an
y € 0A such that y = (1 — A)z + ATz, with A € (0,1), which actually expresses the fact
that:
(3.13) [ =Tzl = [z = yll + ly = Tyll.y € OA.
We adapt now Definition 1.1 to the case of cyclic non-self mappings.
Definition 3.3. Let X be a Banach space, A and B two nonempty closed sursets of X and
T : AU B — X is a cyclic non-self operator. Let z € A with Tz ¢ B and let y € 0B be the
corresponding elements given by (3.12). Also, let u € B with Tu ¢ A and let v € 0A be
the corresponding elements given by (3.13). If, for any such elements x, u, we have
ly =Tyl < ||z — Tx|
and
lo =Tv|| < [lu=Tul,
for all corresponding y, v, then we say that T has cyclic property (M).
Definition 3.4. Let X be a Banach space, A and B two nonempty closed sursets of X. We
say that T': AU B — X is a cyclic non-self almost contraction if
(i) T is a cyclic non-self operator;
(ii) forany 2 € Aand y € B we have
(3.14) 1Tz = Tyl| < dllx —yl| + Llly — T|
for some constants ¢ € (0,1) and L > 0.
Theorem 3.6. Let X be a Banach space, A and B two nonempty closed subsets of X, and T :

AUB — X a cyclic non-self almost contraction. If T has cyclic property (M) and satisfies Rothe’s
boundary condition:

(3.15) T(0A) C Band T(0B) C A.
Then T has a fixed point in AN B.

Proof. If T(A) C Band T(B) C A, thatis T(AU B) C AU B, then T is in fact a cyclic self
almost contraction and the conclusion follows by Theorem 2.5. Therefore, we consider the
case T(AU B) C X. Let zp € 0A. By (3.15) we know that Tzy € B. Denote z; = Txo.
Now, if Tz € A, set xg = Tx1. If Tz ¢ A, we can choose an element z; on the segment
[1, Tz1] which belongs to 0A, that is

To = (1 — )\)1‘1 + /\Tl‘l,

with A € (0,1). Continuing in this way we obtain a sequence {z,} whose terms are
satisfying one of the following properties:
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1) zp, =Txp_1,ifTx, 1 € AUB;
(i) 2, = (1 —Nzp_1 + AXTap_1 € 0AUIB, with A € (0,1),if Tx,,—1 ¢ AU B.
To simplify the argumentation in the proof, let us denote
P={xe{zn} : o =Tz, — 1}
and
Q={xr € {zn} : zr # T — 1}.
Note that {z,,} C AU B and that, if z;, € @, then both z;,_; and x4, belong to the set P.
Moreover, by virtue of (3.15), we cannot have two consecutive terms of {z,, } in the set Q
(but we can have two consecutive terms of {z,,} in P).

The strategy is to prove that {z,} is a Cauchy sequence. To prove this, we must con-
sider three different cases: Case . z,,z,-1 € P; Case Il. z,, € P,z,11 € Q; Case IIL
Ty € Q,z, + 1 € P. Without losing generality suppose that x,, € Aand z,,—1,2n+1 € B.

Casel. x,,,x,_1 € P.

In this case we have z,, = T'x,,—; and ©,4+1 = T'z,,. By (3.14) we obtain

lZnt1 — 2|l = [T2n — Trnall < Ollzn — 2pall + Ll|zn — Tn — 1]
Since z,, = T'xz,,_1 we obtain
(316) Hxn—i-l - an S 6”37” - x’rb—1H~

Casell. z,, € P, xp11 € Q.
In this case z,, = Tz,_1 and z,41 # Tx,. By (3.12) we can choose an z,; € 0B,
situated on the segment [z,,, Tz, ] such that

|72 — Ton| = (|v0 — gl + | Tnr1 — Tanll.
Accordingly with
[Zn — Tns1ll < |2 — Tap|| = |T2n-1 — Ty ||
and (3.14) we get
|20 = Tny1ll < | T2p—1 = Tanll < d||lzn — zn—all + Ll|zn, Tzn—1]],

and since x,, = Tx,,_1 We obtain again inequality (3.16).

CaseIlll. z,, € Q, zp11 € P.

Since x,+1 € P we also have that z,,_; € P and hence z, 11 = Tx,, v,-1 = Txp_o.
Because T has property (M) it follows that

|20 = Tny1ll = |20 — Ton| < |20—1 — Ton-a.
Now, by (3.14) we obtain
HIn - xn—i—lH S Hxn—l - Tzn—l” = ||Txn—2 - Txn—l”

Slzn—2 = Tn_all + Lllp—1 — Trp_al|
= Ollzn—2 — -1l
Hence
(3.17) lzn — i1l < 6llTn—2 — 2n_1l|-
Summarizing all tree cases and using (3.16) and (3.17) we obtain the following inequality:
|20 — Tpia || < dmax{||lzn—1 — 2|, [[Tn—2 — Tp_1]}.

and this, by induction implies that {x,,} is a Cauchy sequence. Consequently {x,,} con-
verges to some point z* € X. However in view that T is a cyclic non-self operator an
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infinite number of terms of the sequence {z, } lie in A and an infinite number of terms lie
in B. Therefore z* € AN B so AN B # (). Therefore the restriction of T to A N B is an
almost constraction.

O
Example 3.2. Let X = R and K = [0, 1] with the usual norm and 7" : K — X given by
szz%ﬁxéEWJJ\{%},T%::—landleo. 2
We prove that all assumptions of Theorem 3.6 are satisfied, if we consider A = [O, 5}
and B = E, 1}. Indeed, T is a cyclic non-self almost contraction, that is, there exist
4 €10,1) and some L > 0 such that
(3.18) [Tz — Ty| < élx —y|+ Lly — Tz|,Vx € A,y € Borx € B,y € A.

Case 1. If z,y € |0, 72 71 , then Tz = T'y and (3.18) obviously holds for any § € [0, 1
3 2
and L > 0.

2 1 2
Case 2. If z € [O, 5} \ {5} and y = 1then Tz = 3 Ty = 0 and (3.18) becomes

2 2
S <ole—1]+ L2
3 <Ol =1+ 3
which is always true for any § € (

Case3.Ifz =1,y ¢ [O,%} \{

0,1) if we take L > 2.

S
1 2
3 }, thenTz =0,Ty = 3 and (3.18) becomes

<01 —y| + Ly,

[SUR )

2 2
which is true for all y € [O, 5} if wetaked = L = 3 in view of the fact that
I=1[=-y+yl<[1—yl+]ylVyeR.
2 1 1 2
Cased. If z € [O, f} \ {7} andy = =, then Tz = 3 Ty = —1 and (3.18) becomes

3 2
1 2

2
which is satisfied for any ¢ € [0, 1) if we take L > 10.

1
Caseb5.If r =1land y = oY then Tz = 0, Ty = —1 and (3.18) becomes
1 1
(= < _ Z
o] < a1 -3+ L[3]
which is satisfied for any ¢ € [0, 1) if we take L > 2.

1 2 1 2
Case 6. If z = B andy € [O, 5} \ {5}, thenTz =—-1,Ty = 3 and (3.18) becomes

)

2 1
—1—%<5F—‘ L‘ 1
‘ 3l =0z Ty Ay

which is satisfied for any ¢ € [0, 1) if we take L > g, since ‘y + 1‘ > 1.

2
Now, by summarising all six cases above, we conclude that (3.18) is satisfied for § = —

3
and L = 10. Property (M) also holds, since d(0,70) = 2 < 3 = d(,T3). Then, by
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2 1 2
virtue of Theorem 3.6, T has a unique fixed point, 3 € b, g} = AN B. Note that Theorem

2.5 cannot be applied to T in this example since T is a non-self almost contraction, while
Theorem 2.5 applies to self almost contractions only.
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