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Positive solutions for multipoint boundary value problem
of fractional differential equation with parameter

ZH1 L1u AND WEIBING WANG

ABSTRACT. We discuss the existence of positive solutions for a fractional multipoint boundary value problem
with parameter. By applying the Guo-Krasnosel’skii fixed point theorem and Schauder’s fixed point theorem,
we obtain sufficient conditions for the existence of at least one or two positive solutions. Our main results
highlight the influence of the parameter in different ranges on the existence of positive solutions.

1. INTRODUCTION

In this paper, we are concerned with the following nonlinear fractional multipoint
boundary value problem

1) { —u™(t) + M “Du(t) = f(t,u(t)), te(0,1),
' w(0) =/ (0) = --- = u"=2(0) = 0, u(l) =37, viuln) ="b,

where m — 1 < a < m, m > 2,q > 1 are integers, b > 0 is a parameter, and “ D is the
Caputo fractional derivative of « order

1 ¢ .
_ ym—a—1, (m)
T —a) /0 (t—s) u'™(s)ds.

Throughout this paper, we always suppose that:
(H1) f:1]0,1] x [0,00) — [0, 00) is continuous,
(H2) %>01<i<q@),0<m<m<---<n,<L0<y:= ;_121%77?71 < land
M > 0.

Fractional differential equations have gained importance due to their broad application
in various fields of science and engineering, such as control theory, physics, chemistry, etc.
For more details, see [10, 16, 18] and its references. Recently, many scholars pay attention
to the existence and multiplicity of solutions or positive solutions of nonlinear fractional
differential equations. The main tools used are techniques of nonlinear analysis including
fixed point theorems [2, 4, 23, 25], Leray-Shauder theory [1, 8, 22], monotone iterative
method [5, 12, 24], etc.

In [9], Jia and Zhang studied the following fractional multipoint boundary value prob-
lem with changing sign nonlinearity

CDu(t) =

(1.2) { gru(t) +Af(tu(t) =0, te(0,1),

' u(0) =/ (0) = -+ =u"=2(0) =0, u(1)=3""Fnu'(&),
where n — 1 < a < n, D, is the Riemann-Liouville derivative, 1 <i <n —2,0 < & <
& < -+- < &p—2 < 1, Ais a parameter. By means of the Guo-Krasnosel’skii fixed point
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theorem, the authors obtained an interval of A such that (1.2) has at least one positive
solution for any A lying in the interval.
In [21], Xu and Zhang discussed the following fractional differential equation

{ D u(t) + f(t,u(t)) =0, te(0,1),
u(0) =0, wu(l) =02 Biulny),

wherel < a<2,0<n < < - < Np_2 < 1with 2222 Bin?~! < 1. By the Leray-
Schauder alternative principle and Guo-Krasnosel’skii fixed point theorem, the authors
obtained the existence of multiple positive solutions for (1.3). For other works about mul-
tipoint boundary value problems for fractional differential equations, we refer the reader
to [11, 14, 19].

Recently, the differential equations with mixing ordinary derivative and fractional de-
rivative have been confirmed to be applicable for describing specific physical phenom-
ena. In modelling the motion of a rigid body immersed in a Newtonian fluid, Torvik and
Bagley [17] established the following equation

(1.4) Au(t) + BDZu(t) + Cul(t) = f(t),

where A, B, C are real numbers, f(t) is the known function, which is called Bagley-Torvik
fractional differential equation. After that, there are many important results related to this
equation. For example, Stan¢k [15] considered the following Bagley-Torvik equation

u’(t) + ACDu(t) = f(t,u(t),“ D u(t),u'(t)), te0,T),
u’'(0) =0, u(T) + a/(T) =0,
where A € R\{0}, « € (1,2), i € (0,1). The author obtained the existence of solutions to
the problem (1.5) by the Leray-Schauder alternative principle. For more information on
Bagley-Torvik equations we refer to [6, 13, 20].
Fazli et al. [5] studied the following fractional differential equation with nonlinear
boundary conditions

{ ul™(t) + M “ Du(t () f(t u(t)), teo,717],
ar(w® (to), u® (t1), -, u®(t,)) =0, k=0,1,---,m — 1,

wherem —1<a<m meN, 0=t <t; <---<t,=T.Under appropriate conditions,
the authors showed the existence of extremal solutions for (1.6) by the upper and lower
solutions method and monotone iterative technique.

As far as we know, few papers have considered the existence of positive solutions for
higher-order fractional differential equations which contain ordinary derivative and frac-
tional derivative. Motivated by the above works, we investigate the existence, nonexis-
tence and multiplicity of positive solutions for (1.1). Here, a function v € C™~10,1] N
C™(0,1) is said to be a positive solution of (1.1) if u satisfies (1.1) and « > 0 on (0, 1].

The organization of this paper is as follows. In Section 2, we give the properties of
Green’s function of the corresponding linear problem and some required Lemmas that
will be used in the sequel. The main results are given in Section 3. Finally, an example is
presented to demonstrate the applicability of our main results.

(1.3)

(1.5)

(1.6)

2. PRELIMINARIES
Definition 2.1. ([7]). The two-parameter Mittag-Leffler function E,,, ., () is defined by

Re g
Eny iy (§) = Z o Ty " >0 EER

Lemma 2.1. ([7]). If n1,n2 > 0, By, »n,(§) is convergent for £ € Rand E,,, ,(§) > 0for§ > 0.
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Lemma 2.2. Let M,w > 0 and X be a positive integer. Then it holds

d
at By (Mt?) = t* 1B, A (Mt¥), Yt >0.
Proof. By a direct calculation, we get
d d 1 Mt M2
—t Ey g1 (MtY) =—t*
ai! Bt (ME7) =2 (F(A+1)+F(w+>\+1)+F(2w+)\+1)+ )
d t)\ Mtw+/\ M2t2w+)\
=— - + +oe
dt (F()\+1) Twt+A+1) TRwtA+l) >

i1 N Mt N M2 N
N F'(A) TwH+A) T@Rw+A)

=" By A (M1¥),
which completes the proof. O
Lemma 2.3. Let h € C[0, 1], then the following boundary value problem

@7) —ul™(t) + MO D>u(t) = h(t), te(0,1),
' u(0) = u'(0) = - = ul™2(0) =0, wu(l) = XL, viu(m)=0b
has a unique solution w € C™~1[0,1] N C™(0, 1) given by
¢m—1 q pem—1
(2.8) /Gts s)ds + 1 z:: /Gm, ds+1_¢
where
(t—t8)" 1 Ep_aqm(M(1—s)™™%)
(2.9) G(t,s) = —(t —s)m~ 1B am(M(t—s)m"),  0<s<t<l,
(t—t8)" 1 Epam(M(1—s)™™), 0<t<s<l.

Proof. We first show that (2.7) has at most a solution. Let u1,us be two solutions of (2.7)
and v = u; — ug. Clearly,

_v<m>(t)+McD@ () =0, te(0,1),
(2.10) { (0) = v/(0) = - - - = pm— )(0) =0, v(1) =" () =0.

From the Laplace transform formula of ordinary derivative and Lemma 2.9 of [7], we have

[(m)]( kal(k )

k=0

m—1

(2.11) L€ D] (s) = = s (o
k=0

where L denotes the Laplace transform operator, V' denotes the Laplace transform of v.
Doing Laplace transform to (2.10), we get

—(s™V(s) = 0" TD(0)) + M(s°V (s) — s* ™0 7D(0)) =
U(m—l) (O) _ Msa—m,u(m—l)(o) (m 1)(0)

Vis) = sm — Ms> - sm

Using the following formula (see [3])
Elpe—8

o —ptyak+p—1 (k) @ _
(2.12) /0 e (ot it =
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by the inverse Laplace transform, we obtain

,U(mfl)(o)
It follows from v(1) — >, v;v(n;) = 0 and (H>) that v = 0. Hence, (2.7) has at most a
solution.

Next, we show that (2.8) is a solution of (2.7). Substituting (2.9) into (2.8), we get

m—1

u(t) =— /0 (t—8)" ' Ep_qm(M(t —s)™*)h(s)ds

+ tm71 /0 (1 — S)milEm—a,m(M(l - S)mia)h(s)ds

1ptm—l 1
1=9 Jo

tm—l

4 i L pem—1
- ; i — 8)" T B am (M (n; — s)™ %) h(s)ds +
1¢;7/()(n ) (M= 9= h(s)ds + §—

+ (1- s)m_lEm,a,m(M(l —8)" ") h(s)ds

Ctm—l
I'(m)

(2.13) =— /t(t —8)" B (M(t — 8)™“)h(s)ds +
0
where

I'(m)

1
C :i </0 (1 — 5>m71Em—og,m(M(1 o S)m—a)h(s)ds

q

i
- Z%/ (i — )™ Em—am(M(n; — s)™“)h(s)ds + b) :
i=1 70
Differentiating (2.13), by Lemma 2.2, we have

t m—2
u'(t) = 7/0 (t—8)" 2Ep—am-1(M(t — s)™"*)h(s)ds + Fi;_l)

um=A(t) = — /t(t = 8)Epm—a2(M(t — )" “)h(s)ds + Ct,
u™m V() = — /t Em—a1(M(t—8)""%)h(s)ds + C,
0
um(t) = = M(m - a) / (t =) BG) | (M (= 8)™*)h(s)ds — h(t)

M / (= &)™ By (M(t — )™ Vh(s)ds — h(t),
0

where ESZQJ(M(LL — )M = S % According to the continuity of

En-a;(j=1,2,--- ,m,m — «) and h, we can check that
ue C™ 0,11 N C™(0,1),
w(0) =u/'(0) = =ul™2(0) =0, ™ V(0)=C.
Doing Laplace transform to (2.13), from (2.12) we obtain
-H
U(s) = & + <

sm— Msx = sgm’
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where U, H denote the Laplace transform of u, h. It follows from (2.11) that
—H(s)
sm—a — M
By doing inverse Laplace transform to above equality, we have

LI°Du)(s) = s°U(s) — s ™u™~D(0) =

CDu(t) = — /O (t—8)" B am_a(M(t — 8)""%)h(s)ds.

Hence,
—u™(t) + M °D*u(t) = h(t).

445

It is easily verified that u(1) — >"7_, v;u(n;) = b. Therefore, (2.8) is a solution of (2.7). This

completes the proof.
Lemma 2.4. (1) Forany t,s € [0, 1],
0<G(t,s) <N(s):i=(1-8)"""En_am(M(—s5)m"2).
(2) Forany 6 € (0,3%), s € [0,1],
M Fo gho(m—a)+2m—2
(ko(m — @) +m) Ep—a,m(M)
| + 1, [z] denotes the integer part of the number x.

i > =
te%l,llrle} G(t,s) > KyN(s), Ky T

1

m—«

where ko = |

Proof. (1) is obvious. Here we only prove (2). For 0 < s <t <1, we get

G(t,s) =(t —t3)" ' Ep—am(M(1—8)""%) — (t —8)™" ' Epqm(M(t —s)™%)

€ (0,1),

= mer (L MO -—s)me (M(1 = s)m=e)ko
=(t — ts) 1<r(m)+ T@m —a) +‘..+F(k)0(m_a>+m)
ot (L M(t—smoe (M (¢ — sym=ayko
S (F(m) * r2m—a) = T(ko(m—a)+m)

Mo
2I‘(ko(m —a)+m)

(tm_l(l _ s)ko(m—a)+m—1 o (t o S)ko(m—a)+m—l) )

O

Setting f(z) = d" (1 — x)ko(m=e)tm=1 _ (g — gyko(m=a)tm=1 4 ¢ [0 d], where 0 < d < 1

is a constant, we obtain

F'(z) = (ko(m — @) +m — 1) ((d — g)Folmoertm=2 _ gm1(y x)ko(m—&”m—?)

=(ko(m —a) +m — 1) ((d — )™ (d — 2)m T (g~ dr)™ (1 — x)ko(m*aH) .

It is easy to check that f'(z) < 0 for any = € [0, d], which implies that

min f(z) = f(d) =d™ (1 - d)kg(m—oz)—&-m—l.
z€[0,d]

Hence, for any ¢ € [#,1 — 6], we get
G’(t7 5) o Mk()tm—l(l _ t)kg(m—a)-i,-m_l

N(s) “T(kolm—a)+m)(1 =)™ 1E, _am(M(1 —s)m=e)
Mkoeko(m—a)—i-Zm—Q

Z T ko (m — @) + m) B (M)

= K,.

It follows from the definition of E,,,_ , that T'(ko(m —a) +m)Ep—a.m(M) > M*, which

implies that Ky € (0,1) forany 6 € (0, 1).
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In addition, for0 <t < s <1,t € [0, 1 — 0], we have
G(t,s) =t™ 11— )" Ep_qm(M(1—5)™"%)
=t""IN(s) > 0" IN(s) > KoN(s).
This completes the proof. O

Lemma 2.5. Ifh € C1[0,1] := {z € C[0,1] : z(t) > 0,t € [0,1]}, then the unique solution u
of (2.7) is nonnegative and satisfies

i t) > Kollul|.
tefél,lfle]”()— ollul

Proof. Clearly, v > 0. From (2.8) and Lemma 2.4, we obtain that for any ¢ € [0, 1],

t —1 q 1 btm_l
/ G(t, 5)h(s)ds + | Zy/o G(ni, s)h(s)ds + p—

q 1
< [ N+ 3, | ctmonas+

and so

On the other hand, for any ¢ € [¢,1 — 9], we have

1 1
ut) = [ Gt t_¢2%/ (1 )hls)ds + T

gm—1 q pem—1
>K9/ N(s ds+ Z / (i, 8)h(s)ds +

(/N ds—&—iZ%/Gm, ds+1_bw>.

Consequently, the conclusion is obviously true. O

3. MAIN RESULTS
Let £ = C[0, 1] with the norm |[Ju|| = max;c[o,1j|u(t)|. Define the cone P C E by
P= ctio,1]: i t) > K,
{uecos i, o> ol
and the operator A : £ — E by

tm— 1 btm— 1

Z: / G(ni,s)f(s,u(s ))ds—i— 0

]Wko eko(m—a)+2m—2

where 6y € (0,1) such that Vi, € [6p,1 — 6] and Ky, = Tl (m— ) T B ar) - From
Lemma 2.3, u is a solution of (1.1) if u is a fixed point of the operator A. '

(3.14) Au(t / G(t,8)f(s,u(s)) ds+

Lemma 3.6. The operator A : P — P is completely continuous.
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Proof. It follows from Lemma 2.5 that A(P) C P. Due to the continuity of G and f, the
operator A : P — P is continuous. Let X C P be bounded, that is, there exists a constant
L > Osuch that ||u|]| < Lforallu € X. Let Q = maxo<i<1,0<u<r | f(t,u)]+ 1. From Lemma
2.4, we deduce that for any u € X,

1
|Au(t)|§Q/ N(s)ds+ 2 1%/ N(s L:: Wi.
0 _
Hence, the set A(X) is bounded in E.
Denote
1 1'71
= N(s
wa= S /
For any 1,3 € [0,1],¢1 < t2, we have
[(Au)(t2) — (Au)(t1)]

1
<Q /0 (G(ta, 5) — G(t1, 5))ds

T

+ Wty ™t —

to t
<@ / (t2 = )" ' Em—am(M(tz — )™ %)ds — / (t1— 8"  Em—am(M(t1 — )™ *)ds
0 0

+

Q

1
[ =00 = 7 B (M (1 = )™ ) ds| + Waley = )
0

t
<Q / (t2 = )™ B (M(t2 — $)™) = (81 = )™ By on (M(t1 — 5) =) )ds
0
t
+ Q 2(t2 - S)m_lEmfa,'rrL(M(t? - S)m_a)ds + Wl (tgn_l - t;n_l)
ty

t1
<Q /0 ((t2 - S)milEmfa,m(M(Q - S)Mﬂ)) - (tl - S)milEmfa,m(M(tl - S)M7a))d5

+ QEmfa,m (M)
m

(t2 —t)™ + Wa (et — ¢ h).
Since t" By a.m (Mt™=%) € C[0,1], it holds that
|(Au)(t2) — (Au)(t1)] = 0 as [t — ta] — 0.

Therefore, A is equicontinuous. By the Arzela-Ascoli theorem, it follows that the operator
A : P — Pis completely continuous. This completes the proof. O

Theorem 3.1. ([2]). Let P be a cone in Banach space E. Assume that i,y are open and
bounded subsets of E with 0 € Q; C Qy C Qy, and let A: PN (Q2\ Q1) — P be a completely
continuous operator such that, either

(D || Aul| < JJu|l, if u € PN O, and || Au|| > ||ul|, if w € P N I, or

(2) ||Aull > JJu|l, if u € PN O, and || Au|| < ||ul|, if u € P N IQs.
Then, A has a fixed point in PN (Q2 \ Q).

Define
FO :hmsup M7 P’OC thsup f(t,u)7
u—0+ u U—00 U
¢ t
fO:llmlnff( ’U)7 foozlmlnfM
u—0*+ U uU—00 u

In the rest of this section, 2, = {u € P : ||u|| < I}, where [ is a positive constant.

Theorem 3.2. Assume that the following conditions are satisfied:
(H3) Fo=Fsx =0,
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(Hy) There exists a constant ¢; > 0 such that for any u € [Kp,c1, 1],

-1
1 (1—g+0 'L vy [0
> i= _
ftu) > emy,  my > . ( - /90 N(s)ds

Then (1.1) has at least two positive solutions uq, ug with 0 < |Jui|| < ¢1 < |Juz|| for b small
enough and at least one positive solution for any b € [0, 00).

Proof. Since Fy = 0, there exists p1 € (0, ¢1) such that f(¢,u) < Ryu for Yu € [0, p1], where

R, satisfies
1- z

Let b satisfy

(1—=9)p1
—

Using Lemma 2.4, we obtain that for any u € 05,,,

0<b<

1 m—1 m—1
=/waﬂw$b ! /CM“f@MD@+Tw
(3.15) /N ))ds + 11711;1/ N(s )ds—i—ﬁ
gm“”+31%/N (s)dslfull + 22 < 2 4 22 = |,

which implies that
(3.16) [Aul| < [[ull, u € 0y,.

Define the function f(t,u) = max_co, {f(t, 2)}, which is nondecreasing on [0, co) with
respect to u. By Foo = 0, it is deduced that

lim sup =0.

U— 00

ft,u)

Hence, there exists ps > max{2c¢;, %} such that f (t,u) < Ryu for Vu > py. For any
u € 09,,, we have

1 tm* ptm—1
= [ st uons + TS [ Gl st + 2
(/N Mwwm—flw/w' sl ds + -2
gm“W+E””/N (s)aslull + 22 < 22 1 22— u.
This shows that

(3.17) [Aul| < [[ull, u € 98y,.
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Finally, by Lemma 2.5, we have min,¢ (g, 1-g,) u(t) > Ky, |[ul| = Kg,c1 for any u € 9.
It follows from Lemma 2.4 that for any v € (9(201 ,

| Au|| = {/ G(t,9) (s, uls)

> 91;111n . {/ G(t,s)f(s,u(s))
—0o m—1 ) o
(3.18) >k, /60 0 N(S)f(s’u(S))dSerolfi:g:l%/; 0 N (&) (s, u(s))ds

1— om—1S9 Ny 160
>c1mi Ko, ( R Yl / N(s)ds | > e1 = |ull,
0o

m—1
Z%/ Gl ) su(s))dw“w}

m—1
Z%/ Gy ) (s, u(s)ds + w}

1—1
which implies that
(3.19) [Aull > [Jull, v € 0Qe,.

By (3.16), (3.17), (3.19) and Theorem 3.1, the operator A has at least two fixed points
ur € Qc, \ Qpy, uz € Q, \ch with 0 < |lui|| < 1 < ||u2|| for b small enough. For any
€ (0,1), there exists 0, € (0, 1) such that ¢, € [f,,1 — 6,]. By Lemma 2.5, we have

uj(ts) = Ko, Ju;l[ >0,

where j = 1,2. Hence u; > 0 on (0,1). Moreover, u;(1) = > ¢, v;u;(n;) + b > 0. Thus
u1, Uz are two positive solutions of (1.1). In addition, from (3.17) and (3.19), we obtain that
(1.1) has at least one positive solution for any b € [0, c0). This completes the proof. O

Theorem 3.3. Assume that the following conditions are satisfied:

(Hs) fo= foo =00,

(Hg) There exists a constant co > 0 such that for any u € [0, ca],

f(tu) < comg, 0 <mg <2<1¢+Zz 1%/ N(s )

Then (1.1) has at least two positive solutions us, uy with 0 < ||us|| < c2 < ||u4|| for b small
enough and no positive solution for b large enough.

Proof. (1) We prove that (1.1) has at least two positive solutions for sufficiently small b.
Since fp = oo, there exists v; € (0, ¢2) such that f(t,u) > Rou for Yu € [0, v1], where Ry

satisfies
1
N R e S /190
Ro > —- = N(s)ds .
K2 ( 1—v o

From (3.18) and Lemma 2.5, we obtain that for any « € 052,,,
KOO em ! Zz 1 i

1—6o 1-6o
| Aul| > Ko, /0 N(s)f (s, u(s))ds + / N(s)f (s, u(s))ds

1-9 66
_’_9771 1 i 1—00
ZRQKQZO( Tl [N s )l >
7110 6o
It implies that
(3.20) JAull > lul, u €,

By foo = 00, there exists w; > cg such that f(¢t,u) > Rau for Yu > w;. Choosing a
positive constant vy > ;;910 , we have min;cg,,1-g,] u(t) > Ky, ||lul] > wy for any u € 9Q,,.
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Similar to the proof of (3.20), it follows that

(3.21) |Aul| > |lul|, u € 0Q,,.

Finally, let b satisfy

(1—=1)ca

<b<
0sbs 2

Using (3.15), we get that for any u € Q,,

/N f(s,u(s ))derZ 1%/ N(s)f(s,u(s ))ds+ﬁ

§C2m2( —¢+Zz 1%/ N(s ) 52-1-%2:”7«%

which means that
(3.22) lAull < Jull, w e o,

By (3.20), (3.21), (3.22) and Theorem 3.1, the operator A has at least two fixed points
uz € Qe, \ Ly, ug € Qpy \ Qe with 0 < Jlug|| < ca < |Jugl| for b small enough. Similar to
the proof of the positivity of ui, up, we get that us, us are two positive solutions of (1.1).

(2) We verify that (1.1) has no positive solution for b large enough.

Suppose that there exists a sequence {b,, } satisfying 0 < by < by < --- < b,, < --- and
lim;,—, o by, = 00, such that for any positive integer n, the boundary value problem

{ —ul™ () + M “Du(t) = f(t,u(t), te(0,1),
u(0) =/ (0) = - = ulm™" 2)(0)=0 u(1) = 325y viu(ni) = bn

has a positive solution u,,. By (3.14), we have

/ G(1,s)f(s,un(s)) d8+ z:: / (Mi,5)f (5, un(s)) 1%11/)

bn
1—

>

— 00, (n — 00).

Hence |lu,|| = oo as n — oo. Since f, = oo, there exists we > 0 such that f(t,u) > 2Rau

Kgoem ! Zl 1 i

1—6o 1-6o
ltnll > Ko, / N(5)f (5 un (5))ds + / N ()£ (5, tn(s))ds

11— 0
em 1 i 1—-6¢
> o, (R ST [N s ) > 2l
1—1 9
a contradiction. This completes the proof. O

Theorem 3.4. Assume that fo, = oo and condition (Hg) holds. If f(t,w) is nondecreasing with
respect to u, then there exists a positive constant b* such that (1.1) has at least one positive solution
for b € [0, b*] and no positive solution for b € (b*, c0).

Proof. Let B = {b > 0 : (1.1) has at least one positive solution} and b* = sup B. From
(3.21), (3.22), we obtain that (1.1) has at least one positive solution for b small enough,
which means that we only need to consider the case b > 0 in what follows. By the second
part of the proof of Theorem 3.3, we can deduce b* < co. Thus 0 < b* < oo. From the
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definition of b*, we know that for any b € (0, b*), there exists a constant ¢ € B : ¢ > b such
that boundary value problem

{ —u™ () + M ODu(t) = f(t,u(t), te(0,1),
w(0) = u/'(0) = -+ =ulm=2(0) =0, w(l) =1 vu(n)=c

has a positive solution u.. Next, we consider the following boundary value problem

{ —u™(t) + M ° Dy (t): F(t,u(t)), te(0,1),
u(0) =4/ (0) = - =ul"2(0) =0, u(l) = XL, vu(m) =0,

(3.23)

(3.24)

where

Define the operator A : E — E as follows:

1 tm—l q 1 btm_l
:/O G(t,s)F(s,u(s)) 1—#’;%/0 Gy s)F(s,u(s))ds + —

Since the function F is continuous and bounded, there is a constant D > 0 such that
|Aul| < D forany u € E. Let Q = {u € E : ||u|| < D}, it is clear that A(Q) C Q. Similar
to Lemma 3.6, we obtain that A : Q@ — Q is completely continuous. By the Schauder’s
fixed point theorem, (3.24) has a solution u; € Q. Obviously, u; > 0 on (0, 1] since F' > 0.
Setting z = u. — up, from (3.23) and (3.24), we have

{ —2M (1) + MO D2(t) = f(t,ue(t)) — F(t,up(t)) >0, te(0,1),
2(0) =2'(0) = -+ =2m"2(0) =0, 2(1) =% viz(n:) =c—b>0.

Denote p(t) = f(t,uc(t)) — F(t,up(t)). By the continuity of f, F, u., up, we easily get p €
C*[0,1]. From Lemma 2.3, we have

/Gts Zm/Gm, ds+(_1(i)t;11.

Obviously, z > 0, i.e., up < u.. As a consequence, uy, is a positive solution of (1.1).
Finally, we show that b* € B. Let 0 < b; < by < --- < b, — b* and z,, be the positive
solution of (1.1) with b = b,,. Then

1

Z%/ Gniy8)f(s,zn(s))ds + bn tmw

Since fo = oo, there exists ¢ > 0 such that f(t,z) > Rx for Vx > ¢, where R =

[ :
K2 T N (s + 1. Suppose that ||z, || — oo, there exists N > 0 such that for n > N,

minge(g,,1-6,) Tn > Ko, ||7n || > . Hence,

xn*/ Gtsf(sxn(

1 1-6o
Tn Z/O G(t,s)f(s,xn(s))ds > Kgo/ N(s)Rxn(s)ds

0o

1—90
> REG, [ Ndslan > L,
0
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a contradiction, which implies that ||z,,|| < Cj for some Cjy > 0. Therefore, the sequence
{z,} is uniformly bounded. On the other hand, by Lemma 2.2 and (2.13), we have
¢ bp(m — 1)tm2
1 [ = " B (M0 = 7))+ 2
0

v
M ' —g)ym1 —g)yme s. 2. (s))ds
e [ 0= B (M1 = ") (s, ()

M - . " L m—1 o m—a . d
1— L 'Yz/o (m —s) Ep—om(M(n; ) )£ (8,20 (s))ds

K2

1 1
e / F(s2n(s))ds + Co < O / f(s,Co)ds + Cy < Cs
0 0

for some positive constants C1, Cs, C3. For any t1,t2 € [0,1] with [t; — t2| — 0, it holds
that

|n(t1) — zn(t2)] = |2, (§)(fr — t2)| < Cs|ts — ta| = 0,
where ¢ is between ¢; and ¢;. Hence {xz,,} is equicontinuous. By the Arzela-Ascoli Theo-
rem, {z,} has a subsequence {x,, } converging to z* € C[0, 1], i.e,, limg_,00 T, = ™. Itis
easy to verify that

1

at = [ G(t,5)f(s,2"(s))

0

kgm—1
Z%/Gm, ) s (s + 2

that is, «* is the positive solution of (1.1) with b = b*. This completes the proof. O

Example 3.1. Consider the following fractional differential equation
(3.25) { —u"(t) + 3 CDRu(t) = ut () +ub(t) £1). te(0.1),
u(0) =/(0) =0, u(1) = 2u(}) — Lu(2) =b.

In fact, m =3, M = a—Q,f(t x) = (\/E—FI%—Ft),’h:%,’)/2:%,7’]1:%,7]2:§.
It is easy to show that the conditions (H;), (H 2), (Hs) hold. Moreover,

szl_w‘FZq 1%/ N

_1- Zi:ﬂ”'i i e, (Lot as
1—37 2 29\ 2
=1 ’7%771 0

2 2
L BysG)A - X + X )

1
5 5 / (1 —s)%ds ~ 0.332.
L= vin 0

Taking mo = 1.5, we have my < 355 = 1.506 < 77. Let ¢, = 4, for any (t,2) €
[0,1] x [0, 4], we obtain

1 .
f(t,z) = 5(\/5—1—30% +1t) <5.5<6=coms.

By Theorem 3.3 and Theorem 3.4, there exist positive constants b; < by such that the
problem (3.25) has at least two positive solutions for b € [0,b1), one positive solution for
b € [b1, b2], and no positive solution for b € (bs, 00).
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