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New class of n-order fractional differential equations and
solvability in the double sequence space m?(AY, ¢, p)

HoOJjJATOLLAH AMIRI KAYVANLOO!, ELVINA HERAWATI?, AND MOHAMMAD
MURSALEEN?Z:3:4:%

ABSTRACT. First, we define a new class of fractional differential equations of ordern — 1 < 9 <n, (n > 2).
Also, we define a new Banach double sequence space m?(A¥, ¢, p) and a Hausdorff MNC on it. By using this
MNC, we prove the existence of solution of infinite system of a new class of fractional differential equations of
order ¥ € (n —1,n], (n > 2) in m?(AY, ¢, p). Finally, we give two examples to verify the usefulness of our
main result.

1. INTRODUCTION AND PRELIMINARIES

Fractional differential equations (FDE) arise in many engineering and scientific disci-
plines as the mathematical modeling of systems and processes in the fields of economy;,
biology, physics, chemistry, engineering and many other fields ([16, 18, 19, 20, 33]).

Bromwich in 1965 [8] established the primary work on double sequences. Then, Altay
and Basar defined some new spaces of double sequences BS, C'S, BS(t), CS,, CSp, [2].
Also, convergence of double sequences spaces such as Pringsheims$ sense, statistically null
in Pringsheims sense, bounded statistically null in Pringsheims sense and etc extended by
several authors.

In 1957, Goldenstein et al. [11] defined the Hausdorff MNC y and studied by Golden-
stein and Markus [12]. Recently, several authors [3, 4, 7, 10, 13, 14, 15, 17, 23, 24, 25, 26, 28,
29, 31] studied the problems of existence of solutions of differential equations, fractional
differential equations and integral equations in various spaces by using the techniques of
measures of noncompactness.

Motivated by the above papers, we first define a new class of fractional differential
equations of order ¥ € (n — 1,n], (n > 2). Also, we define a new Banach double sequence
space m?(AY, ¢, p) and we define a Hausdorff MNC and by using this MNC we discuss
the existence of solutions of infinite systems of new class of FDEs of order ¢ € (n — 1,n],
(n > 2) inm?(AY, ¢, p) and we present two examples illustrating the obtained results.

Let A be a real Banach space, and () # £ C A. Then
e Conv & closed convex hull and £ the closure of £.

e D(v,0) is a closed ball in A.
o 91, is the family of relatively compact subsets of A.
o M, is the family of bounded subsets of A.

Definition 1.1. [5, 6] The function ji : Mty — [0, +00) is a measure of noncompactness (MNC)
in Aif forany U,V € My we have:

(i) Mp Dkerfi = {U € My : wUd) = 0} # 0.
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(@) IfU CV, = uU) < (V).
(i11) pU) = pU) = p(Convld).
(i) g+ (1= N)V) < ANuUd) + (1 — N)(V) for each X € [0, 1].
(v) Iffor eachn € N, Uy = Uy C Mn, Un1 C Uy If lim fiUn) =0, = 0 # Use = (Un.-

Definition 1.2. [5, 6] Let (X, d) be a metric space and Q € M x. The Kuratowski MNC of Q is
defined as follow:

9(Q) =inf{e>0:QC | JS;,8; C X, diam(S;) <e(j=1,...,m); me N},
j=1
where diam(S;) = sup{d(s,v) : c,v € S;}.
The Hausdorff MNC of the bounded set 9, is
x(Q) :inf{5> 0:9C U D(yj,vj),y; € X,vj <e(j=1,...,m); mEN}.
j=1

Definition 1.3. [22] Let ji be an arbitrary MNC on Banach space A and () # B C A. The operator
F : B — B is a Meir—Keeler condensing operator if for any bounded subset U of B and for each
e>0,36 > 0so that

e<pU) <e+9d implies p(FU)) <e

Theorem 1.1. [1] Let ) # B = B C A is convex, bounded and ji be an arbitrary MNC on A and
F : B — B be a continuous Meir—Keeler condensing operator. Then F' has at least one fixed point.

Lemma 1.1. [5, 6] Let Q@ C C(J, A) be bounded and equicontinuous. Then ji(€2(.)) is continuous
on J and

fi(Q) = sup (2 i( [ Qo) " (Q())d
() = sup p(r). ([ 2Ae)de) < [ ace)de,
where C(J, A) is Banach space with norm
lzllc(sny == sup{||z(7)|| : 7 € J}, z € C(J, A).
2. DOUBLE SEQUENCE SPACE m?(AY, ¢, p)

Let w be the set of all complex sequences and C the space whose elements are finite sets
of distinct positive integers. for any element o of C, we denote

en(o)=1, ne€o,
c(o) = .
¢n(0) =0  otherwise.
Let -
¢ ={oec:d> enlo) <7},
n=1
the set of those o whose support has cardinality at most s, and let
o ={¢=(6n) €w:0< b1 < bn < buit, (n+ n > ndni1 ),

([27]). Let u > 0 be fixed, ¢ € ® and 0 # v = (vx) be any fixed sequence of complex
numbers. The sequence space m(AY, ¢, p) is defined by ([34])

1
m(AY, ¢,p) = { = (v4) €w: sup sup (— > |Abag|P) < oo, p € [0,00)},

s>1o€Csq 5 keo
where
0
Ay = vgpTg,
1
Ay = VTR — Vk1Tki1,

Agxk = Az‘ilxk — Agilxk_Fl,
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such that

u

At => 0 [

=0

Theorem 2.2. [34] For ¢ €  the sequence space m(A“ ¢, p) is a Banach space by norm

Vk+iTh+i-

lzllm(aw,é,p) = lez\ +sup sup ( Z |AYzklP) P, 7, 1<p<oo.
i=1 >10€Cs 9 keo
Let B = (b,x) be double sequence, then 6 = (6,6, ...,) is zero single sequence, and
20 = (0) is zero double sequence, ¢ = (1,1,...,) and ¢, = (0,0,...,1,0,0...,), where
k-th place is 1. The double sequence z = (z;;) of complex (real numbers) is bounded if

121l (00,2) = sup |2z;&| < oo.
J.k

Definition 2.4. [9] The double sequence of functions { fi} is Pringsheim limit function (point-
wise convergent) to f on the set S C R if, for each point z € S and for each e > 0,3 N(z,e) > 0
so thatV k,l > N

fa@) = f@)] < Tim fule) = f(2)

We define a new double sequence space m?(AY, ¢, p) as follow:

m2(AL,¢,p) = {o = (@) € ol n2(ay.op = suD sp (30 3 1Ay xm) < oo},

(s,6)>(1,1) 01 X2 Ehse Pse keoy leos

where ¢,. denote the class of subsets ¢ = o; X 05 in N x N so that the elements of o1 and
o9 are most s and e, respectively { .} is a increasing double sequence of the positive real

numbers so that
5¢s+1,e < (5 + 1)¢se: t¢s,e+1 < (6 + 1)¢se~

Theorem 2.3. The double sequence m?(AY, ¢, p) (convergent in Pringsheim’s sense space) is a
Banach space.

Proof. Let & > 0 and i, be a Cauchy sequence in m?(AY, ¢, p), choose mg € N such that
=}, — xil”nﬁ(A%,(ﬁ,p) <§,

YV, k,l € Nand i,j > mg. So

sup L (Y X Atk - o)) <6

sup
(s, e)>(1 1) 01 X02Epse Pse Koy (o
Y i,j > mg. we obtain ’
|AY (e — 2 )IP <&
Vi, j > mg and for each fixed (k,1) € N x N. So z, is a Cauchy sequence in C. So there
exists x; € C, such that x};, — z;, as ¢ = oo, V (k,1) € N x N. So, for all ¢, > mg and
01 X 09 € ¢ge. Thus we have

sup sup ! (Z Z |A“(xklkal)|p> <E&,

(s,e)>(1,1) 01 X02EPse (z)se ko l€og
Vi, j > mo. This implies that 2%, — x; € m?(AY, ¢,p) Vi,j > my. O

Theorem 2.4. ([27].) Let E C I, (1 < p < o0) be bounded. If P, : I, — [, be the projector
(Pn(x) =z = (20,21,...,2,,0,0,...)Vaz € lp). Then,

X(E) = lim_ (jgg I = Pu) @), )-
IfE €M, then
X(E) = lim <sup Z |zk|p>

n— oo
k>n
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Theorem 2.5. Let Q C m?(AY, ¢, p) be bounded. If Py, : m?(AY, ¢,p) — m?(AY, ¢, p) be
the pT’OjECtOT’ ( Pkl(x) = (:Ckl, T2y e ooy TRly L1y L2y« 3y Lkly, 2?, 25, . )), where x = Tk €
m?(AY, ¢,p) ¥ k,l € N. Then, If Q € M2 4,p), We have

(3 s ) )

keoy leoa

(2.1) x(Q) = hm sup sup
2eQ \ (5,e)>(1,1) o1 ><L72€¢36 Pse

Proof. Let Q@ C m?(AY, ¢,p) be bounded and Py; a projection function then,

22 Q C PuQ+ (1 - Py)Q.
By (2.2) and properties of x, we have

x(Q) < x(Pu®Q) +x(( - Pu)Q) = x((I — Pu)Q)
< dim ((I - Pu)Q) = sup (I = Poo)all 2 (A, ¢,p)-
Then

2.3 < i I-P w by
(23) X(Q),mgwﬂfggll( k)| m2 (A ¢.p)

Let {L', L% ..., L*} bea [x(Q) + ¢]-net of Q. Then
QC {L17L27 [ERE) Lk} + [X(Q) + E]B(mQ(Aﬁv ¢:p))7

where B ( 20,1) is the unit ball of m?(A¥, ¢, p). Then

mQ(AZj,@p))(
su I — Py)x w < su I—Py)L* w + + €.
meg”( k)| m2 (A ¢.p) < 19& Il( R L 2 au,¢,p) T [X(Q) + €]

Hence

(24) lim Sup (I = Pr)llm2 (an,6,p) < X(Q) + €.

n,k—o00 4
By combining Eq. (2.3) and (2.4), we get
x(@ = Jim (sup (7 = Pa)@)lh ag o)

or

S(Z S i) )

k€oy l€o2

x(Q) = lim sup sup
kl—oo L zeQ (s,e)>(1,1) o1 ><t72€¢3e ¢se

3. APPLICATION

Now, we define a new class of fractional deferential equation of order ¥ € (n — 1,n],
(n > 2) and consider the solutions in m?(A¥, ¢, p) also, we present two examples to effec-
tiveness of the obtained result.

Definition 3.5. ([32]) The fractional integral of order ¥ is defined as

Lot fle)
0=y, @ >0

Definition 3.6. ([32]) The Caputo fractional derivative of order ¥ > 0 of function f : [0,00) —
R, is defined by

epy 1 A,
DO = =) / e
where n = [9] + 1.



Double sequence space m? (AL, b, p) 161

Lemma 3.2. ([21]) Let u € C([0,00)) N L ([0, 00)) with the Caputo fractional derivative of order
9 that belongs to C ([0, 00)) N L([0, c)). Then

17 DVu(t) = u(t) + 1 + cat + e3t® + ... 4 cpt™ L,
wherec; € R, i=1,2,...,nand n = [J)].

Lemma 3.3. Let f € I*([0, 00)) be continuous function andn — 1 < 9 < n, (n > 2). Then the
BVP problem of fractional differential equation

{CDﬂu(t) = f(t,u(t), 0 <t <1,

(35) u(0) = w/'(0) = u® (0) = u®(0) = ... = u(™(0) = 0,

o/ (1) = (n), w”"(1) = B [Ju(p)dp, BER, 0<n <1

has a unique solution

_ [t=pt 3t2 T le=m)’t t(a-p?
u(t) = /0 Wf(ﬁ)dp‘f' 6= <ﬂ/0 (/0 Wf(m)dm)dp - /0 mf(ﬂ)dﬂ
Bt —24 (" (n—p)°? - p)ﬁ’2
TG —6n) (/ T _2) f(p)dp—/ )f(p)dp)>
£ (n—p)°~> a- p)l9 §
+3_677(/ T2 fp)dp — / - f(p)dp).
Proof. By Lemma 3.2, the equation (3.5) is equwalent to the integral form

w(t) = IPf(t) + c1 + cot + cst® + cat® + ... + cpprt”

forsomec; €R,i=1,2,3,4,...,n+ 1.
By the boundary value conditions for (3.5), we find that

61262205206:...:Cn+1:0
and
(3.6) / (t— f(p dp + c3t® + cqt®.
Applying, v/(1) = u” (n) we get
_ VU2 n _ \9-3
/0 %f(ﬁ)dp +2c3 +3ca = o %f(ﬂ)dﬂ + 2¢3 + Gean
which imply that

@ onke= [ GGt [ GG

_ 1 " (n—p)°3 ta-p)P2
o= g (| g e~ | S 1w
By boundary condition u”(1) = 3 [/ u(p)dp we have

Consequently,

11 _ ,\9-3
/ %Jc(:ﬂ)dﬂ +2c3 +6ca =
0

P (p—m)’ " :
T —2) /0 Wf(m)dm +c3p® + C4p“)dp

B
8

)
A
[y smvam)ao s e

Then, we have

e[ (p—m)’ ! 1 (1= p)o-3 " i
(/8/0 </O Wf(”ﬁdm)dp 7/0 wf(p)dp) (ﬁf — 6)04 — (2 _ T)C?’
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Consequently,

— )1 _ 3
o = (P Oy ) [ G e

Bnt—24, 1 T (n—p)?3 ta—p)?3
+5 (3_6n(/ TR /oirw—z) f(p)dp)))

Substituting the value of ¢3 and ¢4 in (3.6), it yields

_ t(t,p)ﬂ—l 3t2 n p(pim)ﬂ—l i B l(lfp)ﬂ_3
uey = [0 f(p)dp+767 o (ﬁ [/ 7%9) fmym)dp— [ Sl (o)

Bt —24 (" (n—p)"" (-
Jr4(3—677)(/ (9 — 2) f(”) P / ) f(ﬂ)dp)>

tS ( _ )19 3 (1_ )19 2
+3_6n(/0 T f(p)dp—/o Sy fede)

The proof is completed. 0

Consider the following conditions.

(Ay) For k,l € N, fiy € C(I x R, R), the continuous operator f : I x m?(A%, ¢,p) —
m2(AY, ¢,p) is defined by (fw)(t) = f(t,w(t)) = (fu(t,w(t))), where I = [0,1] and
the family of functions {(fw)(t)}+cr is equicontinuous in m?(AY, ¢, p).

(A2) Assume that

3 B 1 B — 24 1
0< \M( LR 3|p<| (19+1)F(19)|p+|(1971)1“(1971)|p+|4(376n)‘p<‘(1972)1‘(1972)‘p
+|(19—1)F(19—1)p>>+3—6np((19—2)r(19—2)p+(19_1)r(19_1)|p) =A<

(A3) Foreacht € I and w € m?(AY, ¢, p) the following inequalities holds:
A fri(t, w(@)” < ler (DP|Aywr (D),

where ¢y, (t) is real functions continuous such that (¢ (t)) is uniformly equibounded on
I, Put

SUPsup\%z( )P = H.
tel k,l
Theorem 3.6. Let (A1) — (As) hold, if 2 AH < 1, then (3.5) for each t € I has at least one
solution w = (wr(t)) € C(I,m*(AY, ¢,p)).

Proof. Let w = (wy;) be a double sequence function which fulfils the equation (3.5) and
V k,l € N, wy be continuous on I. We define the operator F : C(I,m?(AY, ¢,p)) —

C(I,m?*(AY, ¢,p)) by

t _ \9—1
a0 = [ e wloie

3t2 n P (p—m)d—1 (1= p)?=3
+6—ﬂn3(’8/o </0 Wfkl(m’“(m”dm)dp-/o Ry Talelo)de

Bt —24 (7 (n—p)°° 1 (1= p)y?—2

4(3 —6n) L' —2) ) mfkl (P»W(P))dp)>
3 "(T) p)?—3 (1= p)o-2

+3*677(/ T —2) Tri(psw(p ))dp*/o mfkl(p,w(p))dp)

fri(psw(p))dp —
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By our assumptions, we get
p
H(F"-’)(t)”m%Ag@’p)

9—1
= sup sup ( o> A </O %)‘m(p,w(p))dﬂ

(s,e)>(1,1) 01 Xo2E€Pse ¢se k€oy l€ag

3t2 n P (p _ m)ﬁfl 1 (1 _ p)1973
+6 — B3 <B/o (/0 1“7(19) fkl(m,w(m))dm>dp */0 Wfkl(ﬂ»‘*’(ﬁ))dp

Bt —24 (M (n—p)°3 T(1—py?
oo UL gy fatestonds — [ Smfm s e ())d,o))

£ (n—p)°~3 (1—p)?—2
+3,677(/ (W —2) frui(p,w(p ))dpfA ﬁfkl(ﬂ: (P))dp)|p>

( D> lay / (t sz(va(P )dp|” ))

keoy leog

IA

206p sup sup
(s,e)>(1,1) 01 X02E€Pse Cbse

| 3t2 "
sup sup
6—/3773 (s,e)>(1,1) 01 X02E€EPse Pse

9—1

O3B IA“( / (/f%m(m,w(m))dm)w

k€oy leos

—( X la( / #ﬂ;m(p,wm)dm?)

keoy leos

+ sup sup
(s,e)>(1,1) 01 X02€Pse Pse

3

SLOID I (G ARl

k€oy leoa )

(L S et
(Z > la (/ %sz(p, (M)d|”))

t3
+| [P sup sup
k€oy l€o2

3—6n (s, e)>(1 1) 01X0o2E€dst Pse
9—2
+  sup sup Z Z | (/ p)l)fkl(P’w(P))dp{p>>>:|

(s,e)>(1,1) 01 X02EPse ¢S€ k€oq l€oy
( Do > Aeu®]? )

k€oy l€Eoy

+I

Bn* 724|p(

4(3 *67]) fkl(p7 ))dplp)

su
(s, e)>(l 1) o1 ><02€4>59 Pse

+  sup sup
(5,0)2(1,1) o1 XT2Edse Pse

IN

9
v e 2 sup
[| ore)lem@I sup o sup o

3t2 p » gnﬁJrl .
+|W| <|80kl(t)| |m\ (Z 3 |Abw ()| )

(s, e)>(1 1) oy X026¢b€ Pse ko l€oo

(XX jaten®])

ke€oy leos

Bt — 24 n?—2 )
—&-|4(3 —Gn)lp(l(ﬁ—Z)F(ﬁ — 2)|p|¥7kl(t>| sup sup ( > Ak ®)]f )

(s,e)>(1,1) 01 Xo2E€Pse Pse ko l€og

1
+|m|p|<ﬂkz(t)| sup sup ( SN At @) )))

(s,6)>(1,1) 01 X02E€pse Pse Koy icoy

+I

o Pler(®)P sup sup
(19 - 1)1—‘(19 - 1) (s,e)>(1,1) 01 X02E€EPse Pse

t3 n’ﬂ*Q
+ [P 1 [Plort ()P sup sup Afwr(t
3 —6n (¥ —2)I'(¥—2) (s,e)>(1,1) 01 X02EPse ¢se(k§1 lGZO'z| )

1
+|m|p|wkz(t)lp sup ( SO Ak ®)]” ))]

(s,e)>(1,1) 01X026¢se Pse kEoy l€oy

IN

sup sup
(s,e)>(1,1) 01 Xo2€EPse ¢se

3 B
( Z Z |A1)wkl ) 26p |:’L9F( )|P+ |6 /8 3|p (' (19+1)F(19)|p

kcoyleoa
1 824 1 1
TR NCE e <| w_orw-2 Tlw-ore-n 'p)>

+I

1 1 1
+|376n|p<|(1972)I‘(197 MR p)]
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Also, C(I,m?(A, ¢, p)) is equipped the classical norm

190l (12 ) = SR 10Dl 0

So, we have
P 6p P
ICF)II?, C(1m(a060) < (HAZPIl o (1 2 A 6.0))"
Then
37) r <2 HAr

Let ro be the optimal solution of (3.7). Now, we consider the set
BmQ(A}f,d),p) = Bm2(A5,¢,p)(w’ ro) = {w € C(LmQ(Aﬁ, ¢>,P)) : ”w”C(I,mz(A};,qf),p)) <ro}.

Clearly, B,,2(av,4.p) = Bmz( Au,4.p) 18 convex and bounded, and F is bounded on B. Let
e > 0by (A1), 3,6 > 0sothatif v € Bp2au gy and |lw — ) < 4, then

I = 7ol

I(Fw)®) = FOOIE, s o)

Ve (rm2 (a0

Fom (At p)) < QGPA Thus, for each ¢t € I, We get

< il o, o (5 AUt ) At
+|6Et;n3 : (Iﬂ(ﬁﬁ:ﬁl;(ﬂ)' (5:002(L,1) 01 x02€600 Doe <k§1 l;@ A8 ialorle) = (oo (e)))
+|m| (5,05 (1,1) 01 Xorg ebae Pre <k§1 1;62 |85 (s w(p) = fralp v (o)) )
+| 5(7; _6?74) | <| o ;]:1:(1 — 2)| . SI;I(JI Do XSO'2€¢55 Poe <k§1 l;m |AY (frilo,w(p)) = Frilpsv(p))|” )
9—
+|3j3677 'p< (ﬂ,Z)F(Z,Q)I (1) 1 B <k§1 2 |45Uneo) = Sl o))
+|m| sup ( D7D AR Fralp,w(p) = fralp,v(p )))|p)>}
(s,0)>(1, 1)01one¢se bse N e lean
S AL S <k§1 ZGZUQ AL apro(p)) = Fualp o)) 274
Then

IFD) = (Pl (1 2 ag 6.7) <

So, F is continuous. Lettg € I, > 0, > to so that if |t — tg| < ¢, then we can write
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I(Fw)®) = (F) @)l 2 g

IN

S |a / (t‘ C= P o lo))do

keal leoay

—/Oto %fkl(ﬂa p))dplp))

3(t2 -3
+|M|p sup sup
6 — 677 (s,e)>(1,1) 01 Xo2E€Pse ¢Se

20p sup sup
(s:0)2(1,1) 01X 02E€Hse ¢se

v—1

SHOIDNIICHA (/Op%m(m,w(m»dm)dpf

k€oy l€og

> 3 lax( / i;fm,o,w(p))dpv’)

k€eoy leoa )

+|u|p( sup sup (Z > |Au( 0" %m(p,w(ﬂ))dﬂﬁ))

(3 - 677) (s, e)>(1 1) 01 X02€Pse ¢se kEoq l€og

)19—2
+ (s, SI;I()I 1) ‘71><<726¢&t Pse (k§1 ZEZUQ | (/ Mfkl(mw(p))dﬂp)))
( Z Z | (/0 %fﬂ(pvw(ﬁ))d/ﬂp))

k€oyleosy

o, (2 S s [ G )

k€oy l€oy

6p tﬂ _tg P P u
2" 5r | leki(p)|P sup sup (Z D |Avwr(p)| )

(s,e)>(1,1) 01 X02EPse Pse k€oy l€oy
(X 3 stuoP)

k€oy l€oa

— (X X At

k€oy l€oa

Bt — 24 n’ 2 u
i (g e s s (S At

(s,e)>(1,1) 01 X02E€EPse ¢se kEoy l€os

LY S [atuto )))

k€oy l€oz

+ sup sup
(s,e)>(1,1) 01 X02EPse ¢se

3 — 3
|—0|P( sup  sup
3—6n (5,6)>(1,1) 01 X02Epse Pse

IN

+ | sup sup

=t +t) (o - 217
19(19 + 1)F(ﬁ) (s,e)>(1,1) 01 Xo2€Pse ¢sc

6 — Bn?
1

H——r— Pleml|”  sup
W -1r@-1) (s,e)>(1,1) alxazemt bse

4 ()P
—— "ok (p sup sup
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Since [t —tg| <eandn—1 < ¥ < nso [tV —tJ|P < . Then (Fw) is continuous for each
t € I. Finally, we show that F' is a Meir-Keeler condensing operator w.r.t. the Hausdorff
MNC x on the space C (I ,m2(AY, ¢, p)) By Theorem 2.5 and Lemma 1.1 we concluded
that

(38) (XC(I,mQ(Ag,qs,p)) (Bmz(au,g,m))’ = ilé?(xm2(Ag,¢,p)(Bm2(Ag,¢,p) (&))"

Again by using (2.1), Lemma 1.1 and our assumption, we have
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(Xm2<A3,¢,p)[(FBmZ(Ag,qa,p))(t)])p

= lim sup sup sup sup sup
koo | uem?(at,¢,p) | (5,0)2(1,1) 01 x02€050 Pse \ Ja, fEay (5:)2(1,1) 01 X02€05c

P OIDY IA“< P }(;)7 fua (o, 0(0) )b

kcoyleoa

3t2 n s (p—m)’gfl (1_ )19 3
+6—,B773<ﬂ/0 (/0 Wfkl(mvw(m))dm>dp—/o Wfkl(ﬂa w(p))dp

4 _ v—3 1 _ 9—2
4O 24(/ (F(ﬁ) Fri(p,w (p))dpf/0 Msz(p,w(p))dp)>

4(3 —6n) 2) T(W—1)

-3 11 _ \9-2
37617((/ b p - Fipre (P))dl’*/(; (;wp)l)fm(p,W(p))dp)lp))}}

> X el })
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Therefore, we deduce
ilelg(xm%%,(ﬁ,p)[(FBm2(A;;,¢>,p))(t)Dp < H26PA(XC(I’M2<A5Y¢YP)) (Bmz(aw,¢,p)))"
By (3.8), we have
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X (rm2ay.0m) Pm2ag,em)) < s
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Take § = ¢(

— 1), we get F' is a Meir—Keeler condensing operator on B,z arp) C
(H26PA) P

m?(AY, ¢,p). Thus, Theorem 1.1 grantees that I has a fixed pointin B, aup,p) 50 (3.5) has
at least one solution in C (I, m*(A¥, ¢, p)). O
Example 3.1. Consider the equations

DS u(t) = f(t,u(t), 0< ¢ < 1,
(39) u(0) = v/ (0) = u®(0) = u®)(0) = 0,

u'(1) =u”(3), w’(1) = 0.001 foé u(p)dp.
The Eq. (3.9) is a special case of the Eq. (3.5) when f(t,w(t)) = (fr(t,w(t))),

_ k(k+2) . sin(wp(t)) cos(t* + 2t2)
altatt) = 32 <(1n< ) Lo )

Clearly, {fii(t,w(t))) are continuous and the family of functions {(fw)(t) }rer is equicontinuous.
Let ¢ > 0 and (wi(t)) € mQ(A“, &, p). Thus, by taking v = (v (t)) € m?(AY, ¢, p) such that

6
Hw(t) - U(t)Hm2(A1f,¢>,p) < 0= |1 I Iy then

Ini
£ w®) = F&uE)lmzau,gp < | lHW(t) —v(@)llm2av,pp) =&

Then the conditions (A1) and (As) hold. To this end, take

k(k 4 2) | cos(t* 4 2t2)
> (G — %

eri(t) =

k=a,l=b

is continuous such that (o (t)) is equibounded on I, and we have H = |In(3)|P 5%, then the hy-

pothesis (As) of Th 3.6 holds. Indeed, for any t € I if (wy(t)) € m2(AY, ¢,p), then (A fu(t, (1)) €
m?(AY, ¢,p) and f(t,w(t)) = (fu(t,w(t)) € m*(AY, ¢, p), we have

w u k(k 4+ 2) ., sin(wg;(t)) cos(t* + 2t2
AL fra(t ()P = |Avk_;_b<(ln<(,£“)§>) Ciait)) oost )>P

k(k+2) ., cos(t* + 2t2) “
> ((m((k o) )|P|Avwkz<t>>’7

IN

Moreover, 2? AH < 1. Now, Th 3.6 grantees that infinite system (3.9) has at least one solution
in C(I,m*(Ay, ¢, p)).
Example 3.2. Consider the fractional differential equations

D3u(t) = f(t,u(t)), 0< t <1,
(3.10) uw(0) = u/(0) = u®(0) = 0,

u/(1) = u”(2), w'(1) = 0.006 ;7 u(p)dp.
Observe that the Eq. (3.10) is a particular case of the Eq. (3.5) when f(t,w(t)) = (fri(t, w(t))),

_ 1 arctan(wg; (t)) sin(5¢6 + 4t4)
futw®) = Y <(k(k+ 1)(k+2)) 3865t >’

k=a,l=b

Clearly, (fu(t,w(t))) are continuous and the family of functions {(fw)(t) }rer is equicontinuous.
Let ¢ > 0 and (wy(t)) € m ( ¢7 p). Thus, by taking v = (v (t)) € m?(AY, ¢,p) such
that|jw(t) — v(t Mim2(an gp < 6= 51 ® then

£t w(®) = F&u)llm2au,6,p) < 4 lw(®) = v®llm2au,¢,p) =&

< 38
Then the conditions (A1) and (Asz) hold. To this end, take

B 1 sin(5t6 + 414)

ou = 3 S Ty

k=a,l=b
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is continuous such that (i (t)) is equibounded on I, and we have H = (1)P i, then the hy-

pothesis (As) of Th 3.6 holds. Indeed, for any t € I if (wii(t)) € m?(AY, ¢,p), then (A fr(t,w(t))) €
m2(A1u)7 ¢7p) lli’ld f(tvw(t)) = <fkl (tvw(t))> € m2(A}uL? ¢7p)f we hﬂve

“ _ “ 1 arctan(wg; (t)) sin(5¢% + 4t4)
|AY fra(tw)P = Ay D <(k(k+1)(k‘+2)) 388t >|p

k=a,l=b

1 sin(5t6 + 4t4)
| < > 1Ay wr (0)P
k=a,l=b (k(k + 1)k + 2)) 38 M

IN

Moreover, 3%? AH < 1. Now, Th 3.6 grantees that infinite system (3.10) has at least one solution
in C(I,m?(A}, ¢,p)).

4. CONCLUSION

First, we defined a new fractional differential equation of order ¥ € (n — 1,n], (n >
2). Vakeel, A.K. [34] constructed the sequence space m(AY, ¢, p). In this work, we have
defined the Banach double sequence space m?(AY, ¢,p) and constructed the Hausdorff
MNC on this space. By using this Hausdorff MNC, we studied the existence of solutions
of fractional differential equation in the double sequence space m?(AY, ¢, p). Further, we
constructed two examples to support the usefulness of the obtained main results.
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