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New class of n-order fractional differential equations and
solvability in the double sequence space m2(∆u

v , φ, p)

HOJJATOLLAH AMIRI KAYVANLOO1, ELVINA HERAWATI2, AND MOHAMMAD
MURSALEEN2,3,4,∗

ABSTRACT. First, we define a new class of fractional differential equations of order n− 1 < ϑ ≤ n, (n ≥ 2).
Also, we define a new Banach double sequence space m2(∆u

v , φ, p) and a Hausdorff MNC on it. By using this
MNC, we prove the existence of solution of infinite system of a new class of fractional differential equations of
order ϑ ∈ (n − 1, n], (n ≥ 2) in m2(∆u

v , φ, p). Finally, we give two examples to verify the usefulness of our
main result.

1. INTRODUCTION AND PRELIMINARIES

Fractional differential equations (FDE) arise in many engineering and scientific disci-
plines as the mathematical modeling of systems and processes in the fields of economy,
biology, physics, chemistry, engineering and many other fields ([16, 18, 19, 20, 33]).

Bromwich in 1965 [8] established the primary work on double sequences. Then, Altay
and Basar defined some new spaces of double sequences BS, CS, BS(t), CSp, CSbp [2].
Also, convergence of double sequences spaces such as Pringsheimś sense, statistically null
in Pringsheimś sense, bounded statistically null in Pringsheimś sense and etc extended by
several authors.

In 1957, Goldenstein et al. [11] defined the Hausdorff MNC χ and studied by Golden-
stein and Markus [12]. Recently, several authors [3, 4, 7, 10, 13, 14, 15, 17, 23, 24, 25, 26, 28,
29, 31] studied the problems of existence of solutions of differential equations, fractional
differential equations and integral equations in various spaces by using the techniques of
measures of noncompactness.

Motivated by the above papers, we first define a new class of fractional differential
equations of order ϑ ∈ (n− 1, n], (n ≥ 2). Also, we define a new Banach double sequence
space m2(∆u

v , φ, p) and we define a Hausdorff MNC and by using this MNC we discuss
the existence of solutions of infinite systems of new class of FDEs of order ϑ ∈ (n − 1, n],
(n ≥ 2) in m2(∆u

v , φ, p) and we present two examples illustrating the obtained results.
Let Λ be a real Banach space, and ∅ 6= L ⊂ Λ. Then

• ConvL closed convex hull and L the closure of L.
• D(ν, σ) is a closed ball in Λ.
• NΛ is the family of relatively compact subsets of Λ.
•MΛ is the family of bounded subsets of Λ.

Definition 1.1. [5, 6] The function µ̃ : MΛ → [0,+∞) is a measure of noncompactness (MNC)
in Λ if for any U ,V ∈MΛ we have:

(i) NΛ ⊇ ker µ̃ = {U ∈MΛ : µ̃(U) = 0} 6= ∅.
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(ii) If U ⊂ V, ⇒ µ̃(U) ≤ µ̃(V).

(iii) µ̃(U) = µ̃(U) = µ̃(ConvU).
(iv) µ̃(λU + (1− λ)V) ≤ λµ̃(U) + (1− λ)µ̃(V) for each λ ∈ [0, 1].

(v) If for each n ∈ N, Un = Un ⊆MΛ, Un+1 ⊂ Un If lim
n→∞

µ̃(Un) = 0,⇒ ∅ 6= U∞ =

∞⋂
n=1

Un.

Definition 1.2. [5, 6] Let (X, d) be a metric space and Q ∈MX . The Kuratowski MNC of Q is
defined as follow:

ϑ(Q) = inf
{
ε > 0 : Q ⊂

m⋃
j=1

Sj , Sj ⊂ X, diam(Sj) < ε (j = 1, . . . ,m); m ∈ N
}
,

where diam(Sj) = sup{d(ς, ν) : ς, ν ∈ Sj}.
The Hausdorff MNC of the bounded set Q, is

χ(Q) = inf
{
ε > 0 : Q ⊂

m⋃
j=1

D(yj , υj), yj ∈ X, υj < ε (j = 1, . . . ,m); m ∈ N
}
.

Definition 1.3. [22] Let µ̃ be an arbitrary MNC on Banach space Λ and ∅ 6= B ⊆ Λ. The operator
F : B → B is a Meir–Keeler condensing operator if for any bounded subset U of B and for each
ε > 0, ∃ δ > 0 so that

ε ≤ µ̃(U) < ε+ δ implies µ̃(F (U)) < ε

Theorem 1.1. [1] Let ∅ 6= B = B ⊆ Λ is convex, bounded and µ̃ be an arbitrary MNC on Λ and
F : B → B be a continuous Meir–Keeler condensing operator. Then F has at least one fixed point.

Lemma 1.1. [5, 6] Let Ω ⊆ C(J,Λ) be bounded and equicontinuous. Then µ̃(Ω(.)) is continuous
on J and

µ̃(Ω) = sup
τ∈J

µ̃(Ω(τ)), µ̃
( ∫ τ

0
Ω(%)d%

)
≤
∫ τ

0
µ̃(Ω(%))d%,

where C(J,Λ) is Banach space with norm

‖z‖C(J,Λ) := sup{‖z(τ)‖ : τ ∈ J}, z ∈ C(J,Λ).

2. DOUBLE SEQUENCE SPACE m2(∆u
v , φ, p)

Let ω be the set of all complex sequences and C the space whose elements are finite sets
of distinct positive integers. for any element σ of C, we denote

c(σ) =

{
cn(σ) = 1, n ∈ σ,
cn(σ) = 0 otherwise.

Let
Cr =

{
σ ∈ C :

∞∑
n=1

cn(σ) ≤ r
}
,

the set of those σ whose support has cardinality at most s, and let

Φ =
{
φ = (φn) ∈ ω : 0 < φ1 ≤ φn ≤ φn+1, (n+ 1)φn ≥ nφn+1

}
,

( [27]). Let u > 0 be fixed, φ ∈ Φ and 0 6= v = (vk) be any fixed sequence of complex
numbers. The sequence space m(∆u

v , φ, p) is defined by ([34])

m(∆u
v , φ, p) =

{
x = (xk) ∈ ω : sup

s≥1
sup
σ∈Cs

( 1

φs

∑
k∈σ
|∆u
vxk|p

)
<∞, p ∈ [0,∞)

}
,

where
∆0
vxk = vkxk,

∆1
vxk = vkxk − vk+1xk+1,

∆u
vxk = ∆u−1

v xk −∆u−1
v xk+1,
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such that
∆u
vxk =

u∑
i=0

(−1)i
[
u

i

]
vk+ixk+i.

Theorem 2.2. [34] For φ ∈ Φ the sequence space m(∆u
v , φ, p) is a Banach space by norm

‖x‖m(∆u
v ,φ,p)

=

u∑
i=1

|xi|+ sup
s≥1

sup
σ∈Cs

( 1

φs

∑
k∈σ
|∆u
vxk|p

) 1
p , 1 ≤ p <∞.

Let B = 〈bnk〉 be double sequence, then θ = (θ, θ, . . . , ) is zero single sequence, and
2θ = 〈θ〉 is zero double sequence, e = (1, 1, . . . , ) and ek = (0, 0, . . . , 1, 0, 0 . . . , ), where
k-th place is 1. The double sequence z = 〈zjk〉 of complex (real numbers) is bounded if

‖z‖(∞,2) = sup
j,k
|zjk| <∞.

Definition 2.4. [9] The double sequence of functions {fkl} is Pringsheim limit function (point-
wise convergent) to f on the set S ⊂ R if, for each point x ∈ S and for each ε > 0, ∃ N(x, ε) > 0
so that ∀ k, l > N

|fkl(x)− f(x)| < ε, lim
k,l→∞

fkl(x) = f(x).

We define a new double sequence space m2(∆u
v , φ, p) as follow:

m2(∆u
v , φ, p) =

{
x = (xkl) ∈ ω2 : ‖x‖m2(∆u

v ,φ,p)
= sup

(s,e)≥(1,1)
sup

σ1×σ2∈φse

1

φse

( ∑
k∈σ1

∑
l∈σ2

|∆u
vxk,l|p

) 1
p
<∞

}
,

where φse denote the class of subsets σ = σ1 × σ2 in N×N so that the elements of σ1 and
σ2 are most s and e, respectively {φse} is a increasing double sequence of the positive real
numbers so that

sφs+1,e ≤ (s+ 1)φse, tφs,e+1 ≤ (e+ 1)φse.

Theorem 2.3. The double sequence m2(∆u
v , φ, p) (convergent in Pringsheim’s sense space) is a

Banach space.

Proof. Let ξ > 0 and xikl be a Cauchy sequence in m2(∆u
v , φ, p), choose m0 ∈ N such that

‖xikl − x
j
kl‖m2(∆u

v ,φ,p)
< ξ,

∀, k, l ∈ N and i, j ≥ m0. So

sup
(s,e)≥(1,1)

sup
σ1×σ2∈φse

1

φse

( ∑
k∈σ1

∑
l∈σ2

|∆u
v (xik,l − x

j
k,l)|

p
) 1

p
< ξ,

∀ i, j ≥ m0. we obtain
|∆u
v (xik,l − x

j
k,l)|

p < ξ,

∀ i, j ≥ m0 and for each fixed (k, l) ∈ N × N. So xikl is a Cauchy sequence in C. So there
exists xkl ∈ C, such that xikl → xkl, as i → ∞, ∀ (k, l) ∈ N × N. So, for all i, j ≥ m0 and
σ1 × σ2 ∈ φse. Thus we have

sup
(s,e)≥(1,1)

sup
σ1×σ2∈φse

1

φse

( ∑
k∈σ1

∑
l∈σ2

|∆u
v (xik,l − xk,l)|

p
) 1

p
< ξ,

∀ i, j ≥ m0. This implies that xikl − xkl ∈ m2(∆u
v , φ, p) ∀ i, j ≥ m0. �

Theorem 2.4. ([27].) Let E ⊆ lp (1 ≤ p ≤ ∞) be bounded. If Pn : lp → lp be the projector(
Pn(x) = x[n] = (x0, x1, . . . , xn, 0, 0, . . .) ∀ x ∈ lp

)
. Then,

X (E) = lim
n→∞

(
sup
x∈E
‖(I − Pn)(x)‖lp

)
.

If E ∈Mlp , then

X (E) = lim
n→∞

(
sup
x∈E

∑
k≥n
|xk|p

)
.
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Theorem 2.5. Let Q ⊆ m2(∆u
v , φ, p) be bounded. If Pkl : m2(∆u

v , φ, p) → m2(∆u
v , φ, p) be

the projector
(
Pkl(x) = (xk1, xk2, . . . , xkl, x1l, x2l, . . . , xkl, , 2θ, 2θ, . . .)

)
, where x = xkl ∈

m2(∆u
v , φ, p) ∀ k, l ∈ N. Then, If Q ∈Mm2(∆u

v ,φ,p)
, we have

χ(Q) = lim
k,l→∞

{
sup
x∈Q

{
sup

(s,e)≥(1,1)
sup

σ1×σ2∈φse

1

φse

( ∑
k∈σ1

∑
l∈σ2

|∆u
vxk,l|p

) 1
p
}}

.(2.1)

Proof. Let Q ⊆ m2(∆u
v , φ, p) be bounded and Pkl a projection function then,

Q ⊂ PklQ+ (1− Pkl)Q.(2.2)

By (2.2) and properties of χ, we have

χ(Q) ≤ χ(PklQ) + χ
(
(I − Pkl)Q

)
= χ

(
(I − Pkl)Q

)
≤ dim

(
(I − Pkl)Q

)
= sup
x∈Q
‖(I − Pkl)x‖m2(∆u

v ,φ,p)
.

Then

χ(Q) ≤ lim
n,k→∞

sup
x∈Q
‖(I − Pkl)x‖m2(∆u

v ,φ,p)
.(2.3)

Let {L1, L2, . . . , Lk} be a [χ(Q) + ε]-net of Q. Then

Q ⊂ {L1, L2, . . . , Lk}+ [χ(Q) + ε]B
(
m2(∆u

v , φ, p)
)
,

where B(
m2(∆u

v ,φ,p)
)(2θ, 1) is the unit ball of m2(∆u

v , φ, p). Then

sup
x∈Q
‖(I − Pkl)x‖m2(∆u

v ,φ,p)
≤ sup

1≤i≤k
‖(I − Pkl)Li‖m2(∆u

v ,φ,p)
+ [χ(Q) + ε].

Hence

lim
n,k→∞

sup
x∈Q
‖(I − Pkl)x‖m2(∆u

v ,φ,p)
≤ χ(Q) + ε.(2.4)

By combining Eq. (2.3) and (2.4), we get

χ(Q) = lim
k,l→∞

(
sup
x∈Q
‖(I − Pkl)(x)‖m2(∆u

v ,φ,p)

)
or

χ(Q) = lim
k,l→∞

{
sup
x∈Q

{
sup

(s,e)≥(1,1)
sup

σ1×σ2∈φse

1

φse

( ∑
k∈σ1

∑
l∈σ2

|∆u
vxk,l|p

) 1
p
}}

.

�

3. APPLICATION

Now, we define a new class of fractional deferential equation of order ϑ ∈ (n − 1, n],
(n ≥ 2) and consider the solutions in m2(∆u

v , φ, p) also, we present two examples to effec-
tiveness of the obtained result.

Definition 3.5. ([32]) The fractional integral of order ϑ is defined as

Iϑf(t) =
1

Γ(ϑ)

∫ t

0

f(ρ)

(t− ρ)1−ϑ dρ, ϑ > 0,

Definition 3.6. ([32]) The Caputo fractional derivative of order ϑ > 0 of function f : [0,∞) →
R, is defined by

cDϑf(t) =
1

Γ(n− ϑ)

∫ t

0

f (n)(ρ)

(t− ρ)ϑ−n+1
dρ,

where n = [ϑ] + 1.
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Lemma 3.2. ([21]) Let u ∈ C([0,∞))∩L1([0,∞)) with the Caputo fractional derivative of order
ϑ that belongs to C([0,∞)) ∩ L1([0,∞)). Then

Iϑ cDϑu(t) = u(t) + c1 + c2t+ c3t
2 + . . .+ cnt

n−1,

where ci ∈ R, i = 1, 2, . . . , n and n = [ϑ].

Lemma 3.3. Let f ∈ l1([0,∞)) be continuous function and n − 1 < ϑ ≤ n, (n ≥ 2). Then the
BVP problem of fractional differential equation

(3.5)


cDϑu(t) = f(t, u(t)), 0 ≤ t < 1,

u(0) = u′(0) = u(4)(0) = u(5)(0) = . . . = u(n)(0) = 0,

u′(1) = u′′(η), u′′(1) = β
∫ η
0 u(ρ)dρ, β ∈ R, 0 < η < 1

has a unique solution

u(t) =

∫ t

0

(t− ρ)ϑ−1

Γ(ϑ)
f(ρ)dρ+

3t2

6− βη3

(
β

∫ η

0

(∫ s

0

(ρ−m)ϑ−1

Γ(ϑ)
f(m)dm

)
dρ−

∫ 1

0

(1− ρ)ϑ−3

Γ(ϑ− 2)
f(ρ)dρ

+
βη4 − 24

4(3− 6η)

( ∫ η

0

(η − ρ)ϑ−3

Γ(ϑ− 2)
f(ρ)dρ−

∫ 1

0

(1− ρ)ϑ−2

Γ(ϑ− 1)
f(ρ)dρ

))

+
t3

3− 6η

( ∫ η

0

(η − ρ)ϑ−3

Γ(ϑ− 2)
f(ρ)dρ−

∫ 1

0

(1− ρ)ϑ−2

Γ(ϑ− 1)
f(ρ)dρ

)
.

Proof. By Lemma 3.2, the equation (3.5) is equivalent to the integral form

u(t) = Iϑf(t) + c1 + c2t+ c3t
2 + c4t

3 + . . .+ cn+1t
n

for some ci ∈ R, i = 1, 2, 3, 4, . . . , n+ 1.
By the boundary value conditions for (3.5), we find that

c1 = c2 = c5 = c6 = . . . = cn+1 = 0

and

(3.6) u(t) =

∫ t

0

(t− ρ)ϑ−1

Γ(ϑ)
f(ρ)dρ+ c3t

2 + c4t
3.

Applying, u′(1) = u′′(η) we get∫ 1

0

(1− ρ)ϑ−2

Γ(ϑ− 1)
f(ρ)dρ+ 2c3 + 3c4 =

∫ η

0

(η − ρ)ϑ−3

Γ(ϑ− 2)
f(ρ)dρ+ 2c3 + 6c4η

which imply that

(3− 6η)c4 =

∫ η

0

(η − ρ)ϑ−3

Γ(ϑ− 2)
f(ρ)dρ−

∫ 1

0

(1− ρ)ϑ−2

Γ(ϑ− 1)
f(ρ)dρ.

Consequently,

c4 =
1

3− 6η

( ∫ η

0

(η − ρ)ϑ−3

Γ(ϑ− 2)
f(ρ)dρ−

∫ 1

0

(1− ρ)ϑ−2

Γ(ϑ− 1)
f(ρ)dρ

)
.

By boundary condition u′′(1) = β
∫ η

0
u(ρ)dρ we have∫ 1

0

(1− ρ)ϑ−3

Γ(ϑ− 2)
f(ρ)dρ+ 2c3 + 6c4 = β

∫ η

0

(∫ ρ

0

(ρ−m)ϑ−1

Γ(ϑ)
f(m)dm+ c3ρ

2 + c4ρ
3
)
dρ

= β

∫ η

0

(∫ ρ

0

(ρ−m)ϑ−1

Γ(ϑ)
f(m)dm

)
dρ+ βc3

η3

3
+ βc4

η4

4
.

Then, we have(
β

∫ η

0

(∫ ρ

0

(ρ−m)ϑ−1

Γ(ϑ)
f(m)dm

)
dρ−

∫ 1

0

(1− ρ)ϑ−3

Γ(ϑ− 2)
f(ρ)dρ

)
+ (β

η4

4
− 6)c4 = (2−

βη3

3
)c3
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Consequently,

c3 =
3

6− βη3

(
β

∫ η

0

(∫ ρ

0

(ρ−m)ϑ−1

Γ(ϑ)
f(m)dm

)
dρ−

∫ 1

0

(1− ρ)ϑ−3

Γ(ϑ− 2)
f(ρ)dρ

+
βη4 − 24

4

( 1

3− 6η

( ∫ η

0

(η − ρ)ϑ−3

Γ(ϑ− 2)
f(ρ)dρ−

∫ 1

0

(1− ρ)ϑ−3

Γ(ϑ− 2)
f(ρ)dρ

)))
.

Substituting the value of c3 and c4 in (3.6), it yields

u(t) =

∫ t

0

(t− ρ)ϑ−1

Γ(ϑ)
f(ρ)dρ+

3t2

6− βη3

(
β

∫ η

0

(∫ ρ

0

(ρ−m)ϑ−1

Γ(ϑ)
f(m)dm

)
dρ−

∫ 1

0

(1− ρ)ϑ−3

Γ(ϑ− 2)
f(ρ)dρ

+
βη4 − 24

4(3− 6η)

( ∫ η

0

(η − ρ)ϑ−3

Γ(ϑ− 2)
f(ρ)dρ−

∫ 1

0

(1− ρ)ϑ−2

Γ(ϑ− 1)
f(ρ)dρ

))

+
t3

3− 6η

( ∫ η

0

(η − ρ)ϑ−3

Γ(ϑ− 2)
f(ρ)dρ−

∫ 1

0

(1− ρ)ϑ−2

Γ(ϑ− 1)
f(ρ)dρ

)
.

The proof is completed. �

Consider the following conditions.

(A1) For k, l ∈ N, fkl ∈ C
(
I × R∞,R

)
, the continuous operator f : I ×m2(∆u

v , φ, p) →
m2(∆u

v , φ, p) is defined by (fω)(t) = f(t, ω(t)) = 〈fkl(t, ω(t))〉, where I = [0, 1] and
the family of functions {(fω)(t)}t∈I is equicontinuous in m2(∆u

v , φ, p).
(A2) Assume that

0 <

[
|

1

ϑΓ(ϑ)
|p + |

3

6− βη3
|p
(
|

β

ϑ(ϑ+ 1)Γ(ϑ)
|p + |

1

(ϑ− 1)Γ(ϑ− 1)
|p + |

β − 24

4(3− 6η)
|p
(
|

1

(ϑ− 2)Γ(ϑ− 2)
|p

+|
1

(ϑ− 1)Γ(ϑ− 1)
|p
))

+ |
1

3− 6η
|p
(
|

1

(ϑ− 2)Γ(ϑ− 2)
|p + |

1

(ϑ− 1)Γ(ϑ− 1)
|p
)]

= A <∞.

(A3) For each t ∈ I and ω ∈ m2(∆u
v , φ, p) the following inequalities holds:

|∆u
vfkl(t, ω(t))|p ≤ |ϕkl(t)|p|∆u

vωkl(t)|p,

where ϕkl(t) is real functions continuous such that 〈ϕkl(t)〉 is uniformly equibounded on
I , Put

sup
t∈I

sup
k,l
|ϕkl(t)|p = H.

Theorem 3.6. Let (A1) − (A3) hold, if 26pAH < 1, then (3.5) for each t ∈ I has at least one
solution ω = 〈ωkl(t)〉 ∈ C

(
I,m2(∆u

v , φ, p)
)
.

Proof. Let ω = 〈ωkl〉 be a double sequence function which fulfils the equation (3.5) and
∀ k, l ∈ N, ωkl be continuous on I . We define the operator F : C

(
I,m2(∆u

v , φ, p)
)
→

C
(
I,m2(∆u

v , φ, p)
)

by

(Fω)(t) =

∫ t

0

(t− ρ)ϑ−1

Γ(ϑ)
fkl(ρ, ω(ρ))dρ

+
3t2

6− βη3

(
β

∫ η

0

(∫ ρ

0

(ρ−m)ϑ−1

Γ(ϑ)
fkl(m,ω(m))dm

)
dρ−

∫ 1

0

(1− ρ)ϑ−3

Γ(ϑ− 2)
fkl(ρ, ω(ρ))dρ

+
βη4 − 24

4(3− 6η)

( ∫ η

0

(η − ρ)ϑ−3

Γ(ϑ− 2)
fkl(ρ, ω(ρ))dρ−

∫ 1

0

(1− ρ)ϑ−2

Γ(ϑ− 1)
fkl(ρ, ω(ρ))dρ

))

+
t3

3− 6η

( ∫ η

0

(η − ρ)ϑ−3

Γ(ϑ− 2)
fkl(ρ, ω(ρ))dρ−

∫ 1

0

(1− ρ)ϑ−2

Γ(ϑ− 1)
fkl(ρ, ω(ρ))dρ

)
.
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By our assumptions, we get
‖(Fω)(t)‖p

m2(∆u
v ,φ,p)

= sup
(s,e)≥(1,1)

sup
σ1×σ2∈φse

1

φse

( ∑
k∈σ1

∑
l∈σ2

∣∣∆u
v

(∫ t

0

(t− ρ)ϑ−1

Γ(ϑ)
fkl(ρ, ω(ρ))dρ

+
3t2

6− βη3

(
β

∫ η

0

(∫ ρ

0

(ρ−m)ϑ−1

Γ(ϑ)
fkl(m,ω(m))dm

)
dρ−

∫ 1

0

(1− ρ)ϑ−3

Γ(ϑ− 2)
fkl(ρ, ω(ρ))dρ

+
βη4 − 24

4(3− 6η)

( ∫ η

0

(η − ρ)ϑ−3

Γ(ϑ− 2)
fkl(ρ, ω(ρ))dρ−

∫ 1

0

(1− ρ)ϑ−2

Γ(ϑ− 1)
fkl(ρ, ω(ρ))dρ

))

+
t3

3− 6η

( ∫ η

0

(η − ρ)ϑ−3

Γ(ϑ− 2)
fkl(ρ, ω(ρ))dρ−

∫ 1

0

(1− ρ)ϑ−2

Γ(ϑ− 1)
fkl(ρ, ω(ρ))dρ

)∣∣p)
≤ 26p

[
sup

(s,e)≥(1,1)
sup

σ1×σ2∈φse

1

φse

( ∑
k∈σ1

∑
l∈σ2

∣∣∆u
v

(∫ t

0

(t− ρ)ϑ−1

Γ(ϑ)
fkl(ρ, ω(ρ))dρ

∣∣p))

+|
3t2

6− βη3
|p
(

sup
(s,e)≥(1,1)

sup
σ1×σ2∈φse

1

φse

( ∑
k∈σ1

∑
l∈σ2

∣∣∆u
v

(
β

∫ η

0

(∫ ρ

0

(ρ−m)ϑ−1

Γ(ϑ)
fkl(m,ω(m))dm

)
dρ
∣∣p

+ sup
(s,e)≥(1,1)

sup
σ1×σ2∈φse

1

φse

( ∑
k∈σ1

∑
l∈σ2

∣∣∆u
v

(∫ 1

0

(1− ρ)ϑ−3

Γ(ϑ− 2)
fkl(ρ, ω(ρ))dρ

∣∣p)
+|
βη4 − 24

4(3− 6η)
|p
(

sup
(s,e)≥(1,1)

sup
σ1×σ2∈φse

1

φse

( ∑
k∈σ1

∑
l∈σ2

∣∣∆u
v

(( ∫ η

0

(η − ρ)ϑ−3

Γ(ϑ− 2)
fkl(ρ, ω(ρ))dρ

∣∣p)

+ sup
(s,e)≥(1,1)

sup
σ1×σ2∈φse

1

φse

( ∑
k∈σ1

∑
l∈σ2

∣∣∆u
v

(∫ 1

0

(1− ρ)ϑ−2

Γ(ϑ− 1)
fkl(ρ, ω(ρ))dρ

∣∣p)))

+|
t3

3− 6η
|p
(

sup
(s,e)≥(1,1)

sup
σ1×σ2∈φst

1

φse

( ∑
k∈σ1

∑
l∈σ2

∣∣∆u
v

(∫ η

0

(η − ρ)ϑ−3

Γ(ϑ− 2)
fkl(ρ, ω(ρ))dρ

∣∣p))

+ sup
(s,e)≥(1,1)

sup
σ1×σ2∈φse

1

φse

( ∑
k∈σ1

∑
l∈σ2

∣∣∆u
v

(∫ 1

0

(1− ρ)ϑ−2

Γ(ϑ− 1)
fkl(ρ, ω(ρ))dρ

∣∣p)))]

≤ 26p

[
|
tϑ

ϑΓ(ϑ)
|p|ϕkl(t)|p sup

(s,e)≥(1,1)
sup

σ1×σ2∈φse

1

φse

( ∑
k∈σ1

∑
l∈σ2

∣∣∆u
vωkl(t)

∣∣p)

+|
3t2

6− βη3
|p
(
|ϕkl(t)|p|

βηϑ+1

ϑ(ϑ+ 1)Γ(ϑ)
|p sup

(s,e)≥(1,1)
sup

σ1×σ2∈φse

1

φse

( ∑
k∈σ1

∑
l∈σ2

∣∣∆u
vωkl(t)

∣∣p)
+|

1

(ϑ− 1)Γ(ϑ− 1)
|p|ϕkl(t)|p sup

(s,e)≥(1,1)
sup

σ1×σ2∈φse

1

φse

( ∑
k∈σ1

∑
l∈σ2

∣∣∆u
vωkl(t)

∣∣p)
+|
βη4 − 24

4(3− 6η)
|p
(
|

ηϑ−2

(ϑ− 2)Γ(ϑ− 2)
|p|ϕkl(t)|p sup

(s,e)≥(1,1)
sup

σ1×σ2∈φse

1

φse

( ∑
k∈σ1

∑
l∈σ2

∣∣∆u
vωkl(t)

∣∣p)

+|
1

(ϑ− 1)Γ(ϑ− 1)
|p|ϕkl(t)|p sup

(s,e)≥(1,1)
sup

σ1×σ2∈φse

1

φse

( ∑
k∈σ1

∑
l∈σ2

∣∣∆u
vωkl(t)

∣∣p)))

+|
t3

3− 6η
|p
(
|

ηϑ−2

(ϑ− 2)Γ(ϑ− 2)
|p|ϕkl(t)|p sup

(s,e)≥(1,1)
sup

σ1×σ2∈φse

1

φse

( ∑
k∈σ1

∑
l∈σ2

∣∣∆u
vωkl(t)

∣∣p)

+|
1

(ϑ− 1)Γ(ϑ− 1)
|p|ϕkl(t)|p sup

(s,e)≥(1,1)
sup

σ1×σ2∈φse

1

φse

( ∑
k∈σ1

∑
l∈σ2

∣∣∆u
vωkl(t)

∣∣p))]

≤ sup
(s,e)≥(1,1)

sup
σ1×σ2∈φse

1

φse

( ∑
k∈σ1

∑
l∈σ2

∣∣∆u
vωkl(t)

∣∣p)H26p

[
|

1

ϑΓ(ϑ)
|p + |

3

6− βη3
|p
(
|

β

ϑ(ϑ+ 1)Γ(ϑ)
|p

+|
1

(ϑ− 1)Γ(ϑ− 1)
|p + |

β − 24

4(3− 6η)
|p
(
|

1

(ϑ− 2)Γ(ϑ− 2)
|p + |

1

(ϑ− 1)Γ(ϑ− 1)
|p
))

+|
1

3− 6η
|p
(
|

1

(ϑ− 2)Γ(ϑ− 2)
|p + |

1

(ϑ− 1)Γ(ϑ− 1)
|p
)]
.
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Also, C
(
I,m2(∆u

v , φ, p)
)

is equipped the classical norm

‖ω‖
C
(
I,m2(∆u

v ,φ,p)
) = sup

t∈I
‖ω(t)‖m2(∆u

v ,φ,p)
.

So, we have

‖(Fω)‖p
C
(
I,m2(∆u

v ,φ,p)
) ≤ (HA26p‖ω‖

C
(
I,m2(∆u

v ,φ,p)
))p.

Then

(3.7) r ≤ 26pHAr.

Let r0 be the optimal solution of (3.7). Now, we consider the set

Bm2(∆u
v ,φ,p)

= Bm2(∆u
v ,φ,p)

(ω, r0) = {ω ∈ C
(
I,m2(∆u

v , φ, p)
)

: ‖ω‖
C
(
I,m2(∆u

v ,φ,p)
) ≤ r0}.

Clearly, Bm2(∆u
v ,φ,p)

= Bm2(∆u
v ,φ,p)

is convex and bounded, and F is bounded on B. Let
ε > 0 by (A1), ∃, δ > 0 so that if v ∈ Bm2(∆u

v ,φ,p)
and ‖ω − v‖

C
(
I,m2(∆u

v ,φ,p)
) ≤ δ, then

‖fω − fv‖p
C
(
I,m2(∆u

v ,φ,p)
) ≤ εp

26pA . Thus, for each t ∈ I , We get

‖(Fω)(t)− (Fv)(t)‖p
m2(∆u

v ,φ,p)

≤ 26p

[
|
tϑ

ϑΓ(ϑ)
|p sup

(s,e)≥(1,1)
sup

σ1×σ2∈φse

1

φse

( ∑
k∈σ1

∑
l∈σ2

∣∣∆u
v (fkl(ρ, ω(ρ))− fkl(ρ, v(ρ)))

∣∣p)

+|
3t2

6− βη3
|p
(
|

βηϑ+1

ϑ(ϑ+ 1)Γ(ϑ)
|p sup

(s,e)≥(1,1)
sup

σ1×σ2∈φse

1

φse

( ∑
k∈σ1

∑
l∈σ2

∣∣∆u
v (fkl(ρ, ω(ρ))− fkl(ρ, v(ρ)))

∣∣p)
+|

1

(ϑ− 1)Γ(ϑ− 1)
|p sup

(s,e)≥(1,1)
sup

σ1×σ2∈φse

1

φse

( ∑
k∈σ1

∑
l∈σ2

∣∣∆u
v (fkl(ρ, ω(ρ))− fkl(ρ, v(ρ)))

∣∣p)
+|
βη4 − 24

4(3− 6η)
|p
(
|

ηϑ−2

(ϑ− 2)Γ(ϑ− 2)
|p sup

(s,e)≥(1,1)
sup

σ1×σ2∈φse

1

φse

( ∑
k∈σ1

∑
l∈σ2

∣∣∆u
v (fkl(ρ, ω(ρ))− fkl(ρ, v(ρ)))

∣∣p)

+|
1

(ϑ− 1)Γ(ϑ− 1)
|p sup

(s,e)≥(1,1)
sup

σ1×σ2∈φse

1

φse

( ∑
k∈σ1

∑
l∈σ2

∣∣∆u
v (fkl(ρ, ω(ρ))− fkl(ρ, v(ρ)))

∣∣p)))

+|
t3

3− 6η
|p
(
|

ηϑ−2

(ϑ− 2)Γ(ϑ− 2)
|p sup

(s,e)≥(1,1)
sup

σ1×σ2∈φse

1

φse

( ∑
k∈σ1

∑
l∈σ2

∣∣∆u
v (fkl(ρ, ω(ρ))− fkl(ρ, v(ρ)))

∣∣p)

+|
1

(ϑ− 1)Γ(ϑ− 1)
|p sup

(s,e)≥(1,1)
sup

σ1×σ2∈φse

1

φse

( ∑
k∈σ1

∑
l∈σ2

∣∣∆u
v (fkl(ρ, ω(ρ))− fkl(ρ, v(ρ)))

∣∣p))]

≤ sup
(s,e)≥(1,1)

sup
σ1×σ2∈φse

1

φse

( ∑
k∈σ1

∑
l∈σ2

∣∣∆u
v (fkl(ρ, ω(ρ))− fkl(ρ, v(ρ)))

∣∣p)26pA.

Then

‖(Fω)− (Fv)‖
C
(
I,m2(∆u

v ,φ,p)
) ≤ ε.

So, F is continuous. Let t0 ∈ I , ε > 0, t > t0 so that if |t− t0| < ε, then we can write
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‖(Fω)(t)− (Fω)(t0)‖p
m2(∆u

v ,φ,p)

≤ 26p

[
sup

(s,e)≥(1,1)
sup

σ1×σ2∈φse

1

φse

( ∑
k∈σ1

∑
l∈σ2

∣∣∆u
v

(∫ t

0

(t− ρ)ϑ−1

Γ(ϑ)
fkl(ρ, ω(ρ))dρ

−
∫ t0

0

(t0 − ρ)ϑ−1

Γ(ϑ)
fkl(ρ, ω(ρ))dρ

∣∣p))
+|

3(t2 − t20)

6− βη3
|p
(

sup
(s,e)≥(1,1)

sup
σ1×σ2∈φse

1

φse

( ∑
k∈σ1

∑
l∈σ2

∣∣∆u
v

(
β

∫ η

0

(∫ ρ

0

(ρ−m)ϑ−1

Γ(ϑ)
fkl(m,ω(m))dm

)
dρ
∣∣p

+ sup
(s,e)≥(1,1)

sup
σ1×σ2∈φse

1

φse

( ∑
k∈σ1

∑
l∈σ2

∣∣∆u
v

(∫ 1

0

(1− ρ)ϑ−3

Γ(ϑ− 2)
fkl(ρ, ω(ρ))dρ

∣∣p)
+|
βη4 − 24

4(3− 6η)
|p
(

sup
(s,e)≥(1,1)

sup
σ1×σ2∈φse

1

φse

( ∑
k∈σ1

∑
l∈σ2

∣∣∆u
v

(∫ η

0

(η − ρ)ϑ−3

Γ(ϑ− 2)
fkl(ρ, ω(ρ))dρ

∣∣p))

+ sup
(s,e)≥(1,1)

sup
σ1×σ2∈φst

1

φse

( ∑
k∈σ1

∑
l∈σ2

∣∣∆u
v

(∫ 1

0

(1− ρ)ϑ−2

Γ(ϑ− 1)
fkl(ρ, ω(ρ))dρ

∣∣p)))

+|
t3 − t30
3− 6η

|p
(

sup
(s,e)≥(1,1)

sup
σ1×σ2∈φse

1

φse

( ∑
k∈σ1

∑
l∈σ2

∣∣∆u
v

(∫ η

0

(η − ρ)ϑ−3

Γ(ϑ− 2)
fkl(ρ, ω(ρ))dρ

∣∣p))

+ sup
(s,e)≥(1,1)

sup
σ1×σ2∈φse

1

φse

( ∑
k∈σ1

∑
l∈σ2

∣∣∆u
v

(∫ 1

0

(1− ρ)ϑ−2

Γ(ϑ− 1)
fkl(ρ, ω(ρ))dρ

∣∣p)))]

≤ 26p

[
|
tϑ − tϑ0
ϑΓ(ϑ)

|p|ϕkl(ρ)|p sup
(s,e)≥(1,1)

sup
σ1×σ2∈φse

1

φse

( ∑
k∈σ1

∑
l∈σ2

∣∣∆u
vωkl(ρ)

∣∣p)

+|
3(t− t0)(t+ t0)

6− βη3
|p
(
|ϕkl(ρ)|p|

βηϑ+1

ϑ(ϑ+ 1)Γ(ϑ)
|p sup

(s,e)≥(1,1)
sup

σ1×σ2∈φse

1

φse

( ∑
k∈σ1

∑
l∈σ2

∣∣∆u
vukl(ρ)

∣∣p)
+|

1

(ϑ− 1)Γ(ϑ− 1)
|p|ϕkl|p sup

(s,e)≥(1,1)
sup

σ1×σ2∈φst

1

φse

( ∑
k∈σ1

∑
l∈σ2

∣∣∆u
vukl(ρ)

∣∣p)
+|
βη4 − 24

4(3− 6η)
|p
(
|

ηϑ−2

(ϑ− 2)Γ(ϑ− 2)
|p|ϕkl(ρ)|p sup

(s,e)≥(1,1)
sup

σ1×σ2∈φse

1

φse

( ∑
k∈σ1

∑
l∈σ2

∣∣∆u
vukl(ρ)

∣∣p)

+|
1

(ϑ− 1)Γ(ϑ− 1)
|p|ϕkl(ρ)|p sup

(s,e)≥(1,1)
sup

σ1×σ2∈φse

1

φse

( ∑
k∈σ1

∑
l∈σ2

∣∣∆u
vukl(ρ)

∣∣p)))

+|
(t− t0)(t2 + tt0 + t20)

3− 6η
|p
(
|

ηϑ−2

(ϑ− 2)Γ(ϑ− 2)
|p|ϕkl(ρ)|p sup

(s,e)≥(1,1)
sup

σ1×σ2∈φse

1

φse

( ∑
k∈σ1

∑
l∈σ2

∣∣∆u
vukl(ρ)

∣∣p)

+|
1

(ϑ− 1)Γ(ϑ− 1)
|p|ϕkl(ρ)|p sup

(s,e)≥(1,1)
sup

σ1×σ2∈φse

1

φse

( ∑
k∈σ1

∑
l∈σ2

∣∣∆u
vukl(ρ)

∣∣p))].

Since |t − t0| < ε and n − 1 < ϑ ≤ n so |tϑ − tϑ0 |p < ε. Then (Fω) is continuous for each
t ∈ I . Finally, we show that F is a Meir–Keeler condensing operator w.r.t. the Hausdorff
MNC χ on the space C

(
I,m2(∆u

v , φ, p)
)
. By Theorem 2.5 and Lemma 1.1 we concluded

that

(X
C
(
I,m2(∆u

v ,φ,p)
)(Bm2(∆u

v ,φ,p)
))p = sup

t∈I
(Xm2(∆u

v ,φ,p)
(Bm2(∆u

v ,φ,p)
(t)))p.(3.8)

Again by using (2.1), Lemma 1.1 and our assumption, we have
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(Xm2(∆u
v ,φ,p)

[(FBm2(∆u
v ,φ,p)

)(t)])p

= lim
k,l→∞

{
sup

u∈m2(∆u
v ,φ,p)

{
sup

(s,e)≥(1,1)
sup

σ1×σ2∈φse

1

φse

( ∑
k∈σ1

∑
l∈σ2

sup
(s,e)≥(1,1)

sup
σ1×σ2∈φse

1

φse

( ∑
k∈σ1

∑
l∈σ2

∣∣∆u
v

(∫ t

0

(t− ρ)ϑ−1

Γ(ϑ)
fkl(ρ, ω(ρ))dρ

+
3t2

6− βη3

(
β

∫ η

0

(∫ s

0

(ρ−m)ϑ−1

Γ(ϑ)
fkl(m,ω(m))dm

)
dρ−

∫ 1

0

(1− ρ)ϑ−3

Γ(ϑ− 2)
fkl(ρ, ω(ρ))dρ

+
βη4 − 24

4(3− 6η)

( ∫ η

0

(η − ρ)ϑ−3

Γ(ϑ− 2)
fkl(ρ, ω(ρ))dρ−

∫ 1

0

(1− ρ)ϑ−2

Γ(ϑ− 1)
fkl(ρ, ω(ρ))dρ

))

+
t3

3− 6η

((∫ η

0

(η − ρ)ϑ−3

Γ(ϑ− 2)
fkl(ρ, ω(ρ))dρ−

∫ 1

0

(1− ρ)ϑ−2

Γ(ϑ− 1)
fkl(ρ, ω(ρ))dρ

)∣∣p))}}

≤ 26p

[
|
tϑ

ϑΓ(ϑ)
|p|ϕkl(ρ)|p lim

k,l→∞

{
sup

u∈m2(∆u
v ,φ,p)

{
sup

(s,e)≥(1,1)
sup

σ1×σ2∈φse

1

φse

( ∑
k∈σ1

∑
l∈σ2

∣∣∆u
vωkl(ρ)

∣∣p)}}

+|
3t2

6− βη3
|p
(
|ϕkl(ρ)|p|

βηϑ+1

ϑ(ϑ+ 1)Γ(ϑ)
|p lim
k,l→∞

{
sup

ω∈m2(∆u
v ,φ,p)

{
sup

(s,e)≥(1,1)
sup

σ1×σ2∈φse

1

φse

( ∑
k∈σ1

∑
l∈σ2

∣∣∆u
vukl(ρ)

∣∣p)}}
+|

1

(ϑ− 1)Γ(ϑ− 1)
|p|ϕkl(ρ)|p lim

k,l→∞

{
sup

ω∈m2(∆u
v ,φ,p)

{
sup

(s,e)≥(1,1)
sup

σ1×σ2∈φse

1

φse

( ∑
k∈σ1

∑
l∈σ2

∣∣∆u
vωkl(ρ)

∣∣p)}}
+|
βη4 − 24

4(3− 6η)
|p
(
|

ηϑ−2

(ϑ− 2)Γ(ϑ− 2)
|p|ϕkl(ρ)|p lim

k,l→∞

{
sup

ω∈m2(∆u
v ,φ,p)

{
sup

(s,e)≥(1,1)
sup

σ1×σ2∈φse

1

φse

( ∑
k∈σ1

∑
l∈σ2

∣∣∆u
vωkl(ρ)

∣∣p)}}

+|
1

(ϑ− 1)Γ(ϑ− 1)
|p|ϕkl(ρ)|p lim

k,l→∞

{
sup

ω∈m2(∆u
v ,φ,p)

{
sup

(s,e)≥(1,1)
sup

σ1×σ2∈φse

1

φse

( ∑
k∈σ1

∑
l∈σ2

∣∣∆u
vωkl(ρ)

∣∣p)}})

+|
t3

3− 6η
|p
(
|

ηϑ−2

(ϑ− 2)Γ(ϑ− 2)
|p|ϕkl(ρ)|p lim

k,l→∞

{
sup

ω∈m2(∆u
v ,φ,p)

{
sup

(s,e)≥(1,1)
sup

σ1×σ2∈φse

1

φse

( ∑
k∈σ1

∑
l∈σ2

∣∣∆u
vωkl(ρ)

∣∣p})

+|
1

(ϑ− 1)Γ(ϑ− 1)
|p|ϕkl(s)|p lim

k,l→∞

{
sup

ω∈m2(∆u
v ,φ,p)

{
sup

(s,e)≥(1,1)
sup

σ1×σ2∈φse

1

φse

( ∑
k∈σ1

∑
l∈σ2

∣∣∆u
vωkl(ρ)

∣∣p)})]

≤ lim
k,l→∞

{
sup

ω∈m2(∆u
v ,φ,p)

{
sup

(s,e)≥(1,1)
sup

σ1×σ2∈φse

1

φse

( ∑
k∈σ1

∑
l∈σ2

∣∣∆u
vωkl(ρ)

∣∣p)}}H26pA.

Therefore, we deduce

sup
t∈I

(Xm2(∆u
v ,φ,p)

[(FBm2(∆u
v ,φ,p)

)(t)])p ≤ H26pA(X
C
(
I,m2(∆u

v ,φ,p)
)(Bm2(∆u

v ,φ,p)
))p.

By (3.8), we have

(X
C
(
I,m2(∆u

v ,φ,p)
)(FBm2(∆u

v ,φ,p)
))p ≤ H26pA(X

C
(
I,m2(∆u

v ,φ,p)
)(Bm2(∆u

v ,φ,p)
))p.

Hence

(X
C
(
I,m2(∆u

v ,φ,p)
)(Bm2(∆u

v ,φ,p)
)) <

ε

(H26pA)
1
p

.
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Take δ = ε( 1

(H26pA)
1
p

− 1), we get F is a Meir-–Keeler condensing operator on Bm2(∆u
v ,φ,p)

⊂

m2(∆u
v , φ, p). Thus, Theorem 1.1 grantees that F has a fixed point in Bm2(∆u

v ,φ,p)
, so (3.5) has

at least one solution in C
(
I,m2(∆u

v , φ, p)
)
. �

Example 3.1. Consider the equations

(3.9)


cD

11
2 u(t) = f(t, u(t)), 0 ≤ t < 1,

u(0) = u′(0) = u(4)(0) = u(5)(0) = 0,

u′(1) = u′′( 1
3

), u′′(1) = 0.001
∫ 1

3
0 u(ρ)dρ.

The Eq. (3.9) is a special case of the Eq. (3.5) when f(t, ω(t)) = 〈fkl(t, ω(t))〉,

fkl(t, ω(t)) =
∑

k=a,l=b

((
ln(

k(k + 2)

(k + 1)2
)
) sin(ωkl(t)) cos(t4 + 2t2)

26et

)
,

Clearly, 〈fkl(t, ω(t))〉 are continuous and the family of functions {(fω)(t)}t∈I is equicontinuous.
Let ε > 0 and 〈ωkl(t)〉 ∈ m2(∆u

v , φ, p). Thus, by taking v = 〈vkl(t)〉 ∈ m2(∆u
v , φ, p) such that

‖ω(t)− v(t)‖m2(∆u
v ,φ,p)

≤ δ = ε26

| ln 1
2 |

, then

‖f(t, ω(t))− f(t, u(t))‖m2(∆u
v ,φ,p)

≤
| ln 1

2
|

26
‖ω(t)− υ(t)‖m2(∆u

v ,φ,p)
= ε.

Then the conditions (A1) and (A2) hold. To this end, take

ϕkl(t) =
∑

k=a,l=b

(
ln(

k(k + 2)

(k + 1)2
)
) cos(t4 + 2t2)

26

is continuous such that 〈ϕkl(t)〉 is equibounded on I , and we have H = | ln( 1
2

)|p 1
26p , then the hy-

pothesis (A3) of Th 3.6 holds. Indeed, for any t ∈ I if 〈ωkl(t)〉 ∈ m2(∆u
v , φ, p), then 〈4fkl(t, ω(t))〉 ∈

m2(∆u
v , φ, p) and f(t, ω(t)) = 〈fkl(t, ω(t))〉 ∈ m2(∆u

v , φ, p), we have

|∆u
vfkl(t, ω(t))|p = |∆u

v

∑
k=a,l=b

((
ln(

k(k + 2)

(k + 1)2
)
) sin(ωkl(t)) cos(t4 + 2t2)

26et

)
|p

≤ |
∑

k=a,l=b

((
ln(

k(k + 2)

(k + 1)2
)
) cos(t4 + 2t2)

26

)
|p|∆u

vωkl(t))|p

Moreover, 26pAH < 1. Now, Th 3.6 grantees that infinite system (3.9) has at least one solution
in C(I,m2(∆u

v , φ, p)).

Example 3.2. Consider the fractional differential equations

(3.10)


cD

9
2 u(t) = f(t, u(t)), 0 ≤ t < 1,

u(0) = u′(0) = u(4)(0) = 0,

u′(1) = u′′( 2
7

), u′′(1) = 0.006
∫ 2

7
0 u(ρ)dρ.

Observe that the Eq. (3.10) is a particular case of the Eq. (3.5) when f(t, ω(t)) = 〈fkl(t, ω(t))〉,

fkl(t, ω(t)) =
∑

k=a,l=b

(( 1

k(k + 1)(k + 2)

)arctan(ωkl(t)) sin(5t6 + 4t4)

38e3t

)
,

Clearly, 〈fkl(t, ω(t))〉 are continuous and the family of functions {(fω)(t)}t∈I is equicontinuous.
Let ε > 0 and 〈ωkl(t)〉 ∈ m2(∆u

v , φ, p). Thus, by taking v = 〈vkl(t)〉 ∈ m2(∆u
v , φ, p) such

that‖ω(t)− v(t)‖m2(∆u
v ,φ,p)

≤ δ = ε38

1
4

, then

‖f(t, ω(t))− f(t, u(t))‖m2(∆u
v ,φ,p)

≤
1
4

38
‖ω(t)− υ(t)‖m2(∆u

v ,φ,p)
= ε.

Then the conditions (A1) and (A2) hold. To this end, take

ϕkl(t) =
∑

k=a,l=b

( 1

k(k + 1)(k + 2)

) sin(5t6 + 4t4)

38
,
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is continuous such that 〈ϕkl(t)〉 is equibounded on I , and we have H = ( 1
4 )p 1

38p , then the hy-
pothesis (A3) of Th 3.6 holds. Indeed, for any t ∈ I if 〈ωkl(t)〉 ∈ m2(∆u

v , φ, p), then 〈4fkl(t, ω(t))〉 ∈
m2(∆u

v , φ, p) and f(t, ω(t)) = 〈fkl(t, ω(t))〉 ∈ m2(∆u
v , φ, p), we have

|∆u
vfkl(t, ω(t))|p = |∆u

v

∑
k=a,l=b

(( 1

k(k + 1)(k + 2)

)arctan(ωkl(t)) sin(5t6 + 4t4)

38e3t

)
|p

≤ |
∑

k=a,l=b

(( 1

k(k + 1)(k + 2)

) sin(5t6 + 4t4)

38

)
|p|∆u

vωkl(t))|p

Moreover, 38pAH < 1. Now, Th 3.6 grantees that infinite system (3.10) has at least one solution
in C(I,m2(∆u

v , φ, p)).

4. CONCLUSION

First, we defined a new fractional differential equation of order ϑ ∈ (n − 1, n], (n ≥
2). Vakeel, A.K. [34] constructed the sequence space m(∆u

v , φ, p). In this work, we have
defined the Banach double sequence space m2(∆u

v , φ, p) and constructed the Hausdorff
MNC on this space. By using this Hausdorff MNC, we studied the existence of solutions
of fractional differential equation in the double sequence space m2(∆u

v , φ, p). Further, we
constructed two examples to support the usefulness of the obtained main results.
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