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Stability of new functional equations and partial
multipliers in Banach x-algebras

CHENGBO ZHAI"? AND JIN KANG !

ABSTRACT. This paper mainly studies new additive functional equations
; (x +y) _ @) + )

no no

Az + Ay _ fQA2) + f(Aw)
! ( 10 ) B o
where ng is a positive integer with ng # 1, and A > 0 is a fixed constant. We prove the Hyers-Ulam stability for
the above additive functional equations by using fixed point method in complex normed spaces. Further, we
establish some new results about partial multipliers related to additive functional equations in complex Banach
x-algebras.

1. INTRODUCTION

The stability problem of functional equations was initial proposed by mathematician
S.M. Ulam [53] in 1940, and in [15] Hyers gave the first positive answer to the Ulam prob-
lem in Banach spaces. Since then, the conclusion obtained was generalized and sum-
marized in many different ways. In [13, 40] Rassias and Gajda considered the stability
problem with unbounded Cauchy difference, which is called Hyers-Ulam stability. By
considering unbounded Cauchy difference, Aoki [2] extended Hyers theorem to additive
mapping, and then Rassias [40] extended Hyers theorem to linear mapping. In [14], by
means of Rassias method, Gavruta obtained the generalization of Rassias theorem by re-
placing unbounded Cauchy difference with general control function. In [29, 30] Park de-
fined additive p-functional inequalities, and proved their Hyers-Ulam stability in Banach
spaces and non Archimedean Banach spaces.

The stability of functional equations is a very active field and the method used in the
proofs of subsequents is always Hyers” method, that is, starting from a given function, the
approximate function is explicitly constructed by a fixed formula. This method is called
the direct method and it was proved that, for the stability of functional equations, it is the
most significant and strong tool. There are other known methods, for example, people
studied the stability of functional equations by using the sandwich theorem (see [38]).
Later, some authors observed that the approximate function and its estimated value can
be obtained from the fixed point substitution (see [41]), and this method is applicable to
more cases, and the general stability theorem can be obtained in a simple way. Isac and
Rassias [16] first used the stability theory of functional equations to study a new fixed
point theorem. Using a fixed point method, some authors studied the stability of several
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functional equations. In [17], Jung discussed the following Jensen’s functional equation
r+y

2£(12Y) = 1(@) + f(y)
and established the Hyers-Ulam-Rassias stability. And then Jung [18] also considered the
stability of the quadratic functional equation

fle+y)+ flz —y) =2f(z) + 2f(y)-

Recently, in [49] the authors investigated the Hyers-Ulam stability of the general func-
tional equation

fle+y) +g(z —y) = hz) + k(y)

on an unbounded restricted domain, which generalized some of the results in litera-
ture. For more fruits about the stability of such kind functional equations, we can see
[19, 25, 26, 27, 28, 33, 42, 54]. For some miscellaneous functional equations, Hyers-Ulam
stability problems were discussed by many authors in the spirit of Rassias approach, see
for instance [1, 7, 8, 10, 36, 45, 51, 52] and other resources. In addition, many people
have studied the Hyers-Ulam stability of some derivations in algebras and rings, see
[3, 5, 22, 23, 35]. Further, more generalisations and variants on the stability problem have
been widely studied by a large of authors in different directions, see [4, 9, 12, 31, 32, 34, 37,
48, 50, 51] for example. At the same time, there are also many researches on partial mul-
tipliers related to additive functional equations. In 2016, Taghavi [46] introduced partial
multipliers into complex Banach algebras. In Banach spaces or Banach algebras, many
authors have widely studied the stability and partial multipliers of various functional
equations and functional inequalities (see [11, 20, 21, 24, 36, 39, 43, 44, 47]).

In this paper, we solve the Hyers-Ulam stability by using fixed point method for the
following new additive functional equations

(1.1) f<ff+y> _ J@) + fy)

No No

12) (R 10 10)

o o
in complex normed spaces, where ng is a positive integer with ng # 1, and A > 0 is a
fixed constant. It can be used to study partial multipliers related to additive functional
equations (1.1) and (1.2) in complex Banach *-algebras.
We review some basic lemmas and definitions.

Lemma 1.1 ([6]). Suppose that (X, d) is a complete generalized metric spaceand J : X — X isa
strictly contractive mapping, with the Lipschitz constant L. Then, for each given element x € X,
either
d(J" z, J"T! 2)= +o0, for all nonnegative integers n,

or there exists a natural number N such that

1. d(J"x, J"M 1) < 400,Vn > N;

2. The sequence {J™ '} convergents to a fixed point ¥* of J;

3. y* is the unique fixed point of J in theset Y = {y € X, d(J" z,y) < +00};

4. d(y,y*) < ﬁd(y,Jy),Vy eY.

Definition 1.1 ([55]). We use the term ”Banach algebra” to refer to a vector algebra in which the
underlying vector space is a complex Banach space and in which the multiplication satisfies the
condition ||zy|| < ||z||||y||. A Banach algebra is called a Banach x-algebras if, for each element x,
there exists a unique element x* such that

1. ()" = a;
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2 (ay)" =y e ]
3. (ax + By)" = ax* +BY*, where o and (3 are complex numbers, & and [ are their complex
conjugates;
2
4 || wa f|= | 2|

Definition 1.2 ([46]). Let A be a complex Banach x-algebra. A C-linear mapping P : A — Ais
called a partial multiplier if P satisfies

Po P(zy) = P(z)P(y),

forall x,y € A.

2. STABILITY OF THE ADDITIVE FUNCTIONAL EQUATION (1.1)

We prove the Hyers-Ulam stability of additive functional equation (1.1) by using the
fixed point method in complex normed spaces.

Theorem 2.1. Let E be a complex normed space and F be a Banach space, and assume that the
mapping f : E — F satisfies f(0) = 0 and the following inequality

(2.1) 0 f (“y> (@) - 1) < p(ay) Yo,y € E,

no

where ng is a positive integer, ¢ : E x E — [0,00) is a given function. Moreover, there exists
L € (0,no) such that

o(z,0) < Ly (x,0> Vr e F,
o
and the mapping ¢ also satisfies

(22) g P00 @ ng T y)

n— 00 nngl

=0,Va,y € E.

Then there exists a unique additive mapping ¢ : E — F such that

I f(z) = e2) <

L
- Lap(m,O)Nm e L.
Proof. Consider the set
X :={g: F— F,g(0) =0},
and introduce the generalized metric on X :
d(g,h) = inf {0 € R+ :|| 9(z) — h(z) ||< dp(x,0), Yz € E},

where, as usual, inf () = oo.

First, we prove that (X, d) is complete.

It is easy to see that d is symmetrical and d(f, f) = 0 for all f € X. If d(g,h) = 0, then
forevery x € E, wehave || g(z)—h(x) ||< 0, which implies g = h. Next, if d(f, g) = a < o0
and d(g,h) = b < oo, then || f(x) — g(z) ||< ap(z,0) and || g(x) — h(x) ||< bp(zx,0) for all
v e B, thus || f(z) - o) [I<]| f() - g(@) || + || g(x) — h(@) || < ap(z,0) + bp(,0) <
(a+b)p(z,0) for all z € E, which implies d(f,h) < d(f,g) + d(g,h).

Suppose that {f,,} C X is a Cauchy sequence. For a fixed z and Ve > 0, there exists
positive integer N so that whenn, m > N, thereis d(f,,, f,,) < &, thatis || f,(z)—f,.(z) |<
ep(x,0),n,m > N. Hence {f,(z)} is a Cauchy sequence in F, then exists a mapping f :
E — F with f(0) = 0, such that {f,(z)} converges to f(z). Let m — ooin || f,(z) —
fm(@) || ep(z,0) and we get || f,.(x) — f(z) ||[< ep(z,0). It can be seen that {f,(x)}
uniformly converges to f(x), so f € X and f,, converges to f.
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Second, we consider the linear mapping

1
J: X = X, Jg(z) = n—g(nox),Vz ek
0

Letting d(g,h) = w for all g,h € X, we have
| g(x) — h(z) ||< wp(z,0),Vx € E.

Therefore,

1 1 1 L
— — —h < — 0) < — 0),v E
| 8(n03) = —h(no ) < = wp(no2.,0) < ~uwip(@,0), o € ,

that is
L
d(Jg,Jh) < —d(g,h),Vg,h € X.
no
Letting = ngt and y = 0in (2.1), we obtain
[ 70 f(t) — f(not) |< @(not,0) < L(t,0),Vt € E,
and thus
1 1 L
|| f(l') - 7.]((”0 .’E) ||§ 790(710 {E,O) < 7@(1'70),\7% € Ea
ng o no
sod(f,Jf) < n% < 1.

According to Lemma 1.1, there exists a mapping ¢ : X — X such that
1. cis a fixed point of J, that is

1
(2.3) Je(z) = e(z) = n—c(no x),Vx € E.
0
The mapping c is a unique fixed point of J in the set
Y ={g€X,d(f,g) <oo}.
This shows that c is a unique mapping satisfying (2.3) and there is § € (0, o), such that
| f(2) = e(2) [|< dp(,0), Vo € E.
2.d(J" f,c¢) = 0,n — oo, which implies the equality
lim f(ng x)
n—o0 7’L6L

3. d(f,c) < 2=d(f,Jf), which implies the inequality

- ’IL()*L

=c(x),Vz € E.

| £(2) - ola) 1< —=
ng

Finally, we prove that c is additive.
n+1 n+1

Letting x = nj™ " wand y = ng™ " v in (2.1), we get
fogu+ngv)  fog"w)  fingto) I< p(ng " u,ng

|| n n+1 - n+1 n+1
Ty M Ty Ty

o(x,0),Vx € E.

U),Vu,veE,

taking into consideration (2.2) and letting n — co, we obtain
c(u+v) = c(u)+c(v),Vu,v € E.
Consequently, the mapping ¢ : E — F is additive. The proof is completed.
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Corollary 2.1. Let E be a complex normed space and F be a Banach space, 0 < p < 1 and 6 be

nonnegative real numbers, and suppose that the mapping f : E — F satisfies f(0) = 0 and the
following inequality

Tr+y
(2.4) o f (ZE2) = @)~ S U< 00 17+ 1y 7). ¥y < B,
where ny is a positive integer. Then there exists a unique additive mapping ¢ : E — F such that
nb 6
I f(z) = c(@) | ——5 [ = |’ ¥2 € E.
0— Ny

Proof. For z,y € F, letting L = n} and ¢(z,y) = 0(|| = ||”+ || y ||) in Theorem 2.1, we get

T

0
_ P _ P
o0 =02 "0 (.0 el

Since 0 || 2 ||” = 2% || 2 ||”, we have
0
X
o(z,0) < Ly (,0) Vx € E.
o
Meanwhile,
n+1 n+1
tim P00 DTG Y) _ py pf D g P4 g ) = 0,V € .
n— oo ng n— oo
So the conclusion is established. a

Theorem 2.2. Let E be a complex normed space and F be a Banach space, and assume that the
mapping f : E — F satisfies f(0) = 0 and (2.1), where ny is a positive integer, ¢ : E x E —
[0, 00) is a given function. Moreover, there exists L € (0, %) such that

tp(as,()) < L‘P(”O :E,O),Vas € E7

and the mapping ¢ also satisfies
p(ng "z, ™" y)

1-n
0

lim
n— o0

=0,Vz,y € E.
Then there exists a unique additive mapping ¢ : E — F such that

I f(2) = ez) |I<

E.
= nOLw(x,O),Vx €

Proof. Let (X, d) be the generalized metric space defined in the proof of Theorem 2.1. Now
we consider the mapping

1
J: X =X, Jg(x)=ngyg (nx> Ve E.
0
By letting y = 0in (2.1), we get
1
Il no f (nox) — f(@) ||I< ¢(z,0) < Lo(ngz,0),Vx € E,

hence d(f,Jf) < 1.
The remaining proof is similar to the proof of Theorem 2.1. O
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Corollary 2.2. Let E be a complex normed space and F be a Banach space, p > 1 and 6 be
nonnegative real numbers, and suppose that the mapping f : E — F satisfies f(0) = 0 and (2.4),
where ng is a positive integer. Then there exists a unique additive mapping ¢ : E — F' such that

| f(2) = e(2) [I<

nb 6
—— ||z ||P,Vz € E.
nofno

Proof. For Va,y € F, letting L = ny"and ¢(z,y) = 6(|| z |” +]| v ||”) in Theorem 2.2, and

the rest of the proof is similar to Corollary 2.1. O

Corollary 2.3 ([6], Theorem 3.1). Let E be a (real or complex) linear space and F' be a Banach

space, and ¢; = 21’Zzi01 . Suppose that the mapping f : E — F satisfies the condition
2t =

£(0) = 0 and an inequality of the form

I 27 (*y) ~f@)— 1) 1< ele.y) ey € E,

2

where ¢ : E x E — [0, 00) is a given function.
If there exists L = L(1) < 1 such that the mapping

z = p(x) = p(2,0)
has the property

Y(@) < L4, (;) Ve € E,
and the mapping o has the property
lim P24 2,247 y) _ 0,Va,y € E,

then there exists a unique additive mapping j : E — F such that
1—i

. L
| £(z) — (@) 1< Lo ie), Y € B.
Proof. For Vz,y € E, take ny = 2 in Theorem 2.1 and Theorem 2.2, the conclusion holds
immediately. 0

3. STABILITY OF THE ADDITIVE FUNCTIONAL EQUATION (1.2)

We prove the Hyers-Ulam stability of additive functional equation (1.2) by using the
fixed point method in complex normed spaces.

Theorem 3.3. Let E be a complex normed space and F' be a Banach space, and assume that the
mapping f : E — F satisfies f(0) = 0 and the following inequality

(3.1) o £ (22E22) = 100) - S0w) 15 90 M) Yo € B,

where ng is a positive integer, A > 0 is a fixed constant ,and ¢ : E x E — [0,00) is a given
function. Moreover, there exists L € (0,ng) such that

A
o(\e,0) < L (j,o) Ve E,
0

and the mapping ¢ also satisfies
. oniT Az, ngt Ay)
(3.2) nh_)rr;o g
0

=0,Vz,y € E.
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Then there exists a unique additive mapping c : E — F such that

| f(Az) — c(Az) ||< L L(p()\:m()),V:c eFE.

ng —
Proof. Consider the set
X :={g: E— F,g(0) =0},
and introduce the generalized metric on X :
d(g,h) =inf {6 € R+ :|| g(Ax) — h(Az) ||< dp(Az,0),Vz € E},

where, as usual, inf ) = oco. According to the proof of Theorem 2.1, it is easy to know that
(X,d) is complete.
Now we consider the linear mapping

1
J: X = X, Jg(Ax) = n—g(no Az),Vo € E.
0

Letting d(g, h) = w for all ¢g,h € X, we have
| 9(Az) — h(Az) ||[< wep(Az,0), Vo € B.

Therefore,

1 1 1 L
— Ax) — —h(ng A < — Az, 0) < — Az,0),V E
| 5800 ) = —-h(no Ar) | < —wiplng Az, 0) < ~uwip(Aa,0), ¥ € .
that is

L
0
Letting x = ng t and y = 0 in (3.1), we obtain
| 0 f(AE) = f(no At) [|< @(ng AL, 0) < Lp(At,0),Vt € E,
thus
1 1 L
Il f(Az) — — f(no Az) ||< —@(no Az, 0) < —p(Ax,0),Vx € E,
No No no
sod(f,Jf) < n% < 1.

According to Lemma 1.1, there exists a mapping ¢ : X — X such that
1. cis a fixed point of J, that is

(3.3) JeOx) = c(\x) = nioc(no Az),Va € E.

The mapping c is a unique fixed point of J in the set
Y ={g € X.,d(f,g9) <oo}.
This shows that c is a unique mapping satisfying (3.3) and there is § € (0, c0), such that
| f(Az) — c(Ax) ||< dp(Ax,0),Vz € E.
2.d(J" f,¢) = 0,n — oo, which implies the equality

lim f(noin/\x) = c(Az),Vz € E.
n—oo TLO
3.d(f.c) < ;e d(f,Jf), which implies the inequality

I f(Az) = c(Az) [I<

L
- Lgo(/\x,O),Vx eE.

Finally, we prove that c is additive.
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Letting 2 = ng ™ wand y = n{t! v in (2.1), we get
| L% )\un;&i— ngxv) f (njg;lm _ (njgj:lm 1< £ 2;;?8“ ) v € B,
taking into consideration (3.2) and letting n — co, we obtain
c(Au+ Av) = c(Au)+c(Av),Vu,v € E.
Consequently, the mapping c : E — F is additive. The proof is completed. O

Corollary 3.4. Let E be a complex normed space and F' be a Banach space, 0 < p < 1 and 6 be
nonnegative real numbers, and suppose that the mapping f : E — F satisfies f(0) = 0 and the
following inequality

Az + Ay
B s (P25 < f0a) - 100 I 00 1P+ 1) Yoy € B,
where ng is a positive integer, X > 0 is a fixed constant. Then there exists a unique additive mapping
¢: E — F such that

nf \P 0
00 P Ve € E.
0

| f(2) = e(2) 1<

Ng —n,

Proof. For Vz,y € E, letting L = n} and p(Az, Ay) = 0 \P(]| = ||” + || v ||”) in Theorem 3.3,
and the rest of the proof is similar to Corollary 2.1. O

Theorem 3.4. Let E be a complex normed space and F' be a Banach space, and assume that the
mapping [ : E — F satisfies f(0) = 0 and (3.1), where ng is a positive integer, X > 0 is a fixed
constant, and ¢ : E x E — [0, 00) is a given function. Moreover, there exists L € (0, n%) such
that

w(A\x,0) < Lp(ng Az,0),Vz € E,
and the mapping o satisfies

p(ng~" A, mp~" Ny)

lim T
n—o00 n-—"
0

=0,Vx,y € E.

Then there exists a unique additive mapping ¢ : E — F such that

| f(Az) — e(Az) ||< (A\z,0),Vz € E.

1
1—noL?

Proof. Let (X, d) be the generalized metric space defined in the proof of Theorem 3.3. Now
we consider the mapping

J: X = X, Jg(Ax)=ngg (nl>\x> Ve € E.
0
By letting y = 0in (3.1), we get
1
0 £ (e ) = FO0) 1< 9(h0,0) < Lo Aa,0), o € E.
0

hence d(f,Jf) < 1.
The remaining proof is similar to the proof of Theorem 3.3. O

Corollary 3.5. Let E be a complex normed space and F be a Banach space, p > 1 and 6 be
nonnegative real numbers, and suppose that the mapping f : E — F satisfies f(0) = 0 and
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(3.4), where ng is a positive integer, X > 0 is a fixed constant. Then there exists a unique additive
mapping ¢ : E — F such that

no)\e

I f(@) = (@) 1< (=l |7 Ve € B

Proof. For Vz,y € E, letting L = nyPand oAz, \y) = O\P(|| « ||” + || y ||") in Theorem 3.4,
the rest of the proof is similar to Corollary 2.1.

4. PARTIAL MULTIPLIERS RELATED TO ADDITIVE FUNCTIONAL EQUATION (1.1)

In this section, we will study partial multipliers related to additive functional equation
(1.1) in complex Banach x-algebra.

Theorem 4.5. Let G be a complex Banach x-algebra, and assume that the mapping f : G — G
satisfies f(0) = 0 and the following inequality

(4.1) o f (“y) (@) — 1) 1< o(a,9) Vo, € G,

where ng is a positive integer, ¢ : G x G — [0,00) is a given function. Moreover, there exists
L € (0,no) such that

T
. <
(4.2) p(z,y) < Ly (no ng) Vr € G,
and the mapping ¢ also satisfies
n+1 n+1
lim (g 54’_7110 v) =0,Vz,y € G.
n—o00 Ny

Then there exists a unique additive mapping d : G — G such that

L
(43) | @) = d@) IS —¢(@.0)¥a €.
In addition, if the mapping f : G — G satisfies f(ng x) = ng f(z) and

(4.4) I foflay) = f(@)f(y) < e(2,y), Yo,y € G,

(4.5) I £(") = f(2)" [I< ¢(x,0), Yz € G,
then the mapping f is a partial multiplier.

Proof. According to Theorem 2.1, there exists a unique additive mapping d : X — X such
that (4.3) is established and

If f(ngx) =ng f(x), then

d(z) :== lim —f(ng x) = lim f(ng~'z) = lim if(no z) = f(z),Vz € G.

n—00 n” n—oo N,
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On the basis of (4.2) and (4.4), we get

| Fof(ey) — F@f@) | = | dody) - d)d(y) |
= lim [ fo Sl xnly) — fR 2) f(n ) |

n— 00 7’1,0

IN

nlgrolo @‘P(no x,nyy)

n

lim L—gp(x y) =0,Vx,y € G.

n—o0 TL

IN

Therefore,

foflzy) = f(@)f(y),Vz,y € G.
On the basis of (4.2) and (4.5), we get

I f@) = f@)" || = [l d(z") = d(z)" ||
1 b
= im0 ) — f(mg ) |
1
< _
S et 0)
< 1 L 0) =0,V G.
S g g0 =0vnye
Therefore,
f(z*) = f(z)",Vz,y € G.
Thus, the mapping f : G — G is a partial multiplier. O

Corollary 4.6. Let G be a complex Banach x-algebra, 0 < p < 1 and 6 be nonnegative real num-
bers, and suppose that the mapping f : E — F satisfies f(0) = 0 and the following inequality

Tty
(1.6 mof () = 1) - ) 1< 6012 1P+ y IP) ¥y € G,
where 1y is a positive integer. Then there exists a unique additive mapping d : G — G such that
ng 0
I f(z) —d(z) ||< — pHIII”VIEG

In addition, if the mapping f : G — G satzsﬁes f(nox) =ng f(z) and
(4.7) I fof(ay) = F@)fw) IOz " +1ly I"), Y,y € G,

(4.8) I f(@)" =f) <0 " Vo e G,
then the mapping f is a partial multiplier.
Proof. For z,y € G, letting L = n} and ¢(z,y) = 0(]| z ||’ + || y ||*) in Theorem 4.5, we get
AN LT b
o (L) = el +lvIr)

'Il

Since 0 || z ||” = 0 | |, we have

x
<
o(z,y) < Ly (no no) Vo e G.
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Meanwhile,
2n
_ < im ——
[ fof(zy) = f@)fly) I < lim 7 e(z,y)
= a0z P+ y |7) =0,z €G,
I @)= f@ I < lim Zp(a,0)
z - n1—>n;o 77/61()0 s
= lim nd "0 2 || =0,vz € G.
Namely,
foflxy) = f(@)f(y), f(z*) = f(x)",Vo,y € G.
So the conclusion is established. O

Theorem 4.6. Let G be a complex Banach x-algebra, and assume that the mapping f : G — G
satisfies f(0) = 0 and (4.1), where ny is a positive integer, ¢ : G x G — [0, 00) is a given function.
Moreover, there exists L € (0, %) such that

@(xﬁ 0) < L@(nO z, O)7vx € G)
and the mapping ¢ also satisfies

1—n 1—-n
n x,n
lim #( 17710 y) =0,Vz,y € G.
n— oo ng

Then there exists a unique additive mapping d : G — G such that
1
— <
| @) - d@) I 7=

In addition, if the mapping f : G — G satisfies f(nox) = ng f(x), (4.4) and (4.5), then the
mapping f is a partial multiplier.

o(z,0),vVx € G.

Proof. The proof is similar to the proof of Theorem 4.5. O

Corollary 4.7. Let G be a complex Banach x-algebra, p > 1 and 6 be nonnegative real numbers,
and suppose that the mapping f : E — F satisfies f(0) = 0 and (4.6), where ny is a positive
integer. Then there exists a unique additive mapping d : G — G such that

nb o
| #(w) = de) < o0
In addition, if the mapping f : G — G satisfies f(nox) = ng f(z), (4.7) and (4.8), then the
mapping f is a partial multiplier.

|z ||”,Vz € G.

Proof. ForVz,y € G, letting L = ny” and ¢(z,y) = 0(|| z ||’ + ] v ||) in Theorem 4.6, and
the rest of the proof is similar to Corollary 4.6. O

5. PARTIAL MULTIPLIERS RELATED TO ADDITIVE FUNCTIONAL EQUATION (1.2)

In this section, we will study partial multipliers related to additive functional equation
(1.2) in complex Banach x-algebra.

Theorem 5.7. Let G be a complex Banach x-algebra, and assume that the mapping f : G — G
satisfies f(0) = 0 and the following inequality

(5.1) I no f (”;Ay) — fOa) = FOW) 1< 92, M), Y,y € G,
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where ng is a positive integer, A > 0 is a fixed constant, and ¢ : G x G — [0,00) is a given
function. Moreover, there exists L € (0,ng) such that
Az A
(P()\‘T,)\y) S LSD (a y> ,Véﬂ € Gv
o Mo
and the mapping ¢ also satisfies
lim o(niT A, ngt Ay)
n—00 ng+1

=0,Vz,y € G.

Then there exists a unique additive mapping d : G — G such that

| f(Az) —d(Az) ||< o(A\x,0),Vz € G.

ng — L
In addition, if the mapping f : G — G satisfies f(ng Ax) = ng f(A\x) and
(5.2) 1o f(\xy) — FO2)f ) | oAz, Ay), Yo,y € G,
(5.3) I f(Aa™) = f(A2)" [|< ¢(A2,0), ¥z € G,

then the mapping f is a partial multiplier.
Proof. The proof is similar to the proof of Theorem 4.5. O

Corollary 5.8. Let G be a complex Banach x-algebra, 0 < p < 1 and 0 be nonnegative real num-
bers, and suppose that the mapping f : E — F satisfies f(0) = 0 and the following inequality

(54)  |lnof (A“ a

o
where ng is a positive integer and A > 0 is a fixed constant. Then there exists a unique additive
mapping d : G — G such that

) 50w — FOw) 1< 0P 2 1P+ [y 7). Yy € G,

ng AP0 p
I /) —d(@) |< 2w |7 Ve € 6.
In addition, if the mapping f : G — G satisfies f(ng Ax) = ng f(A\x) and
(5.5) 1o f(OZay) — fFO2)fQu) IS ON(L 2 [P+ 1y [I7). Ve, € G,
(5.6) | FOa) = FOa)* < ON | 2 P, Va € G,

then the mapping f is a partial multiplier.

Proof. ForVz,y € G, letting L = nf and p(Az, \y) = 0 \P(|| z ||+ y ||”) in Theorem 5.7,
the rest of the proof is similar to Corollary 4.6. g

Theorem 5.8. Let G be a complex Banach x-algebra, and assume that the mapping f : G — G
satisfies f(0) = 0 and (5.1), where ng is a positive integer, A > 0 is a fixed constant, and ¢ :
G x G — [0, 00) is a given function. Moreover, there exists L € (0, nio) such that

oAz, \y) < Lp(ng Az, no Ay), Ve € G,
and the mapping o also satisfies

gp(né_" Az, né_" Ay)

=0,Vz,y € G.

lim T
n—o0 no_n

Then there exists a unique additive mapping d : G — G such that

1
— < .
1f ) = d() || -7 e(Ax,0), Ve € G
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In addition, if the mapping f : G — G satisfies f(ng A\x) = ng f(Azx), (5.2) and (5.3), then the
mapping f is a partial multiplier.

Proof. The proof is similar to the proof of Theorem 4.5. O

Corollary 5.9. Let G be a complex Banach x-algebra, p > 1 and 6 be nonnegative real numbers,
and suppose that the mapping f : E — F satisfies f(0) = 0 and (5.4), where ny is a positive
integer and A > 0 is a fixed constant. Then there exists a unique additive mapping d : G — G

such that ,
ny \P 6
| f@) - d@) | S22 @ |, Ve € G
0 0

In addition, if the mapping f : G — G satisfies f(ng A\x) = ng f(Azx), (5.5) and (5.6), then the
mapping f is a partial multiplier.

Proof. For Vz,y € G, letting L = n,” and p(Az,\y) = O0)P(|| z |” +] v ||”) in Theorem
5.8, the rest of the proof is similar to Corollary 4.6. O

Remark 5.1. From literature, we know that equations (1.1),(1.2) are new forms and the relative
results have not been seen. When ng = 2, the results are also new. In [13], the author used the
Hyers’ method to study the stability of additive functional equation f(z +y) = f(z) + f(y). In
[17], the author established Hyers-Ulam-Rassias stability for the Jensen functional equation, and
the result is applied to the study of an asymptotic behavior of the additive mapping f(*5%) =
1f(@) + 1 f(y), and in [6] the authors studied the same problem by using fixed point theorems.
Evidently, our results are some generalizations of ones in [6, 17]. By the same method, the paper
[39] studied a system of additive functional equations

2f(x +y) — g9(x) = g(y),
g@+y)—2f(z—y) =4f(2).
We can see that our technigue is working in more situations, allowing to get, in a simple manner,
general stability theorems.

6. CONCLUSIONS

In this manuscript, we studied functional equations (1.1),(1.2). We used fixed point
method to give some new results of the Hyers-Ulam stability and we establish some new
results about partial multipliers related to additive functional equations in complex Ba-
nach x-algebras. Evidently, our results include the special case ny = 2 and it is also new.
It should be pointed out that the ideas from our proofs can be applied to some similar
generalizations of functional equations.
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