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Stability of oscillatory solutions of impulsive differential
equations with general piecewise constant arguments of
mixed type

Kuo-SHou CHIU

ABSTRACT. We investigate scalar impulsive differential equations with piecewise constant generalized mixed
arguments, abbreviated as the IDEPCAG of mixed type. These equations have general step functions as argu-
ments. We propose criteria for the existence of oscillatory and non-oscillatory solutions, and obtain sufficient
conditions for the stability of the zero solution. Our results are novel, and extend and improve upon previous
publications. Additionally, we provide several numerical examples and simulations to demonstrate the feasibil-
ity of our findings.

1. INTRODUCTION

Let N, Z, and R denote the sets of all natural, integer, and real numbers, respectively.
Consider a strictly ordered sequence of real numbers denoted by ¢;,7 € Z, such that t; <
tiy1and t; — tooasi — £oo. Lety; : R - R and 72 : R — R be step functions defined
as y1(t) = t; and yo(t) = tiy1 fort € I; = [t tiy1).

We aim to study the global asymptotic behavior and oscillation of solutions of impul-
sive differential equations with piecewise constant generalized mixed arguments (abbre-
viated as the IDEPCAG of mixed type):

(1.1a) y'(t) = a()y(t) + b(t)y(11(t) +cWy(r(t), y(T) =yo, t# tr,

where a(t), b(t), and c(t) are continuous real-valued functions defined on R, d;, € R,
Ayli—r, = y(t7) — y(t;), y(t}) and y(t; ) denote the right-hand and left-hand limits of
y(t) as t approaches ¢, respectively.

The first deviation argument, p;(t) = ¢t — v1(¢), is positive for ¢t; < t < t;41, and the
second deviation argument, g2(t) = t — v2(t), is negative for ¢; < t < t;;1, where i € Z.
Therefore, the IDEPCAG of mixed type (1.1a)-(1.1b) is of considerable interest since it
contains both retarded and advanced arguments on each interval [¢;,¢;41).

Differential equations with piecewise constant arguments (DEPCA) that have argu-
ment deviations of fixed sign were the first to be investigated [1, 31, 34]. Piecewise con-
stant systems exist in a wide range of areas, including biomedicine, chemistry, mechani-
cal engineering, physics, and others. Systematic studies involving mathematical models
with piecewise constant arguments were initiated to solve biomedical problems. These
equations have a similar structure to those found in certain sequential-continuous mod-
els of disease dynamics, as investigated in [2]. We also refer the reader to the papers
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[15,16,24,25] where several dissipation problems impulsive effects are also idealized by
means of external and/or drift sources.

The investigation of the DEPCA of mixed type was initiated by S. M. Shah and J. Wiener
[31] in 1983, and later by G. Ladas [29] in 1988. They noted that the change of sign in the
argument deviation not only led to interesting periodic properties, but also introduced
complications in the asymptotic and oscillatory behavior of solutions. See also the papers
[6,8,14,26,27,30] for the periodicity, oscillation and asymptotic behavior of differential
equations with deviating arguments. As a result, it was natural to attempt to study the
oscillatory and stability properties of the DEPCA of mixed type with general deviation
arguments.

Criteria for the existence of oscillatory solutions of the DEPCA have been studied ex-
tensively in the literature by many authors, including [1,17,28,29,32,33]. However, the
question of what additional conditions are necessary for the stability of oscillatory solu-
tions is still an active area of research. In particular, the stability of oscillatory solutions
has been studied in the area of differential equations. For example, A. R. Aftabizadeh
and J. Wiener in [1] investigated the oscillatory properties of solutions of first-order linear
DEPCA of retarded and advanced type:

' (t) + a(t)x(t) + p(t)x([t]) = 0,

2'(t) +a(t)z(t) + q(H)z([t +1]) = 0,
where a(t), p(t), and ¢(t) are continuous on [0,0), and the greatest-integer function is
denoted by [-]. Sufficient conditions for the existence of oscillatory solutions of the DE-
PCA are presented, and the authors emphasize that these conditions are optimal in the
sense that they are the “best possible”. In particular, when «a, p, and ¢ are constants, the
conditions can be simplified to the following necessary and sufficient expressions when
a, p, and ¢ are constants:

a

ae
d < - .
e —1 an q e —1

In their paper [31], S. M. Shah and J. Wiener proved the following result: For any real
numbers a, ag, and a, satisfying a # 0 and

p>

a(ea+1)) o

(a+aog+a1) (a1a0 pr—

every solution x of the differential equation with piecewise constant arguments of mixed
type, given by

(1.2) 2’ (t) = ax(t) + aox([t]) + arz([t +1]), 2(0) = zo,

tends to zero as t — oco.
In the paper [4], K.-S. Chiu and ].-C. Jeng considered the first-order linear DEPCA of
generalized mixed arguments (DEPCAG of mixed type)

(1.3) y'(t) = a®)y(t) + b(O)y(n () + cy(12(8),  y(r) =10

and the authors investigated the sufficient conditions for the existence and global asymp-
totic stability of oscillatory and non-oscillatory solutions for certain specific cases.

In the paper [5], K.-S. Chiu and T. Li investigated the sufficient conditions for the ex-
istence and global asymptotic stability of oscillatory and periodic solutions for certain
specific cases of the DEPCAG of mixed type (1.3).

It is worth noting that the results established in [31] by S. M. Shah and J. Wiener, in [4]
by K.-S. Chiu and J.-C. Jeng and in [5] by K.-S. Chiu and T. Li show that under the specified
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conditions, every solution of a certain class of the DEPCA with mixed type and a certain
class of the DEPCAG with mixed type, respectively, tends to zero as t — oo.

In 2013, E Karakoc et al. [19] investigated first order non-linear impulsive differential
equation with piecewise constant arguments (IDEPCA):

/() +a(t)a(t) +a(ft = 1) f(=([t]) =0, a(-1)=z_1, z(0)=z t#n,
Ax|tmy = dgz(n™), neN.

In addition to establishing the existence and uniqueness of a solution, the authors have
also derived sufficient conditions for the oscillation of the solution. It is important to
highlight that further research regarding the oscillation and asymptotic behavior of the
IDEPCA with classical piecewise constant argument can be found in the following papers:
[18-23]. These papers offer additional insights into the mentioned topic.

To the best of our knowledge, several studies have been conducted on the existence and
global asymptotic stability of periodic solutions associated with the IDEPCAG [7,9-13].
However, thus far, none of these studies have provided simple criteria for determining
the existence and stability of oscillatory and non-oscillatory solutions specifically for the
IDEPCAG of mixed type. The main objective of this paper is to extend the classical results
of the DEPCA from [1] and [31], the results of the DEPCAG from [4, 5], and the results
of the IDEPCA from [3] to the IDEPCAG of mixed type, represented by equations (1.1a)-
(1.1b). The paper aims to provide straightforward criteria for determining the existence
and stability of both oscillatory and non-oscillatory solutions in this extended framework.

For the reader’s convenience, we provide some definitions that will be necessary later
on.
We define a function y as a solution of the IDEPCAG of mixed type (1.1a)-(1.1b) on R
if the following conditions hold: i) y : R — R is continuous for ¢ € R, except possibly at
the points ti, k € Z. ii) y(t) is right-continuous and has left-hand limits at the points ¢,
k € Z. iii) The derivative y'(t) exists at each point ¢t € R, except possibly at the points ¢,
k € Z, where the one-sided derivatives exist. iv) y(t) satisfies (1.1a), except possibly at the
points tx, k € Z. v) y(ty) satisfies (1.1b) for k € Z.

A function y(t) defined on R is said to be oscillatory if there exist two real-valued
sequences (vy,),>0 and (v},)n>0 in R such that v, — oo and v}, - oo as n — oo, and
y(vn) < 0 < y(v),) for n > N, where N is sufficiently large. Otherwise, the solution is
called non-oscillatory.

A solution {z,,}nez of the difference equation is called oscillatory if x,, - 41 < 0.
Otherwise, {z, }nez is called non-oscillatory.

Our principal contributions are:

1. The utilization of piecewise constant generalized mixed arguments with impul-
sive effects has not been previously incorporated into the oscillatory theory of the
IDEPCAG of mixed type.

2. A global solution for the IDEPCAG of mixed type (1.1a)-(1.1b) is proven under
certain conditions, considering arbitrary initial data (7, yo) € R x R.

3. The study of the existence and global asymptotic stability of oscillatory and non-
oscillatory solutions for the IDEPCAG of mixed type (1.1) is first put forward.

4. Three special cases of the main results derived in Theorems 2.3, 3.1, and 3.2 are
feasible by using the simulations given in Examples 4.1, 4.2 and 4.3, which ensures
the advantages of this paper.

Our paper is organized as follows: In Section 2, we establish criteria for the existence
of oscillatory and non-oscillatory solutions of scalar impulsive differential equation with
piecewise constant generalized mixed arguments. In Section 3, we study the stability of
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solutions of linear impulsive differential equation. In the last section, we provide appro-
priate examples with simulations.

2. EXISTENCE OF THE OSCILLATORY AND NON-OSCILLATORY SOLUTIONS

In this section, we establish sufficient conditions for oscillatory and non-oscillatory
solutions of scalar impulsive differential equations with piecewise constant generalized
mixed arguments.

The following assumption will be used throughout the paper:

(N) Foreveryt € R, leti = i(t) € Z be the unique integer such thatt € I, = [t;, ti1).
Suppose that

di1 - (B(tit1,ti) — 1) + B(tiv1,t:) #0
holds for all i € {i(7) + j} ., where

t
B(t,s):=1 —/ el (ks o () du,
and .
A(t,s) = el alwds / el ()R p () du.

S
The theorem below provides conditions for the existence and uniqueness of solutions
on the interval [7,00), where 7 = t;(;). The proof of this assertion is similar to that of

Theorem 2.2 in [13], as well as with proofs presented in [4] and in [19].

Theorem 2.1. Suppose that (N) holds. Then, the IDEPCAG of mixed type (1.1a)-(1.1b) has a
unique solution on [r,00) with the initial condition y(1) = yo. Furthermore, for t € [tn,tni1)
withn > i(7), y has the form
(1 + dny1)AMtnt1,tn) )
1—p8(t,t, Ty
o (Bl tn) — 1) 4 Bltngr ) & Pl tn)

where x,, = y(t,) and the sequence {x,, },>(r) is the unique solution of the difference equation
)\(tn—i-h tn) 2

dn+1 : (ﬂ(tn+1vtn) - 1) + ﬁ(thrl»tn) "

for n > i(7) with the initial condition ;) = yo.

Proof. Let y,(t) be a solution of the IDEPCAG of mixed type (1.1a)-(1.1b) on the interval
t, <t < ty41. On the interval, we can express (1.1a) as follows:

Yn () = a(t)yn(t) + 0(t)yn(tn) + c(t)yn(tny1)-

The general solution to this equation on the given interval is:

t t t t t
yn(t) = |:eftn a(k)dk +/ els a(n)d”b(s)ds:| yn(tn) + [/ e a(r»)dnc(s)dsj| Yn(tns1)

tn tn

2.1) y(t) = <>\(t, tn) + 7

(2.2) Tpt1 = (14 dpt1)

2.3) t
= /\(t’ tn)yn(tn) + |:/ efst a(K)dHC(S)d3:| yn(tn+1).

n

Ast — t,41 in (2.3) and under the impulse condition (1.1b), we obtain

Yn(tnt1) = (1 + dn+1)y(t;+1)

tn+1 tn41
— (14 d) {A(tn+1,tn>yn<tn> T [ [ “<R>d“c<s>ds} yn<tn+1>} 7
tn
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or

(2.4)

(1 + dn+1)/\(tn+1a tn)
L (U dg) [ el ae(s)ds

tn
A(tn+1 ) tn)
A1 - (ﬁ(thrlatn) - 1) + ﬁ(thrlatn)
Hence, substituting (2.4) into the previous equation yields:

25 n(t) = (Neuta) A (1 0,0, ) ()

Using equation (2.5), we obtain the difference equation (2.2). With the initial condition
zi(ry = y(T) = yo, we can obtain a unique solution for (2.2). Therefore, the unique solution
of the IDEPCAG of mixed type (1.1a)-(1.1b) with the initial condition y(7) = yo is given
by (2.1). O

yn(tn-l-l) =

} Yn (tn)

=(14+dnys1) yn(ty), foralln > i(r).

By the recurrence relation, we can see that the solution of the IDEPCAG of mixed type
(1.1a)-(1.1b) on [r, 00), where T # t;(;), is uniquely determined and can be expressed as
follows:

i(t)—1
y(t) = Mlt tin) (1)—[ (1+djr1)Mtj11,t5) o)
Ar(Totin) \ i) G (B4, t5) = 1) + Bt 1)
where,
1+d1 )\tl 7ti 1- t,tl
Nt i) = At tig) + — 1+ dip )M+, tin) = B tiw))
w41 (Bliw+1tiwy) — 1) 4+ Btiwy 41, tiw))
and

(1+ ditry+1) Atigry1, tier) ) (1 = B(T, i)
ditry41 - (Btiry+1: tier) — 1) + B(tir)+1, tir))

>\T(T7 tz('r)) = >\(Ta t’L(T)) +

In particular, 7 = t;(,), we have

i(t)—1

- (1 +dj+1)AEj41, L))
y(t) = Al ti) ( H) djt1 - (ﬁ(tﬁlv;) - 1>++ ﬁ(thrl’tj)) "

j=i(r
Remark 2.1. If we consider the IDEPCAG of mixed type (1.1) without the impulsive condition
(1.1b), i.e., when dy, = 0 for all k € Z, the IDEPCAG can be reduced to the following DEPCAG
of mixed type (1.1a):
Y (1) = a()y(t) + b(O)y(r (1) + cWy(r2(1),  y(T) = o.
It directly follows from Theorem 2.1 that the solution is given by

i(t)—1
Melttin) Tt Al ty)
Ar (T, ti(ry) =i B(tj+1,t5)

which is also proved in Theorem 2.1 of [4] and Theorem 2.2 of [5].

y(t) = y(7),
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The following results are particular cases of Theorem 2.1.
Corollary 2.1. Let \(t) = e + 2(e™ — 1), B(t) = 1 — (e — 1), ¥, = tpi1 — tn for all
n € {i(7) + j};en and assume that dy, 11 - (B (V) — 1) + B (9,) # 0 foralln e {i(r) +3}jen
Ifa(t) = a # 0, b(t) = b, c(t) = care constants, then the IDEPCAG of mixed type (1.1a)-(1.1b)
has a unique solution y which is given by
(1 + dn+1)5‘(19n)[1 - B(t — tn)]

dny1 - (B(0n) = 1) + B(0n)

where x,, = y(t,). We can express the sequence {x,, },>i(r as a solution to the difference equation

(27) $n+1 _ (1 :’- dn+1)>\(19n)A xn’
dn+1 : (B(’ﬂn) - 1) + /8(1971)

for n > i(7) with the initial condition ;) = yo.

(26) y(t) = (5‘(7f - tn) + ) T, tn S t < tn+1

Corollary 2.2. Let n(t) := j; w)du, p(t) = ft o © wydu, po(t) = f w)du, (1 +
A1) p(tnr1) # 1f07’”lln e{: ( ) +J}jeN “”d (1 +d; (r)+1)ﬂ0( z(T)+1) # 1. Then

(2.8a) u'(t) = b(t)u(y (b)) + c(t)uly2(t)), u(r) =wuo, t# tg,

(28b) Au't:tk = dk’l.L(t’;)7 k S Z,

with the initial condition u(T) = wug has a unigue solution u which is given by

@9 o= (1en+ (LR

where u, = u(t,) and the sequence {un }, >, satisfies the difference equation

(1 +dn1)(L+n(t n+1))u
1= (14 dnp1)pltnsr)

for n > i(7) with the initial condition u;,;) = uo.

/”'(t)) Un, tn S t < tn-}-l

(210) Un+1 =

Remark 2.2. Corollary 2.1 deduces the result presented in [4, Corollary 2.2], while Corollary
2.2 deduces the finding in [5, Corollary 2.3] without considering impulsive effects. Theorem
2.1 deduces [3, Theorem 1] by incorporating classical piecewise constant delays v1(t) = [t] and
v2(t) = [t+1]. Furthermore, Corollary 2.1 deduces the result presented in [31, Theorem 2.1] with-
out impulsive effects and with classical piecewise constant delays. These deductions demonstrate
the generality of our results and their complementary nature to the previously known findings.

The following theorems provide some sufficient conditions for the existence of oscilla-
tory and non-oscillatory solutions of the IDEPCAG of mixed type (1.1a)-(1.1b).

Theorem 2.2. Suppose that (N) holds and let y : [1,00) — R be a solution of the IDEPCAG of
mixed type (1.1a)-(1.1b). If the solution {x,,},>) of the difference equation (2.2) is oscillatory,
then the solution y(t) of Eq.(1.1) is also oscillatory.

Proof. By using Equation (2.5), we can express y(t) fort,, < ¢ < t,41, wheren € {i(7) + j},cn,

as:
(1 + d’ﬂJrl))‘(t’ﬂJrl? tn)

00 = (i) + g s (B )+

Note that y(¢t) = , for t = t,. According to the theory of difference equations, xz,, os-
cillates if and only if z,, - z,11 < 0 for n > N’, where N’ is a sufficiently large integer.
Therefore, y(¢) is an oscillatory solution. O
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Theorem 2.3. If b(t) and c(t) are locally integrable on [T, 00) and the sequence

{ (1 + dn+1)>\(tn+1a tn) }

dn+1 : (ﬂ(thrlatn) - 1) + ﬂ(thrlatn) nZi(T)

is not eventually positive, then every solution of the IDEPCAG of mixed type (1.1a)-(1.1b) is
oscillatory.

Proof. Using equation (2.2), we can express the sequence {z,, },>i(-) as

A (1 + dny1)AMtnt1,tn)
nr dn+1 : (ﬁ(tn-‘rly tn) - 1) + /G(tn+17 tn)
. . . 1+dn41) AN En41,tn .
It is clear that {x, },,>;(-) oscillates if the sequence {dn+1~(é(tn+1+,;n)—1)¢ﬂ(ti+1,tn) }nzz‘(T) is
not eventually positive. Thus, according to Theorem 2.2, we conclude that y(¢) is oscilla-
tory if {x,, },,>4(r) is oscillatory. This completes the proof. O

Ty

Theorem 2.4. Suppose that 1 + d,, 1 > 0, for n > (7). Then every solution of the IDEPCAG
of mixed type (1.1a)-(1.1b) is oscillatory, if either of the following hypotheses is satisfied:
i)

tn+1

lim inf el amdrp(s)ds < —1,
2.11) R ot
nh_{glo sup {(1 + dn+1)/t el ”(“)d“c(s)ds} <1,
ii)
tn1
lim sup/ el aWdnp(g)ds > 1,
2.12) e I -
lim inf {(1 + dnJrl) / ef;wrl a(ﬁ)dnc(s)ds} > 1.
n—00 tn

Proof. Suppose that y is a solution of the IDEPCAG of mixed type (1.1a)-(1.1b) such that
y(t) > 0 (or y(t) < 0) for t > t;, where j € N is sufficiently large. If t € I,,, n > j, then
using (2.4), we can obtain
(1 + dn+1)>‘(tn+1a tn)
y(t
n+1 " (6(tn+1; tn) - 1) + B(tn-&-ly tn)
Since y(t,+1) and y(t,,) are both positive, thus

(1 + dn+1))‘(tn+1vtn)

Y(tnyr) = p

Gt (Bltwentn) — D Bllrnnt)
if
(1 +dpy1)Mtns1,tn) >0 and  dpy1 - (B(tas1,tn) — 1) + B(tns1,tn) > 0,
or
tnt1 i1 4
/ eJim “(”)d”b(s)ds >—-1 and (14+dnt1)- / el “(“)d”c(s)ds <1,
tn tn
i.e,

tnt1 .
lim inf/ el amdrp(s)ds > —1
n—oo t

n
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and
tnt1 b4l

lim sup {(1 + dn+1)/ els a(“)d”c(s)ds} <1.
¢

n—roo
n

However, this contradicts the first condition stated in (2.11).
Similarly,
(1 + dn+1)>‘(tn+17 tn)
dn—i—l ' (5(tn+1a tn) - 1) + 5@”-&-1’ tn)

>0
if
(1 + dn+1))‘(tn+1atn) <0 and dn+1 : (ﬁ(tn—i—l,tn) - 1) =+ 5(tn+1,tn) < O>
we obtain
tn+1 tn
/ el adnp(g)ds < -1,
t

n

and
tnt1 tntl
(14 dpt1) - / els T a9 ds > 1;
tn
or
tnt1 .
lim sup/ el emdnpgyds < —1,
n—oo tn
and

n— oo

tn41 o
lim lnf{(1+dn+1)/ ef.g +1 a(n)dnc(s)ds} > 1.
t

n

This contradiction to (2.12) implies that the IDEPCAG of mixed type (1.1a)-(1.1b) admits
only oscillatory solutions. U

Remark 2.3. Note that condition (2.11) or (2.12) represents a classical hypothesis utilized for
verifying the existence of oscillatory solutions in the DEPCA and in the DEPCAG. This particular
condition has been documented in previous studies, such as references [1], [4], [5], [31], and [34].
Moreover, it is worth mentioning that the first condition of Theorem 2.4 can yield the conclusion
regarding the presence of oscillatory solutions, as demonstrated in [3, Theorem 7]. This result
specifically considers the DEPCA of mixed type (1.2), incorporating both impulsive effects and
classical piecewise constant delays.

In a similar manner to Theorem 2.4, we can obtain
Theorem 2.5. Assume that 1+ d,,+1 > 0, for n > i(7). If either of the conditions holds true:
i)
tnt1 o
lim inf/ el alWdrpyds > —1,
t

n—roo

tn41 tni1
lim sup {(1 + dn1) / el “W“c(s)ds} <1,
t

n—oo

n

n

tn+1 n
lim sup/ el aWdnp(g)ds < 1,
t

n— oo

tn41 g1
lim inf{(l+dn+1)/ els a(n)dnc(s)ds} > 1,
t

n

n—oo
n

then the sequence {xy, }n>i(-) of the difference equation (2.2) is non-oscillatory.
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In the following, we present some oscillation and non-oscillation results for the IDE-
PCAG of mixed type with constant coefficients, which are derived from the previous the-
orem.

Let us consider the IDEPCAG of mixed type (1.1a)-(1.1b) with constant coefficients:
(2.13a) y'(t) = ay(t) + by(n () + cy(r2(t), y(1) =yo. t#t,
(2.13b) AYlimr, = diy(ty), ke,
where a # 0, b, ¢ and dj, are real constants.

Analogously to Theorem 2.4, we present the following theorem for the IDEPCAG of
mixed type (2.13a)-(2.13b).

Corollary 2.3. Suppose that 1 + d,, 11 > 0, for n > i(7). If a # 0 each one of the conditions
i)

. ae®n . 1 a
(2.14) b< —nlgr;oiewn —7 ¢< nlggol Fdpi1 e 17
ii)
. ae®n . a
@1) b e T 2 T e

implies that every solution of the IDEPCAG of mixed type (2.13a)-(2.13b) is oscillatory.

Remark 2.4. The first condition of Corollary 2.3 can indeed lead to a conclusion regarding the
existence of oscillatory solutions, as demonstrated in [3, Theorem 8], and in [5, Corollary 2.8].

The following corollary shows that either (2.14) or (2.15) is the “best possible” (sharp)
condition.

Corollary 2.4. Suppose that 1 + d,,41 > 0, for n > (7). If a # 0 any one of the following
conditions holds true,

i)
at
. ae”’m™ . a
(2.16) s LA N
ii)
a’
n 1
(2.17) b<—lim —<"_ ¢> lim a4

n—ooe®n — 1 n—ool + dn+1 e@n — 1’

then the IDEPCAG of mixed type (2.13a)-(2.13b) has no oscillatory solutions.

.. . . - (1+dn+1)5\(19n)
> s L
Proof. Condition (2.16) or (2.17) implies that for all n > i(7), we have T (B D100

0. Then, from (2.6), it follows that the solution y(t) of the IDEPCAG of mixed type (2.13a)-
(2.13Db) is always of one sign on [, o). O

The following results are particular cases of Corollaries 2.3 and 2.4.

Corollary 2.5. Suppose that 1 + dp1 > 0, for n > i(7) and let a # 0, b be real constants. If

. ae®n
b< — lim

n—ooed¥n — 1’
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holds, then the delayed impulsive differential equation

(2.18a) y'(t) = ay(t) +by(n (), y(7) =vo, t#tx,
(218b) Ay‘t:tk = dky(t;)v ke Za
has oscillatory solutions only.

Corollary 2.6. Assume that

aeaﬁn

L4 dy >0 and b>—lim ———
n—oo edVn — 1

forn > (7). Then the delayed impulsive differential equation (2.18a)-(2.18b) has no oscillatory

solutions.

Remark 2.5. Corollary 2.5 provides an extension of Corollary 2.1 in the work of Aftabizadeh
and Wiener [1], specifically addressing the scenario where there is a change of sign for a and
b = —p, while ~1(t) = [t]. On the other hand, Corollary 2.6 extends Theorem 2.3 from the same
reference [1], utilizing a similar arqument deviation.

Corollary 2.7. If a # 0, c are real constants and the conditions

. 1 a
1+dyy1 >0 and C>nlglgol+dn+1em9n—1’

hold for n > i(T), then the advanced impulsive differential equation
(2.19) Y1) = ay(t) + cy(2(t), y(r) =yo, t#t,
(2.19b) Ayle=r, = diy(ty,), k€,

has only oscillatory solutions.

Corollary 2.8. Assume that

. a
1+dyt1 >0 and C<7Lh—>1201+dn+1 catn 1’

for n > i(7). Then the advanced impulsive differential equation (2.19a)-(2.19b) has no oscillatory
solutions.

Remark 2.6. Corollary 2.7 serves as an extension of Corollary 2.4 in the work of Aftabizadeh and
Wiener [1]. In this extension, the variables a and b are replaced with —a and —q, respectively,
while the advanced argument is given as v2(t) = [t +1]. Similarly, Corollary 2.8 extends Theorem
2.7 from the same reference [1], incorporating the same modifications as mentioned above.

3. GLOBAL ASYMPTOTIC STABILITY

Theorem 3.1. Suppose that b(t) and c(t) are locally integrable on [, o).
i) The zero solution of the IDEPCAG of mixed type (1.1a)-(1.1b) is stable, if

(1 + d7l+1)>\(t7l+17 tn)

(3.1) At - (B(tnsts tn) — 1) + Bltns1, tn)

<1

forall n > i(7).

ii) The zero solution of the IDEPCAG of mixed type (1.1a)-(1.1b) is globally asymptotically
stable, if

(1 + dn-i-l))‘(tn-i-lv tn)

(3.2) ds1 - Bltnit tn) — 1) + Bltns1, tn)

</i<1

forall n > i(7).
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Atiey+15tie)) [1=B(t,ts(1))]

Bty 110 is continuous, the

PT’OOf. Since t € [ti(t)ati(t)+1) and )‘(tati(t)) +

function A(t, t;)) + A(t"’(t)gl(;tZiz)jl[lg(f)()t’ti(‘))] is bounded for all t. The proof can be easily

derived from (2.1). O

Remark 3.1. The global asymptotic stability result in [3] exclusively addresses differential equa-
tions with constant coefficients. Consequently, their result in Theorem 9 cannot be directly applied
to Theorem 3.1, as the latter deals with variable coefficients within the framework of piecewise
constant delay.

The following theorem provides necessary and sufficient conditions for the global as-
ymptotic stability of the zero solution of the IDEPCAG of mixed type (2.13a)-(2.13b) with
constant coefficients.

Theorem 3.2. Suppose that a # 0, b, c are real constants and 9, = t,4+1 —t,, n € Z.

i) The zero solution of the IDEPCAG of mixed type (2.13a)-(2.13b) with constant coefficients
is stable, if

ae®n a
(3.3) (1+dn+1)(a+b+c){(1+dn+1) <c—b— )— eaﬂ”_l} >0,

ewn —1
forall n > i(T).
ii) The zero solution of the IDEPCAG of mixed type (2.13a)-(2.13b) with constant coefficients
is globally asymptotically stable, if

ae®Vr a
(34) (1 +dn+1) (a+ b—i—c) {(1 + d”+1) (C_ b— an _ 1) T eatn _ 1} >0,
forall n > i(7).
Proof. i) The condition (3.1) can be written

(L4 dpt1) (e + 2 (e?n — 1))

<1
STt der) (Sl — 1)

If1— (14 dp1) (€ (e — 1)) > 0, then

—1+ (1 +dnt1) (2 (eaﬁn — 1)) < (1+dpysr) <e‘“9" + S (6“19" _ 1)) :

b

(1 + dn+1) (6(“9" + E (e‘w" — 1)) S 1-— (1 + dn+1) (2 (6‘“9" — 1)) 5

and
(1 +dn+l) <ea19n 4 g (ea19n, _ 1) + g (eaﬁn _ 1)) < 1,

(3.5)

(14 dps1) (—eaﬂn - 2 (e¥n — 1) + 2 (e®n — 1)) <1

Since (3.5) implies (1 + dy11) (£ (e*’» — 1)) < 1, we only need to analyze inequality (3.5).
From (3.5), we have

ady, é atn _ E adn _
(1+dpy1) (e +- (e 1)+ = (e 1)) <1,

a
that is,

(3.6) (1+dnt1)(a+b+¢) <0,
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and

(1 +dn+1) {_eaﬁn o g (eaﬁn _ 1) 4 2 (eaﬁn _ 1)} < 1’

which is equal to

ae®n a
. n —-b-— — <0.
(37) (14 dnt1) (C b caln _ 1) en — 1 — 0

If1— (14 dpt1) (£ (e — 1)) <0, then

c a a b a¥,
71+(1+dn+1)(a(e 19"1)>2(1+dn+1)<e 0"+a(e‘9 1)),
and
a?, b ady, € av,
(1+ dysr) <e e G —1)>>1—(1+dn+1)(a(eﬂ -1)).

These inequalities imply (1 + dy,11) (£ (e*”» — 1)) > 1. Therefore, we focus only on the
inequalities:
c

(14 dps1) <e‘“9" + Z (e —1) + - (e®n — 1)) > 1,

and
(1 + dn—H) (61“9” - g (eaﬁn - 1) + 2 (eaﬁn - 1)) > 1.

These inequalities lead to opposite inequalities to those in (3.6) and (3.7), which proves
the theorem.
ii) The proof follows a similar technique as in part i). O

Remark 3.2. Theorem 3.2 serves as a generalization of several previously established results. It
extends Theorem 1.28 from the work of S. M. Shah and ]. Wiener [31], incorporating classical
piecewise constant delays 1 (t) = [t] and v2(t) = [t + 1].

Furthermore, Theorem 3.2 extends the findings presented in Theorem 10 by H. Bereketoglu et
al. [3] by incorporating classical piecewise constant delays. Notably, Theorem 3.2 in our context
does not impose the restriction of the condition 1 — d > 0, where dy, = d. Consequently, the result
presented in Theorem 10 of [3] cannot be directly applied to our result in Theorem 3.2.

Moreover, Theorem 3.2 also generalizes Theorem 3.2 presented in K.-S. Chiu and |.-C. Jeng [4],
which focuses on the DEPCAG of mixed type without impulsive effects.

By applying Theorem 3.2, several particular cases of results can be derived.

Corollary 3.1. Suppose that a # 0, bare real constants. The zero solution of the delayed impulsive
differential equation (2.18a)-(2.18b)

y'(t) = ay(t) +by(m (1)), y(1) =vo, t#tk,
Ay‘t:tk = dky(t];), k S Z,

is globally asymptotically stable, if

a?, ad ad
edVn +1+dn+16 n edVn
(3.9) —a < T <(A+dp)b< —a 1+ dn+1e(“9n7_1 )

forall n > i(7), where ¥,, = tp11 —tn, n € Z.

Corollary 3.1 can be seen as an extension of Corollary of Theorem 2.5 in [31, pp. 678],
where ~, (t) = [t] is considered.
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Corollary 3.2. Suppose that a # 0, c are real constants. The zero solution of the advanced
impulsive differential equation (2.19a)-(2.19b)

y/(t) = ay(t) + Cy(’Y2(t))7 y<T) = Yo, t 7& t,
Ay|t:tk- = dky(tlg)v ke Za

is globally asymptotically stable, if

atd,

(14 dpi1) e +1
ewn — 1

adp41€

and a+m

(3.11) (1 + dn+1) c<a + (1 + dn+1) c <0,

forall n > i(7), where ¥,, = t,41 — tn, n € Z.

Based on Theorem 3.2 and Corollary 2.3, we can conclude that:

Corollary 3.3. Suppose that 1 + d,+1 > 0, for n > i(7). Then, every oscillatory solution of the
IDEPCAG of mixed type (2.13a)-(2.13b) with constant coefficients tends to zero if at least one of
the following hypotheses is fulfilled:

i)
1 a
a+b+c>0, c>
DT T dy e — 1
(3.12) e ”
b, ae” "
C(1+dn+1)—m<€ (1+dn+1)+1) >b(1+dn+1)>_ma
ii)
a+b+c<0, c< ! a4
y 1+d, ad, _ 1’
(3.13) e ”
ad, ae”’m™
C(1+dn+1)*eal9n7_1(6 (1+dn+1)+1) <b(1+dn+1)<76aﬂnf_1

Remark 3.3. Corollary 3.3 extends the findings presented in Theorem 10 by H. Bereketoglu et
al. [3] by incorporating classical piecewise constant delays.
4. ILLUSTRATIVE EXAMPLES AND SIMULATIONS

In this section, we will present relevant examples that serve to demonstrate the practi-
cal applicability and usefulness of our results.

Example 4.1. Let us consider the IDEPCAG of mixed type
(4.12) Y (1) = 1L3y(t) — 22y(n (1) — 3In3y(3a(t), y(0) =4, t#1y,
(41b) Ay't:tk = 15y(t’;), ke Z,

where t,, = 2n — 2, for all n € N. The IDEPCAG of mixed type (4.1a)-(4.1b) is a particular
case of the IDEPCAG of mixed type (2.13a)-(2.13b) witha = 1.3, b = —2.2, ¢ = —3In3 and

dr, = 1.5.
It is evident that
A . 31n3
1 (B(0,)—1)+B(0p) = 142.5 1“3 (e20-1) ~ 79.99701 £ 0 and O = tpy1—t, =2,
foralln € N.

Through simple computation, we have

a+b+c~ —4.1958,
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c(l+dps) — prm— (e (1 + dpy1) +1)

1.3

(2.5e*% +1) ~ —11.8546,

b(1+dns1) = —5.5,

a’ 2.6
ae®’n 1.3e
65“9" -1 e26 _ 1 043
and
1 a 1 1.3
= — ~ 0.0417.
1+dyi1evn —1  25e26 -1

In this case, the second hypothesis (3.13) of Corollary 3.3 is satisfied, which implies that
every solution of the IDEPCAG of mixed type (4.1a)-(4.1b) is oscillatory. Moreover, the
hypothesis ii) of Theorem 3.2 is also satisfied, and therefore, we can conclude that ev-
ery solution of the IDEPCAG of mixed type (4.1a)-(4.1b) approaches zero as ¢ — oo by
oscillating.

Figures 1 and 2 illustrate the simulation results showcasing the global asymptotic sta-
bility of the oscillatory solution for the IDEPCAG of mixed type (4.1a)-(4.1b) with and
without impulses.

4

Fig. 1. The global asymptotic stability of the oscillatory solution for the IDEPCAG of mixed type
(4.1)-(4.1Db).

Fig. 2. The global asymptotic stability of the oscillatory solution for the DEPCAG of mixed type (4.1a).
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Example 4.2. Let us consider the IDEPCA of mixed type

a2 J 0=y - Ly + S, w0 =1 4k
(4.2b) Ayli—p = 0.25y(k™), keZ,

where [-] signifies the greatest integer function.
Itis evident that v, (¢t) = [t], 72 (t) = [t + 1], t, =n, ¥, = tp41 — t, = 1, foralln € N, and

3(e—1) 2

dny1 - (B(0n) — 1) + B(0,) = 1+ (e7e 1 — 1)~ 0.1136 # 0.

4
In this case,
V3 ae®n 2 6_%
14dp1 =125>0, b= "~ —0.3464 > — - ~ —0.5284,
+lnt - 5 T e—1le—31
and . .
c=12< 2 . ~ 1.3539,
1+ dpyre®n —1 5(e—1) (efﬁfl)
forn € N.

By verifying the hypotheses (2.16) of Corollary 2.4, we can conclude that every solution
of the IDEPCA of mixed type (4.2a)-(4.2b) is nonoscillatory.
The second hypothesis of Theorem 3.2 is satisfied because

(I1+dpt1)(a+b+c¢) = —0.3879 < 0,

and

ae®n a
(1+dpt1) <c— b— T — 1) T — ~ —0.4199 < 0.

Then,

atdy,
(1+dn+1)(a+b+c) ((1+dn+1) (C_b_ e:ﬁen _ 1) o eaﬁna— ]_) >0

for all n € N. Therefore, by Theorem 3.2, the zero solution of the IDEPCA of mixed type
(4.2a)-(4.2b) is globally asymptotically stable.

Figures 3 and 4 illustrate the simulation results showcasing the global asymptotic sta-
bility of the non-oscillatory solution for the IDEPCAG of mixed type (4.2a)-(4.2b) with
and without impulses.

Fig. 3. The global asymptotic stability of the non-oscillatory solution for the IDEPCA of mixed type
(4.2a)-(4.2b).
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Fig. 4. The global asymptotic stability of the non-oscillatory solution for the DEPCA of mixed type
(4.2a).

Example 4.3. Let us consider the IDEPCAG of mixed type

8 2e2 —1

(4.3a) y'(t) = gy(%(ﬂ) + <\/3T7 cost + 1) y(12(t)), y(0) =10, ¢ # t,

where t, = 2mn, for all n € N U {0}. The IDEPCAG of mixed type (4.3a)-(4.3b) is a
particular case of the IDEPCAG of mixed type (2.8a)-(2.8b). It is evident that b(t) = Si%t

and c(t) = g cost + 55— in (2.9), we have
27 (n+1) gin
(1t ds) (Ut nfter) 03 (15 e “d“>
— (T4 dny1)p(tnsr) 1+0. 5[22:nn+1 (\/3177 CoSU + 52— 1) du
2e? -1

=————— =~ —0.40716.
2(2e2—1)+2m

Then, { At () is not eventually positive. All assumptions of Theorem

1— (1+dn+1 ).“'(thrl) }nzl(o)
2.3 are satisfied, then every solution of the IDEPCAG of mixed type (4.3a)-(4.3b) is oscil-
latory. Moreover, the condition (3.2) is fulfilled, so, due to Theorem 3.1, the zero solution
of the IDEPCAG of mixed type (4.3a)-(4.3b) is globally asymptotically stable.
However, it is important to note that in our case,

27 n+1 in
L+ (tar) _ L forimtl) sige gy __2°-1 g3l
U= pltar) 71— 22;:5%1) (‘/;cosu + i 1) du  2e*—1-2m

the condition (3.2) from the paper [4] is not satisfied. As a result, according to Theorem
3.1in [4], the zero solution of the DEPCAG of mixed type represented by equation (4.3a)
is not globally asymptotically stable.

Figure 5 illustrates the simulation results demonstrating the global asymptotic stability
of the oscillatory solution for the IDEPCAG of mixed type (4.3a)-(4.3b). On the other
hand, Figure 6 depicts the simulation results demonstrating the presence of an oscillatory
solution for the DEPCAG of mixed type without impulses. It is worth noting that in this
particular case, the DEPCAG of mixed type (4.3a) is not globally asymptotically stable.
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Fig. 5. The oscillatory solution of the IDEPCAG of mixed type (4.3a)-(4.3b) is globally asymptotically
stable.
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Fig. 6. The oscillatory solution of the DEPCAG of mixed type (4.3a) is not globally asymptotically
stable.

Indeed, the presence or absence of impulsive effects plays a significant role in the sta-
bility of the system. As observed from the simulation results, the inclusion of impulsive
effects in the IDEPCAG of mixed type leads to global asymptotic stability, while their ab-
sence in the DEPCAG of mixed type results in the lack of global asymptotic stability. This
highlights the importance and influence of impulsive effects on the stability behavior of
the system.

5. CONCLUSIONS AND PERSPECTIVES

The article explores the existence of oscillatory and non-oscillatory solutions in a scalar
impulsive differential equation with piecewise constant generalized mixed arguments.
We establish theorems confirming the existence and uniqueness of oscillatory and non-
oscillatory solutions for the IDEPCAG of mixed type. Employing techniques based on dif-
ferential inequalities, we derive several sufficient conditions ensuring global asymptotic
stability under appropriate assumptions. Notably, our results extend classical findings
from [3,4,31]. Furthermore, we provide numerous numerical examples and simulations
to showcase the applicability of our findings.

In the following, a few open theses can be considered further in order.

1. Discussions on the existence of periodic solutions for the IDEPCAG of mixed type.
2. In-depth exploration of the oscillatory and asymptotic behavior of second-order
DEPCAG of mixed type.
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3. Comparative discussions on the asymptotic and oscillatory properties of first-
order neutral differential equations with arguments of mixed type, including a
comparison with the properties of the same equations with linearly transformed
arguments.
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