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Conjectures about wheels without one edge

STEFAN BEREZNY AND MICHAL STAS

ABSTRACT. The main aim of the paper is to give the crossing number of the join product G* + D, for
the graph G* isomorphic to 4-regular graph on six vertices except for two distinct edges with no common vertex
such that two remaining vertices are still adjacent, and where D, consists of n isolated vertices. The proofs are
done with the help of well-known exact values for crossing numbers of join products of four subgraphs Hy, of
G* with discrete graphs. Further, we give a conjecture concerning crossing numbers of the join products of D,
with Wi, \ e for both types edges e of wheels Wy, of m + 1 vertices.

1. INTRODUCTION

The crossing number is an important parameter of a graph, as it provides information
about the complexity of the graph and the difficulty of visualizing it. In addition, the
crossing numbers are related to many other graph parameters and algorithms, such as
graph coloring, graph embedding, and planarity testing. In general reducing the number
of crossings on graph edges can be useful in various applications, including circuit design,
network visualization, cartography or social choice theory. Simple graphs are widely
used to represent complex networks such as social, communication, and transportation
networks. Reducing the number of edge crossings in network visualizations helps under-
stand the network’s underlying structure and identify important nodes and connections.
Note that examining number of crossings of simple graphs is an NP-complete problem by
Garey and Johnson [6].

The crossing number cr(G) of a simple graph G with the vertex set V(G) and the edge set
E(G) is the minimum possible number of edge crossings in a drawing of G in the plane
(for the definition of a drawing see Kles¢ [19]). It is easy to see that a drawing with min-
imum number of crossings (an optimal drawing) is always a good drawing, meaning that
no edge crosses itself, no two edges cross more than once, and no two edges incident with
the same vertex cross. Let D be a good drawing of the graph ;. We denote the number
of crossings in D by crp(G). Let G; and G, be edge-disjoint subgraphs of G. We de-
note the number of crossings between edges of G; and edges of G; by crp(G;, G;), and
the number of crossings among edges of G; in D by crp(G;). It is easy to see that for
any three mutually edge-disjoint subgraphs G;, G;, and G}, of G, the following equations
hold:

CI‘D(Gi U Gj) = CI‘D(Gi) + CI'D(Gj) + CrD(Gia G]) )
CI‘D(GZ' U Gj, Gk) = CI‘D(C:i7 Gk) + CI'D(Gja Gk) .

Throughout this paper, some parts of proofs will be based on Kleitman’s result [16]
on crossing numbers for some complete bipartite graphs K, , on m + n vertices with
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a partition V(K,, ,) = V1 U V2 and V4 NV, = () containing an edge between every pair of
vertices from V; and V5 of sizes m and n, respectively. He showed that

(1.1) cr(Kpmn) = {%J {mT_lj {gJ Ln ; 1J, if  min{m,n} <6.

For an overview of several exact values of crossing numbers for specific graphs or
some families of graphs, see Clancy [4]. The main goal of this survey is to summarize all
such published results for crossing numbers along with references also in an effort to give
priority to the author who published the first result. Chapter 4 of such survey is devoted
to the issue of crossing numbers of join product with all simple graphs of order at most
six mainly due to unknown values of cr(K,, ) for both m,n more than six in (1.1). The
join product of two graphs G; and G, denoted G; + G, is obtained from vertex-disjoint
copies of G; and G; by adding all edges between V(G;) and V(G;). For |V(G;)| = m and
[V(G,)| = n, the edge set of G; + G; is the union of the disjoint edge sets of the graphs G;,
G, and the complete bipartite graph K, ,,. Let P, and C,, be the path and the cycle on n
vertices, respectively, and let D,, denote the discrete graph (sometimes called empty graph)
on n vertices. Besides, let W,,, and S,,, denote the wheel and the star of m + 1 vertices,
respectively. The exact values for crossing numbers of G + D,, for all graphs G of order at
most four are given by Kles¢ and Schrotter [25], and also for some connected graphs G of
order five and six [1, 2, 3, 5,9, 10, 11, 12,13, 14, 17, 18, 19, 21, 22, 23, 24, 28, 29, 31, 34, 39, 40].
The aim of this paper is to extend known results concerning this topic to new connected
graphs. Note also that cr(G + D,,) are known only for some disconnected graphs G [26,
27, 33]. For this purpose, we present a new technique regarding the use of knowledge
from the subgraphs whose values of crossing numbers are already known.

Section 2 is devoted to the graph G* isomorphic to 4-regular graph on six vertices
except for two distinct edges with no common vertex such that two remaining vertices
are still adjacent. In the rest of the paper, we will use the following notation of the vertex
set V(G*) = {v1,v2,...,vs}. Many possible drawings of G* are partially solved using its
clearly established cycle C? as a subgraph whose edges do not cross each other in any
optimal drawing of G* + D,,. The main aim of the paper is to establish cr(G* + D,,) for all
integers n. The crossing number of G* + D,, equal to 6 % | | 5% | + n + [ 2] is determined
in Theorem 2.6 with the proof that is strongly based on Lemma 2.2. This lemma includes
well-known values of cr(Hj, + D,,) for four subgraphs Hj, of G* (with planar drawings
shown in Fig. 2) presented in Theorems 2.1, 2.2, 2.3, and 2.4. The paper concludes by
giving a new conjecture concerning crossing numbers of the join products of D,, with
Wi \ e obtained by removing one edge (of both possible types) from the wheel W, of
m + 1 vertices. In the proofs of the paper, we will often use the term “region” also in
nonplanar subdrawings. In this case, crossings are considered to be vertices of the “map”.

2. THE CROSSING NUMBER OF G* + D,,

The join product G* + D,, (sometimes the notation G* 4+ n kK used) consists of one copy
of the graph G* and n vertices ¢, . . ., t,,, and any vertex ¢; is adjacent to every vertex of the
graph G*. We denote the subgraph induced by six edges incident with the fixed vertex t;
by T", which yields that

(2.2) G*+ D, =G*U (U T)
i=1

We consider a good drawing D of G* + D,,. By the rotation rotp(t;) of a vertex ¢; in D
we understand the cyclic permutation that records the (cyclic) counterclockwise order in
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which edges leave ¢;, as defined by Herndndez-Vélez et al. [8] or Woodall [41]. We use the
notation (123456) if the counter-clockwise order of edges incident with the fixed vertex ¢;
is t;vy, tive, tivs, tiva, t;vs and t;vs. We recall that rotation is a cyclic permutation. In the
given drawing D, it is highly desirable to separate n subgraphs 7" into three mutually
disjoint subsets depending on how many times edges of G* could be crossed by 7" in D.
Fori=1,...,n,let Rp = {T": crp(G*,T%) = 0} and Sp = {T" : crp(G*,T") = 1}. Edges
of G* are crossed by each remaining subgraph 7" at least twice in D. Note that if D is
a good drawing of G* + D,, with the empty set Rp U Sp, then Y1 crp(G*,T) > 2n
enforces at least 6| 2 | | 251 | + n + | %] crossings in D provided by

crp(G*+ Dy,) = crp(Kepn) + crp(G*, K ) + crp(G*) >

3|5 0|25 e [

According to the expected result of the main Theorem 2.6, this leads to a consideration of
the nonempty set Rp U Sp in all good drawings of G* + D,,.

Let us discuss all possible drawings of G* induced by D. In the rest of the paper,
let v be the vertex notation of one vertex of degree 4 in all considered good subdrawings
D(G*). The graph G* contains a cycle C5 induced on the remaining five vertices of degrees
2,3, 3,3, and 3 as a subgraph (for brevity, we will write C%). As we can always redraw
a crossing of two edges of CZ in an effort to get a new drawing of C} (with vertices in
a different order) with less number of edge crossings, the proof of Lemma 2.1 can be
omitted.

Lemma 2.1. Forn > 1, the edges of C} do not cross each other in any optimal drawing of the join
product G* + D,,.

A similar idea has already been presented in the proof for W5 + D,, by Berezny and
Stas [2]. Based on the arguments above, we will assume that edges of the cycle C'y do not
cross each other in all considered subdrawings D(G*), and let v1, vs, v3, v4, and vs be their
vertex notation in the appropriate order of C%. We only need to consider possibilities of
crossings between subdrawings of C% and four remaining edges incident with the ver-
tex vg. If we would like to obtain an optimal drawing D of G* + D, then in addition the
set Rp USp must be nonempty. Thus, we will only consider subdrawings of the graph G*
induced by D for which there is a possibility of obtaining a subgraph 7% € Rp U Sp. Let
us first consider a good subdrawing of G* in which the edges of C} are crossed at most
once. In this case, we obtain three non isomorphic drawings shown in Fig. 1(a)-(c). If we
consider a good subdrawing of G* in which two different edges of C# are crossed once,
then we obtain two possibilities that are shown in Fig. 1(d) and (e). Two crossings on only
one edge of CZ can be achieved in Fig. 1(f)-(h). Finally, the drawing with three crossings
on C% is shown in Fig. 1(i).
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FIGURE 1. Nine possible non isomorphic drawings of the graph G* with
no crossing among edges of C} and also with a possibility of obtaining a
subgraph T whose edges can cross G* at most once.

In the proof of the main Theorem 2.6 of this section, the following Lemma 2.2 related
to some restricted subdrawings of G* + D,, will be also required. It includes well-known
exact values for crossing numbers of join products of four subgraphs H;, of G* with dis-
crete graphs, and their planar drawings are shown in Fig. 2. The four mentioned results

are described in Theorems 2.1, 2.2, 2.3 and 2.4.

Hi H> Hs Hq

FIGURE 2. Four graphs Hj on six vertices with well-known values of
cr(Hy + Dy,).

Theorem 2.1 (see [32], Theorem 3.4). cr(Hy + D,) = 6|2 || 252 | +2| 2] forn > 1.
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Theorem 2.2 (see [35], Theorem 6). cr(Hz + D,,) = 6|2 || 25| +2[ 2| forn > 1.
Theorem 2.3 (see [33], Theorem 3.4). cr(Hs + D,,) = 6|2 || 252 | +2| 2] forn > 1.
Theorem 2.4 (see [34], Corollary 3). cr(Hy + Dy,) = 6|2 ][ 252 | +2[ %] forn > 1.

For k =1,2,3,4, let G* — Hyj, denote the graph difference of graphs G* and Hj,.
Lemma 2.2. Forn > 1, let D be a good drawing of G* + D,, with the empty set Rp. If |Sp| >

(2] and each subgraph T* € Sp can cross only some edge of G* — Hy, then there are at least

612][252] + n+ |%] crossings in D.
Proof. As the graph G* consists of two edge-disjoint subgraphs G* — Hj, and Hy, let us
consider that crp(U}_, 77, G* — Hy) > [ %] is fulfilling in the good drawing D of G* + D,,.

The edges of Hj, + D,, must be crossed at least 6 % | | 25 | + 2| % | times in D according to
Theorems 2.1, 2.2, 2.3, and 2.4. Consequently, we have

crp(G* + D) = crp(Hy + Dy) + crp(Hy + Dy, G* — Hy) + crp(G* — Hy) >
zol5) "5 25+ 5] =ol5) 5 e 5] }

Theorem 2.5 (see [20], Theorem 2.3). If m > 2, n > 3 and min{m,n} < 6, then cr(P,, +
C) =27 5] + 1
Lemma 2.3. cr(G* + D) = 1l and cr(G* + D3) = 3.

Proof. Fig. 3 offers the subdrawing of G* + D, with one crossing, and so cr(G* + D;) < 1.
The graph G* + D, contains a subgraph that is a subdivision of the join product P, + C’,
and therefore, cr(G*+ D1 ) > cr(P, +C3) = 1 by Theorem 2.5. The verification proceeds in
a similar way also for the graph G* + D, using a subgraph that is a subdivision of P+ Cs.
This completes the proof of Lemma 2.3. O

FIGURE 3. The good drawing of G* + D,, with 6| 2 || 252 | + n + | %] crossings.



50 Stefan Berezny and Michal Stag
Theorem 2.6. cr(G* + D,,) = GL%J L”T*lj +n+ L%J forn > 1.
Proof. In Fig. 3, the edges of K, cross each other

(7)) -5

times, each subgraph 7%, i = 1,..., [2] on the right side crosses edges of G* exactly once
and each subgraph T%,i = [2] +1,...,n on the left side crosses edges of G* exactly twice.
Thus, 6|2 || 252 | + n+ | %] crossings appear among edges of the graph G* + D, in this
drawing. We prove the reverse inequality by induction on n. Lemma 2.3 confirms this
result for n = 1 and n = 2. Suppose now that there is an optimal drawing D of G* 4 D,
with

(2.3) crp(G*+ D,,) < GL%J {n; IJ +n+ {SJ for some n > 3,
and let
24) o (G*+Dy,)=6 L%J {mT_lJ +m+ L%J for any positive integer m < n.

The assumption (2.3) together with crp(Ke,) > 6|2 ][ 25| thanks to (1.1) imply the
following relation with respect to edge crossings of G* in D:

crp(G*) + Z crp(G*,T%) + Z crp(G*, T + Z crp(G*, T < n+ {gJ
T €Rp TieSp Ti¢RpUSp

In the case, if the set Rp is empty and s = |Sp]|, then

(2.5) crp(G*)+1s+2(n—s) <n+ {%J,

which forces s > crp(G*) + [ %] + 1. Now, we will deal with the possibilities of obtaining
asubgraph T% € Rp U Sp in the considered drawing D and we will show that in all cases
a contradiction with the assumption (2.3) can be obtained.

Case 1: crp(G*) = 0. Without loss of generality, we can consider the planar subdrawing
D(G*) induced by D with the vertex notation in such a way as shown in Fig. 1(a). Because
no face is incident to all vertices in D(G*), there is no possibility to obtain a subdrawing
of G* UT? fora T* € Rp. As the set Rp is empty, there are at least [gw + 1 subgraphs
T by which the edges of G* are crossed just once. Let us denote by H; the subgraph of
G* with the vertex set V(G*), and the edge set E(G*) \ {vavs, v3v4, 0405 }. By Theorem 2.1,
the edges of Hy + D,, are crossed at least 6|2 || 251 | + 2| 2| times in D. Clearly, each
subgraph T € Sp must cross one edge of the cycle C#, and therefore, there is at least one
subgraph T € Sp by which the edge viv; or vivs of CF is crossed. In the rest of the proof,
let the edge vy v, of C be crossed by a T € Sp. Itis not difficult to verify over all possible
regions of D(G* UT") that the edges of G* U T" are crossed at least five and four times by
each subgraph T7 € Sp, j # i, and T* ¢ Sp, respectively. Thus, by fixing the subgraph
G* UT?, we have

crp(G* + Dy,) = crp (K¢ n—1) + ctp(Ken—1,G* U Ti) +crp(G*U Ti) >

zﬁ{”?H";QJ+5(571)+4(nfs)+1:6{”;1J[”;QJ+4n+

om e o5 (252 e 5] a3 25 e 3)
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Case 2: crp(G*) > 1. At first, we can consider the nonplanar subdrawing D(G*)
induced by D given in Fig. 1(b). The set R, is also empty, and so s > [%]+2. Let us denote
by H, the subgraph of G* with the vertex set V(G*), and the edge set E(G*) \ {v1vs, v5v6 }.
The edges of Hy+ D, are crossed atleast 6| 2 | | %51 | +2| % | times in D due to Theorem 2.2,
which yields that there is at least one subgraph T € Sp by which the edge vivs of C2
must be crossed. Consequently, the same fixation of the subgraph G* U T" as in Case 1
can be applied. For four drawings of G* given in Fig. 1(c)-(f), Lemma 2.2 contradicts the
assumption (2.3) using two its subgraphs Hz and H4. Moreover, if we consider some
subdrawing D(G*) given in Fig. 1(g)-(i), then the set Rp cannot be empty also due to
Lemma 2.2 for the subgraph Hs of G* with the edge set E(G*) \ {v1v2, v105, 406}

Now, let us turn to the possibility of obtaining a subdrawing G* UT" for some T € Rp,
that is, the set Rp must be nonempty. Without lost of generality, let 7" be a subgraph by
which the edges of G* are not crossed. For the drawing of G* given in Fig. 1(g), the reader
can easily see that the subgraph G* U T™ is uniquely represented by rotp(t,,) = (123645).
If there is a subgraph 77, j # n such that crp(G* UT",T7) < 4, then the vertex ¢; must
be placed in the outer region of subdrawing D(G*) with three vertices v1, vz and vs of G*
on its boundary, and crp(G* UT",T7) = 3 enforces crp(T™,T7) = 0. Thus, by fixing the
subgraph 7" U T7, we have

CI‘D(G* + Dn) = CI‘D(G* + Dn_g) + CI‘D(Tn U T]) + CI‘D(K&n_Q,Tn @] Tj)—i-

+erp(GF, T UTY) > 6{n_2J Ln—S

2 2

o5 e 3]

where edges of 7" U TV are crossed by each other subgraph T* at least six times using
crp(Ke,3) > 6 thanks to (1.1). In the following, let the edges of T be crossed by each other
subgraph 7V at least once. It is not difficult to verify over possible regions of D(G* UT™)
that edges of G* U T™ are crossed by each other subgraph 77, j # n at least four times
and just four crossings could be achieved for some subgraphs by which the edge vsv4 of
G* is crossed. This implies crp(G* UT", U;:ll T7) > 5(n — 1) — o, where « is the number
of such subgraphs forcing at least one crossing on the edge v3v4. By fixing the subgraph
G* UT", we have at least

2
|+n—2+ =] +0+6m-2)+3=

(2.6) 6{n;1J {n;2J +5(n—1)—a+cap(GTUT")

crossings in D. As a < [ %] using the subgraph H; from Case 1, both considered subcases
contradict the assumption (2.3) in D. For the drawing of G* given in Fig. 1(h), the edges
of G* UT™ are crossed by each other subgraph 77, j # n at least four times and just four
crossings can be achieved for some subgraphs by which the edge vov3 of G* is crossed.
Thus, the same idea of the subgraph H; from Case 1 can also be applied. Finally, the edges
of G* U T™ are crossed by each other subgraph 77, j # n at least five times if we consider
the last possible drawing of G* given in Fig. 1(i).

We have shown that there are at least 6|2 || 25| + n + | 2] crossings in each good

drawing D of G* 4+ D,,, and the proof of Theorem 2.6 is done. O

3. SOME CONSEQUENCES OF THE MAIN RESULT

Each wheel W,,, of m + 1 vertices consists of two edge-disjoint subgraphs C}, and Sj,.

First, we deal with the possibility of deleting one edge eg from the star S}, of W,,. BereZny
and Stas [2] gave a conjecture regarding the crossing number of W,,, + D,, equal to Z(m +
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1)Z(n) + [Z(m) — 1]| 2] + n, where Z(n) = |[%2]||%5*] is Zarankiewicz’s number, see
also [4]. Now, we are able to postulate that

n
(3.7) cr(Wi \ es + Dy) = Z(m + 1) Z(n) + [Z(m — 1) — 1] bJ T,
for all integers m > 4,n > 1.
v,
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FIGURE 4. The good drawing of W,,, + D,, with exactly Z(m + 1)Z(n) +
[Z(m) — 1]| %] + n crossings.

For m > 4, the upper bound for the conjecture (3.7) can be reached by removing the
edge vi1vm41 from the drawing in Fig. 4 because eg = vv,41 is crossed by each sub-
graph T" on the left side exactly [2*] — 1 times. Note that for m = 3, the optimal drawing
of W3 \ es + D,, with 2| 2|[251| + [ %] crossings could be obtained if we remove the
edge vymjvrmy,;. This special situation is first caused by the fact that the wheel Wj is
isomorphic to the complete graph K4, see also Kles¢ and Schrétter [25].

Recently, our conjecture (3.7) was proved for the graph W, \ es + D,, by Asano [1].
Theorem 2.6 also confirms the validity of this conjecture for W; \ es + D,,. On the other
hand, the graphs W,,, \ es + D7 and W,,, \ es + D contain a subgraph that is a subdivision
of the graph W,,,_; + D; and W,,,_1 + Dy, respectively. The crossing numbers of the join
products of W, with the discrete graphs D; and D, have been well-known by BereZny
and Stas [2].

Theorem 3.7 (see [2], Theorem 4.2). cr(W,, + D1) = 1 and cv(W,,, + D3) = Z(m) + 1 for
m > 3.

These facts allow us to determine another results for the join product of W, \ es with
the discrete graph on one and two vertices if m is at least four.

Corollary 3.1. cx(W,,, \ es + D1) = Land cx(Wy, \ es + D2) = Z(m — 1) + 1 for m > 4,
m € Z.
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One can easily verify that these results also confirm the validity of our conjecture for
the graphs W,,, \ eg + D1 and W,,, \ es + Da.

Now, let us turn to the possibility of deleting one edge ec from the cycle C};, of W,.
Harboth [7] gave an upper bound on the crossing number of the complete n-partite graph
K, ...z, by which

(3.8) cr(Kimn) < Z(m+1)Z(n)+ Z(m) {%J for all integers m,n > 1.

Assuming the validity of Zarankiewicz’s conjecture that cr(K,, ) = Z(m)Z(n), the cross-
ing numbers of the complete tripartite K ,, , have been well-known by Yang and Wang [38].

Theorem 3.8 (see [38], Corollary 2). If Zarankiewicz’s conjecture is true, then

(3.9) r(Kimn) = Z(m +1)Z(n) + Z(m) gJ

holds for all positive integers m and n.

Based on the arguments above, we are able to postulate that
(3.10) cx(Wp, \ec + Dy) =Z(m+1)Z(n) + Z(m) {%J for all integers m > 3,n > 1.

Again for all m > 3, the upper bound for the conjecture (3.10) can be reached by removing
the edge vjm vrmy,, from the drawing in Fig. 4 because ec = vjmjv[m4; is crossed by
each subgraph T" on the right side exactly once. On the other hand, the complete bipartite
graph K ,, is a subgraph of W,,, \ ec, and therefore, cr(Ky ,,, + Dy,) < ct(W,, \ ec + Dy,).
This together with the exact value of cr(K4 ) by Theorem 3.8 imply the following result.

Corollary 3.2. If Zarankiewicz’s conjecture is true, then

(3.11) cr(Win \ ec + D) = Z(m +1)Z(n) + Z(m) EJ

holds for all integers m > 3, n > 1.

Note that Norin and Zwols [30] obtained the best known asymptotic lower bound for
the crossing number of K, , with m > 9 in the form

lim cr(Kmn) 0.905m
nooo B[S [B] 25 T om -1

which implies that Zarankiewicz’s conjecture mentioned above is “asymptotically at least
90,5% true”. Some useful remarks about Zarankiewicz’s conjecture were also stated by
Stas and Valiska [36], where another conjecture concerning CF-connectivity for K, ,, fol-
lows from this one.

4. CONCLUSIONS

We expect that similar forms of discussions can be used to estimate unknown values of
the crossing numbers of other graphs on six vertices with a much larger number of edges
in the join products with discrete graphs, and also with paths and cycles. Especially for
the graph W5 \ e obtained by removing one edge (of both possible types) from W in the
join products with paths and cycles.



54 Stefan Berezny and Michal Stag
REFERENCES

[1] Asano, K. The crossing number of K1 3, and K2 3 .. Graph Theory 10 (1986), no. 1, 1-8.

[2] Berezny, S.; Stas, M. On the crossing number of join of the wheel on six vertices with the discrete graph.
Carpathian |. Math. 36 (2020), no. 3, 381-390.

[3] Berezny, §.; Stas, M. On the crossing numbers of the join products of five graphs on six vertices with discrete
graphs. Carpathian . Math. 39 (2023), no. 2, 371-382.

[4] Clancy, K.; Haythorpe, M.; Newcombe, A. A survey of graphs with known or bounded crossing numbers.
Australas. ]. Comb. 78 (2020), no. 2, 209-296.

[5] Ding, Z.; Huang, Y. The crossing numbers of join of some graphs with n isolated vertices. Discuss. Math.
Graph Theory 38 (2018), no. 4, 899-909.

[6] Garey, M.R.; Johnson, D.S. Crossing number is NP-complete. SIAM |. Algebraic. Discret. Methods 4 (1983),
no. 3, 312-316.

[7] Harborth, H. Uber die Kreuzungszahl vollstandiger, n-geteilter Graphen. Math. Nachr. 48 (1971), 179-188.

[8] Herndndez-Vélez, C.; Medina, C.; Salazar G. The optimal drawing of K5 ,,. Electron. J. Comb. 21 (2014), no.
4,29.

[9] Ho, P.T. The crossing number of K1, . Discret. Math. 308 (2008), no. 24, 5996-6002.

[10] Ho, P.T. The crossing number of K2 2 2 n. Far East |. Appl. Math. 30 (2008), 43-69.

[11] Ho, P.T. On the crossing number of some complete multipartite graphs. Utilitas Math. 79 (2009), 125-143.

[12] Ho, P.T. The crossing number of K1 1,3 5. Ars Comb. 99 (2011), 461-471.

[13] Ho, P.T. The Crossing Number of K2 4 5. Ars Comb. 109 (2013), 527-537.

[14] Huang, Y.; Zhao, T. The crossing number of K 4 . Discret. Math. 308 (2008), no. 9, 1634-1638.

[15] Chimani, M. Wiedera, T. An ILP-based proof system for the crossing number problem, 24th In Proceedings
of the Annual European Symposium on Algorithms (ESA 2016), Aarhus, Denmark, 22-24 August 2016, 29
(2016) 1-13.

[16] Kleitman, D.J. The crossing number of K5 . ]. Comb. Theory 9 (1970), no. 4, 315-323.

[17] Kles¢, M. On the crossing numbers of products of stars and graphs of order five. Graphs Comb. 17 (2001),
no. 2, 289-294.

[18] Kles¢, M. On the Crossing Numbers of Cartesian Products of Stars and Graphs on Five Vertices. In Combi-
natorial Algorithms; LNCS; Springer:Berlin/Heidelberg, Germany, 5874 (2009), 324-333.

[19] Kles¢, M. The crossing numbers of join of the special graph on six vertices with path and cycle. Discret.
Math. 310 (2010), no. 9, 1475-1481.

[20] Kles¢, M. The join of graphs and crossing numbers, Electron. Notes in Discrete Math. 28 (2007), 349-355.

[21] Kles¢, M.; DraZzenska, E. The crossing numbers of products of the graph K> > » with stars. Carpathian .
Math. 24 (2008), no. 3, 327-331.

[22] Kles¢, M; Kravecovd, D.; Petrillovd, J. The crossing numbers of join of special graphs. Electr. Eng. Inform. 2
(2011), 522-527.

[23] Kleg¢, M.; Schrotter, 5. The crossing numbers of join of paths and cycles with two graphs of order
five. In Lecture Notes in Computer Science: Mathematical Modeling and Computational Science; Springer:
Berlin/Heidelberg, Germany, 7125 (2012), 160-167.

[24] Kles¢, M.; Schrétter, S. On the crossing numbers of cartesian products of stars and graphs of order six.
Discuss. Math. Graph Theory 33 (2013), no. 3, 583-597.

[25] Kles¢, M.; Schrétter, 5. The crossing numbers of join products of paths with graphs of order four. Dis-
cuss. Math. Graph Theory 31 (2011), no. 2, 321-331.

[26] Kles¢, M.; Stas, M., Cyclic permutations in determining crossing numbers. Discuss. Math. Graph Theory 42
(2022), no. 4, 1163-1183.

[27] Kles¢, M.; Stas, M.; Petrillovd, J. The crossing numbers of join of special disconnected graph on five vertices
with discrete graphs. Graphs Comb. 38 (2022), no. 2, 35.

[28] Kles¢, M.; Valo, M.; Minimum crossings in join of graphs with paths and cycles. Acta Elec. Inf. 12 (2012), no.
3,32-37.

[29] Mei, H.; Huang, Y. The Crossing Number of K 5, ,. Int. J. Math. Combin. 1 (2007), no. 1, 33—44.

[30] Norin, S.; Zwols, Y. Presentation at the BIRS Workshop on Geometric and Topological Graph Theory
(13w5091), https:/ /www.birs.ca/events/2013/5-day-workshops/13w5091/videos/watch /201310011538-
Norin.html, 2013 (accessed: 2017-08-28).

[31] Ouyang, Z.; Wang, J.; Huang, Y. The crossing number of join of the generalized Petersen graph P(3, 1) with
path and cycle. Discuss. Math. Graph Theory 38 (2018), no. 2, 351-370.

[32] Sta$, M. Determining crossing numbers of graphs of order six using cyclic permutations. Bull. Aust. Math.
Soc. 98 (2018), no. 3, 353-362.

[33] Stas, M. On the crossing numbers of join products of five graphs of order six with the discrete graph. Opusc.
Math. 40 (2020), no. 3, 383-397.



Conjectures about wheels without one edge 55

[34] Stas, M. On the Crossing Numbers of the Join Products of Six Graphs of Order Six with Paths and Cycles.
Symmetry 13 (2021), no. 12, 2441.

[35] Sta$, M. The crossing numbers of join products of eight graphs of order six with paths and cycles. Carpathian
Mathematical Publications 15 (2023), no. 1, 66-77.

[36] Stas, M., Valiska, J. On problems of CF-connected graphs for Ko, . Bull. Aust. Math. Soc. 104 (2021), no. 2,
203-210.

[37] Su, Z.; Kles¢, M. Crossing Numbers of K1,1,4,n, and K1,1,407T'. Ars Combinatoria 148 (2020), 137-148.

[38] Yang, X.; Wang, Y. The Conjecture on the Crossing Number of K1 ., is true if Zarankiewicz’s Conjecture
Holds. Graphs Comb. 37 (2021), no. 3, 1083-1088.

[39] Wang, Y.; Huang, Y. The crossing number of Cartesian product of 5-wheel with any tree. Discuss. Math.
Graph Theory 41 (2021), no. 1, 183-197.

[40] Wang, J.; Zhang, L.; Huang, Y. On the crossing number of the Cartesian product of a 6-vertex graph with
Sh. Ars Combin. 109 (2013), 257-266.

[41] Woodall, D.R. Cyclic-order graphs and Zarankiewicz’s crossing number conjecture. |. Graph Theory 17
(1993), no. 6, 657—-671.

DEPARTMENT OF MATHEMATICS AND THEORETICAL INFORMATICS
FACULTY OF ELECTRICAL ENGINEERING AND INFORMATICS
TECHNICAL UNIVERSITY OF KOSICE

KOSICE, SLOVAKIA

Email address: stefan.berezny@tuke.sk

Email address: michal.stas@tuke.sk



