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The approximate solution of the general split variational
inequality problem by intermixed iteration

KANYANEE SAECHOU 1 AND ATID KANGTUNYAKARN 2

ABSTRACT. This paper first introduces a new problem that is the general split variational inequality problem
and invents a mathematical tool for solving our new problem which is Lemma 2.5. Then, we establish and
prove a strong convergence theorem aimed at finding an element of the set of the solution of the general split
variational inequality problem. Furthermore, we apply our main theorem to demonstrate a strong convergence
theorem for finding solutions to the split variational inequality problem, the split feasibility problem, and the
minimization problem. Finally, we provide numerical examples to advocate our main result.

1. INTRODUCTION

Throughout this article, let H , H1, and H2 be real Hilbert spaces with inner product
⟨·, ·⟩ and norm ∥ · ∥. Let C and Q be a nonempty closed convex subset of H1 and H2,
respectively, and let A,B : H1 → H2 be bounded linear operators. We denote weak con-
vergence and strong convergence by notations ”⇀” and ”→”, respectively.

The split feasibility problem (SFP) originated from modeling and inverse problems, phase
retrievals, and medical image reconstruction [3]. The SFP can also be used in various dis-
ciplines such as image restoration, computer tomography, signal processing, and radia-
tion therapy treatment planning; see more detail [3, 4, 5]. Recall that the split feasibility
problem is to find a point x ∈ H1 such that

(1.1) x ∈ C and Ax ∈ Q,

The set of all solutions of (1.1) is denoted by Γ. Later, Censor et al. [4] modified the SFP
that is the multiple-set split feasibility problem (MSSFP), which is to find a point x∗ ∈ H1 with
the property:

(1.2) x∗ ∈
p⋂
i

Ci and Ax∗ ∈
r⋂
j

Qj .

If we put p = r = 1 in (1.2), then the MSSFP reduces to the SFP. Over the past decade,
many mathematicians have introduced new problems derived from the split feasibility
problem, including the split variational inequality problem, the split common null point
problem, the split common fixed point problem, the split equilibrium problem, the split
equality problem, and the split general system of variational inequalities problem. Ap-
proximations of solutions to these problems have been developed in Banach and Hilbert
spaces. For further details, see [15, 13, 14, 12, 11, 6, 10, 16, 9, 8, 7].

Based on the split feasibility problem and the split variational inequality problem, we
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introduce the general split variational inequality problem, which is to find a point x∗ ∈ C such
that

(1.3) ⟨y − x∗, ACx
∗⟩ ≥ 0,

for all y ∈ C, and find y∗A = Ax∗, y∗B = Bx∗ ∈ Q such that

(1.4) ⟨z − y∗A, AQy
∗
A⟩ ≥ 0,

and

(1.5) ⟨z − y∗B , AQy
∗
B⟩ ≥ 0,

for all z ∈ Q, where AC : C → H1 and AQ : Q → H2 are mappings. The set of all the
above solutions is denoted by Φ = {x∗ ∈ V I(C,AC) : Ax∗, Bx∗ ∈ V I(Q,AQ)}. Indeed,
the general split variational inequality problem is a generalization of the SFP and the split
variational inequality problem (SVIP). That is, if we put A ≡ B, y∗A = y∗B in (1.4) and (1.5),
then the general split variational inequality problem reduces to the SVIP introduced by
[19], which the SVIP has been studied and modified in many pieces of literature; see more
detail in [27, 28, 29, 30, 31]. Furthermore, if we put A ≡ B, y∗A = y∗B , and AC ≡ AQ ≡ 0 in
(1.3), (1.4), and (1.5), then the general split variational inequality problem reduces to the
SFP.

The following definition is important to our main theorem and its applications.

Definition 1.1. Let T : H → H be a mapping. Then
(i) a mapping T is called a strongly positive linear bounded operator if there exists a constant

α > 0 with the property

⟨Tx, x⟩ ≥ α∥x∥2, for all x ∈ H,

(ii) a mapping T is called lipschitz continuous on C if there exists L > 0 such that

∥Tx− Ty∥ ≤ L∥x− y∥, for all x, y ∈ C.

If L ∈ [0, 1), then T is called a contraction. Obviously, if L = 1, T is a nonexpansive.
Moreover, it is also known that if T is a nonexpansive mapping of H into itself, we have

⟨Ty − Tx, (I − T )x− (I − T )y⟩ ≤ 1

2
∥(I − T )x− (I − T )y∥2,

for all x, y ∈ H ,
(iii) a mapping T is called α-inverse strongly monotone if there exists α > 0 such that

⟨Tx− Ty, x− y⟩ ≥ α∥Tx− Ty∥2, for all x, y ∈ C,

(iv) a mapping T is called firmly nonexpansive if

∥Tx− Ty∥2 ≤ ⟨x− y, Tx− Ty⟩, for all x, y ∈ C.

The fixed point theorem based on the contraction principle has studied the existence
and uniqueness of the solutions. This theory was developed extensively and applied in
various fields. For example, the performances of the fixed point method are applied to
ridge regression in statistics and are used in communication engineering as a tool to solve
problems. The fixed point problem for the mapping φ : H → C is to find x ∈ H such that

φ(x) = x,

we denote the set of fixed point of a mapping φ by F (φ).
For many years, numerous mathematicians have developed methods for solving fixed

point problems by constructing sequences {xn} in various forms, such as the Mann itera-
tion [32], the Halpern iteration [33], the Ishikawa iteration [34], and others. Additionally,
such sequences have been extended to solve other problems beyond fixed point problems
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as well.
Using the technique for creating sequences {xn} as Mann and Viscosity iteration, Yao

et al. [17] introduced the following sequences {xn} and {yn} which is called the intermixed
algorithm by the definition of the sequences {xn} and {yn} depend on each other as the
following algorithm:

Algorithm 1. For arbitrarily given x1, y1 ∈ C, let the sequences {xn} and {yn} be generated
iteratively by
(1.6){

xn+1 = (1− βn)xn + βnPC [αnf(yn) + (1− k − αn)xn + kTxn], for all n ∈ N,
yn+1 = (1− βn)yn + βnPC [αng(xn) + (1− k − αn)yn + kSyn], for all n ∈ N,

where S, T : C → C is a λ-strictly pseudo-contraction, f : C → H is a ρ1-contraction and
g : C → H is a ρ2-contraction, k ∈ (0, 1− λ) is a constant and {αn}, {βn} are two real number
sequences in (0, 1). Furthermore, under some control conditions, they proved that the iterative
sequences {xn} and {yn} defined by (3.19) converge to x∗ = PF (T )f(y

∗) and y∗ = PF (S)g(x
∗),

respectively.

Inspired by Algorithm 1, Khuangsatung and Kangtunyakarn [20] proposed a novel
intermixed algorithm that leverages viscosity techniques to address the problem of find-
ing a common solution for the combination of mixed variational inequality problems and
fixed-point problems involving nonexpansive mappings in a real Hilbert space. Their
algorithm is outlined as follows:

Theorem 1.1. Let C be a nonempty, closed, and convex subset of H . For every i = 1, 2, let
fi : H → R ∪ {+∞} be a proper, convex, and lower semicontinuous function, let Ai, Bi : C →
H be δAi - and δBi -inverse strongly monotone operators, respectively, with δi = min

{
δAi , δ

B
i

}
and let Ti : C → C be nonexpansive mappings. Assume that Ωi = F (Ti) ∩ V I (C,Ai, fi) ∩
V I (C,Bi, fi) ̸= ∅, for all i = 1, 2. Let g1, g2 : H → H be σ1- and σ2- contraction mappings with
σ1, σ2 ∈ (0, 1) and σ = max {σ1, σ2}. Let the sequences {xn}, {yn} be generated by x1, y1 ∈ C
and
wn = b2yn + (1− b2)T2yn,

yn+1 = (1− βn)wn + βnPc(αng2 (xn) + (1− αn) J
2
γf (yn − γ2( a2A2 + (1− a2)B2)yn)),

zn = b1xn + (1− b1)T1xn,

xn+1 = (1− βn) zn + βnPc(αng1 (yn) + (1− αn) J
1
γf (xn − γ1 (a1A1 + (1− a1)B1)xn)),

for all n ∈ N, where {βn} , {αn} ⊆ [0, 1], γi ∈ (0, 2δi), ai, bi ∈ (0, 1), and J i
γf : H → H defined

as J i
γf = (I + γi∇fi)

−1 is the resolvent operator for all i = 1, 2. Assume that the following
conditions hold:

(i) limn→∞ αn = 0, and
∑∞

n=1 αn = ∞,
(ii) 0 < l̄ ≤ βn ≤ l for all n ∈ N and for some l̄, l > 0,

(iii)
∑∞

n=1 |αn+1 − αn| < ∞,
∑∞

n=1 |βn+1 − βn| < ∞.
Then, {xn} and {yn} converge strongly to x∗ = PΩi

g1 (y
∗) and y∗ = PΩ2

g2 (x
∗), respectively.

In contemporary research, the intermixed algorithm has undergone numerous modi-
fications and enhancements to address a diverse range of problems, as evidenced in the
works of [21, 22, 23, 24, 25, 26] and many others.

We establish a convergence theorem for identifying an element of the solution set of the
general split variational inequality problem. This theorem utilizes the solution technique
of the intermixed algorithm, as demonstrated in Theorem 3.2 of Section 3. Moreover, we
apply our main theorem to prove a strong convergence theorem for finding solutions to
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the SVIP, the SFP, and the minimization problem. Finally, we provide numerical examples
to illustrate and support our main result.

2. PRELIMINARIES

This section states some basic properties and lemmas used in our convergence theo-
rems and applications. For every x ∈ H , there exist a unique nearest point PCx in C such
that

PCx := argmin
y∈C

∥y − x∥.

Such an operator PC is called the metric projection of H onto C. Moreover, PC is a firmly
nonexpansive mapping, that is

∥PCx− PCy∥2 ≤ ⟨PCx− PCy, x− y⟩,
for all x, y ∈ H .

Lemma 2.1. (See [1]) For a given z ∈ H and u ∈ C,

u = PCz ⇔ ⟨u− z, v − u⟩ ≥ 0, ∀v ∈ C.

Lemma 2.2. (See [1]) Let T be a mapping of C into H . Let u ∈ C, then for λ > 0,

u = PC(I − λT )u ⇔ u ∈ V I(C, T ),

where PC is the metric projection of H onto C.

Lemma 2.3. (See [2]) Let {sn} be a sequence of nonnegative real numbers satisfying

sn+1 = (1− αn)sn + δn, ∀n ≥ 0,

where {αn} is a sequence in (0,1) and {δn} is a sequence such that

1)
∞∑

n=1

αn = ∞; 2) lim sup
n→∞

δn
αn

≤ 0 or

∞∑
n=1

|δn| < ∞. Then lim
n→∞

sn = 0.

Lemma 2.4. (See [18]) Each Hilbert space H satisfies Opial’s condition, i.e., for any sequence
{xn} ⊂ H with xn ⇀ x, the inequality

lim
n→∞

inf ∥xn − x∥ < lim
n→∞

inf ∥xn − y∥,

holds for every y ∈ H with y ̸= x.

Lemma 2.5. Let AC : C → H1, AQ : Q → H2 be αC , αQ-inverse strongly monotone operater.
Assume that Φ ̸= ∅. Then the following conditions are equivalent:

(i) x∗ ∈ Φ,
(ii) x∗ = PC(I − λCAC)(I − a(

A∗(I−PQ(I−λQAQ))A
2 +

B∗(I−PQ(I−λQAQ))B
2 ))x∗,

where λC ∈ (0, 2αC), λQ ∈ (0, 2αQ), a ∈ (0, 1
L ) and L = max{LA, LB} with LA, LB are the

spectral radius of the operator A∗A and B∗B, respectively.

Proof. i) ⇒ ii). Let x∗ ∈ Φ, we have x∗ ∈ V I(C,AC) and Ax∗, Bx∗ ∈ V I(Q,AQ).
From Lemma 2.2 and λC , λQ > 0, we have PC(I − λCAC)x

∗ = x∗ and Ax∗ = PQ(I −
λQAQ)Ax

∗, Bx∗ = PQ(I − λQAQ)Bx∗.
It follows that

x∗ = PC(I − λCAC)(I − a(
A∗(I − PQ(I − λQAQ))A

2
+

B∗(I − PQ(I − λQAQ))B

2
))x∗.

ii) ⇒ i). Let x∗ = PC(I − λCAC)(I − a(
A∗(I−PQ(I−λQAQ))A

2 +
B∗(I−PQ(I−λQAQ))B

2 ))x∗

and w ∈ Φ. From i) ⇒ ii), we have

w = PC(I − λCAC)(I − a(
A∗(I − PQ(I − λQAQ))A

2
+

B∗(I − PQ(I − λQAQ))B

2
))w.
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Put M =
A∗(I−PQ(I−λQAQ))A

2 +
B∗(I−PQ(I−λQAQ))B

2 .
It implies that

∥x∗ − w∥2 ≤∥x∗ − w − a(Mx∗ −Mw)∥2

=∥x∗ − w∥2 − 2a⟨x∗ − w,Mx∗ −Mw⟩+ a2∥Mx∗ −Mw∥2.(2.7)

From definition of M and L = max{LA, LB}, we have

−2a⟨x∗ − w,Mx∗ −Mw⟩
=a⟨Aw −Ax∗, (I − PQ(I − λQAQ))Ax∗⟩
+ a⟨Bw −Bx∗, (I − PQ(I − λQAQ))Bx∗⟩

=a⟨Aw − PQ(I − λQAQ)Ax∗, (I − PQ(I − λQAQ))Ax∗⟩
+ a⟨PQ(I − λQAQ)Ax∗ −Ax∗, (I − PQ(I − λQAQ))Ax∗⟩
+ a⟨Bw − PQ(I − λQAQ)Bx∗, (I − PQ(I − λQAQ))Bx∗⟩
+ a⟨PQ(I − λQAQ)Bx∗ −Bx∗, (I − PQ(I − λQAQ))Bx∗⟩

≤a

2
∥(I − PQ(I − λQAQ))Ax∗∥2 − a∥(I − PQ(I − λQAQ))Ax∗∥2

+
a

2
∥(I − PQ(I − λQAQ))Bx∗∥2 − a∥(I − PQ(I − λQAQ))Bx∗∥2

=− a

2
∥(I − PQ(I − λQAQ))Ax∗∥2 − a

2
∥(I − PQ(I − λQAQ))Bx∗∥2,(2.8)

and
(2.9)

a2∥Mx∗−Mw∥2 ≤ a2

2
(L)∥(I−PQ(I−λQAQ))Ax∗∥2+ a2

2
(L)∥(I−PQ(I−λQAQ))Bx∗∥2.

From (2.7), (2.8) and (2.9), we have

∥x∗ − w∥2 ≤∥x∗ − w∥2 − a

2
(1− aL)∥(I − PQ(I − λQAQ))Ax∗∥2

− a

2
(1− aL)∥(I − PQ(I − λQAQ))Bx∗∥2.

It implies that

(2.10) Ax∗ = PQ(I − λQAQ)Ax∗, Bx∗ = PQ(I − λQAQ)Bx∗.

From (2.10) and Lemma 2.2, we have

(2.11) Ax∗, Bx∗ ∈ V I(Q,AQ).

From (2.10), we have

x∗ =PC(I − λCAC)(I − a(
A∗(I − PQ(I − λQAQ))A

2
+

B∗(I − PQ(I − λQAQ))B

2
))x∗

=PC(I − λCAC)x
∗.

From Lemma 2.2, we have

(2.12) x∗ ∈ V I(C,AC).

From (2.11) and (2.12), we can conclude that x∗ ∈ Φ. □
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Remark 2.1. From a part of the proof of Lemma 2.5, it is clear that

∥PC(I − λCAC)(I − aM)x− PC(I − λCAC)(I − aM)y∥2

≤∥x− y∥2 − a

2
(1− aL)∥(I − PQ(I − λQAQ))Ax− (I − PQ(I − λQAQ))Ay∥2

− a

2
(1− aL)∥(I − PQ(I − λQAQ))Bx− (I − PQ(I − λQAQ))By∥2,

where M =
A∗(I−PQ(I−λQAQ))A

2 +
B∗(I−PQ(I−λQAQ))B

2 and for all x, y ∈ C.

3. MAIN RESULTS

In this section, we prove a strong convergence theorem for finding an element of
the set of the solution of the general split variational inequality problem.

Theorem 3.2. Let AC and AQ define as the same in Lemma 2.5, and A∗, B∗ are adjoint of A,B,
respectively, with L = max{LA, LB}, where LA, LB are spectral radius of A∗A,B∗B, respec-
tively. Assume that Φ ̸= ∅. Let f, g : H1 → H1 be af and ag-contraction mappings with
af , ag ∈ (0, 1

2 ) and ā = max{af , ag}. Let the sequences {xn} and {yn} generated by x1, y1 ∈ C
and {

xn+1 = (1− αn)xn + αnPC(βnf(yn) + (1− βn)PC(I − λCAC)(I − aM)xn),

yn+1 = (1− αn)yn + αnPC(βng(xn) + (1− βn)PC(I − λCAC)(I − aM)yn),
(3.13)

where M =
A∗(I−PQ(I−λQAQ))A

2 +
B∗(I−PQ(I−λQAQ))B

2 , λC ∈ (0, 2αC), λQ ∈ (0, 2αQ), a ∈
(0, 1

L ) and {αn}, {βn} are a sequence in (0, 1), for all n ∈ N. Suppose the following conditions
hold:

(i) limn→∞ βn = 0 and
∑∞

n=1 βn = ∞,
(ii) 0 < θ̄ ≤ αn ≤ θ for all n ∈ N and for some θ̄, θ > 0,

(iii)
∑∞

n=1 |βn+1 − βn| < ∞,
∑∞

n=1 |αn+1 − αn| < ∞.
Then {xn} and {yn} converge strongly to x∗ = PΦf(y

∗) and y∗ = PΦg(x
∗), respectively.

Proof. Let x, y ∈ C and M =
A∗(I−PQ(I−λQAQ))A

2 +
B∗(I−PQ(I−λQAQ))B

2 .
Since AQ is αQ-inverse strongly monotone mapping, we have

∥(I − λQAQ)x− (I − λQAQ)y∥2 =∥x− y − λQ(AQx−AQy)∥2

≤∥x− y∥2 − λQ(2αQ − λQ)∥AQx−AQy∥2

≤∥x− y∥2.
Hence (I − λQAQ) is a nonexpansive mapping. Then, we obtain that PQ(I − λQAQ) is a
nonexpansive mapping.
Since M =

A∗(I−PQ(I−λQAQ))A
2 +

B∗(I−PQ(I−λQAQ))B
2 , we have

∥M(x)−M(y)∥2

=∥A
∗(I − PQ(I − λQAQ))Ax

2
− A∗(I − PQ(I − λQAQ))Ay

2

+
B∗(I − PQ(I − λQAQ))Bx

2
− B∗(I − PQ(I − λQAQ))By

2
∥2

≤1

2
∥A∗(I − PQ(I − λQAQ))Ax−A∗(I − PQ(I − λQAQ))Ay∥2

+
1

2
∥B∗(I − PQ(I − λQAQ))Bx−B∗(I − PQ(I − λQAQ))By∥2

≤L

2
∥(I − PQ(I − λQAQ))Ax− (I − PQ(I − λQAQ))Ay∥2
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+
L

2
∥(I − PQ(I − λQAQ))Bx− (I − PQ(I − λQAQ))By∥2.(3.14)

Since

∥(I − PQ(I − λQAQ))Ax− (I − PQ(I − λQAQ))Ay∥2

=⟨(I − PQ(I − λQAQ))Ax− (I − PQ(I − λQAQ))Ay,Ax−Ay⟩
− ⟨(I − PQ(I − λQAQ))Ax− (I − PQ(I − λQAQ))Ay, PQ(I − λQAQ)Ax

− PQ(I − λQAQ)Ay⟩
=⟨A∗(I − PQ(I − λQAQ))Ax−A∗(I − PQ(I − λQAQ))Ay, x− y⟩

+ ⟨(I − PQ(I − λQAQ))Ax− (I − PQ(I − λQAQ))Ay, PQ(I − λQAQ)Ay

− PQ(I − λQAQ)Ax⟩
≤⟨A∗(I − PQ(I − λQAQ))Ax−A∗(I − PQ(I − λQAQ))Ay, x− y⟩

+
1

2
∥(I − PQ(I − λQAQ))Ax− (I − PQ(I − λQAQ))Ay∥2,

then

∥(I − PQ(I − λQAQ))Ax− (I − PQ(I − λQAQ))Ay∥2

≤2⟨A∗(I − PQ(I − λQAQ))Ax−A∗(I − PQ(I − λQAQ))Ay, x− y⟩.(3.15)

By using the same process as (3.15), we have

∥(I − PQ(I − λQAQ))Bx− (I − PQ(I − λQAQ))By∥2

≤2⟨B∗(I − PQ(I − λQAQ))Bx−B∗(I − PQ(I − λQAQ))By, x− y⟩.(3.16)

Substituting (3.15) and (3.16) into (3.14), then

∥M(x)−M(y)∥2

≤L⟨A∗(I − PQ(I − λQAQ))Ax−A∗(I − PQ(I − λQAQ))Ay, x− y⟩
+ L⟨B∗(I − PQ(I − λQAQ))Bx−B∗(I − PQ(I − λQAQ))By, x− y⟩

=2L⟨A
∗(I − PQ(I − λQAQ))Ax+B∗(I − PQ(I − λQAQ))Bx

2

− (
A∗(I − PQ(I − λQAQ))Ay +B∗(I − PQ(I − λQAQ))By

2
), x− y⟩

=2L⟨M(x)−M(y), x− y⟩.

So, we have M is 1
2L -inverse strongly monotone.

From the definition of M , we obtain

∥(I − aM)x− (I − aM)y∥2

=∥x− y∥2 − 2a⟨M(x)−M(y), x− y⟩+ a2∥M(x)−M(y)∥2

≤∥x− y∥2 − a

L
∥M(x)−M(y)∥2 + a2∥M(x)−M(y)∥2

=∥x− y∥2 − a(
1

L
− a)∥M(x)−M(y)∥2

≤∥x− y∥2,
then

(3.17) ∥(I − aM)x− (I − aM)y∥ ≤ ∥x− y∥, for all x, y ∈ C.

We will separate the proofs in the following order for the orderliness of proof.
Step 1. Show that {xn} and {yn} are bounded.
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Let z ∈ Φ. By Lemma 2.5, we have z = PC(I − λCAC)(I − aM)z.
From (3.13), we have

∥xn+1 − z∥
=∥(1− αn)(xn − z) + αn(PC(βnf(yn) + (1− βn)PC(I − λCAC)(I − aM)xn)− z)∥
≤(1− αn)∥xn − z∥+ αn∥βnf(yn) + (1− βn)PC(I − λCAC)(I − aM)xn − z∥
≤(1− αn)∥xn − z∥

+ αn(βn∥f(yn)− z∥+ (1− βn)∥PC(I − λCAC)(I − aM)xn − z∥)
≤(1− αn)∥xn − z∥+ αn(βn∥f(yn)− z∥+ (1− βn)∥xn − z∥)
≤(1− αnβn)∥xn − z∥+ αnβn(∥f(yn)− f(z)∥+ ∥f(z)− z∥)
≤(1− αnβn)∥xn − z∥+ αnβn(af∥yn − z∥+ ∥f(z)− z∥)

≤(1− αnβn)∥xn − z∥+ αnβnā∥yn − z∥+ αnβn∥f(z)− z∥.
(3.18)

From (3.13) and by using the same method as (3.18), we have

(3.19) ∥yn+1 − z∥ ≤ (1− αnβn)∥yn − z∥+ αnβnā∥xn − z∥+ αnβn∥g(z)− z∥.

Combining (3.18) and (??), then

∥xn+1 − z∥+ ∥yn+1 − z∥
≤(1− αnβn)∥xn − z∥+ αnβnā∥yn − z∥+ αnβn∥f(z)− z∥
+ (1− αnβn)∥yn − z∥+ αnβnā∥xn − z∥+ αnβn∥g(z)− z∥

=(1− αnβn(1− ā))(∥xn − z∥+ ∥yn − z∥)

+
αnβn(1− ā)

1− ā
(∥f(z)− z∥+ ∥g(z)− z∥)

≤M̄,

where M̄ = max{∥x1 − z∥+ ∥y1 − z∥, ∥f(z)−z∥+∥g(z)−z∥
1−ā }.

Such that ∥xn − z∥+ ∥yn − z∥ ≤ M̄ .
Hence, {xn} and {yn} are bounded.

Step 2. Show that limn→∞ ∥xn+1 − xn∥ = 0 and limn→∞ ∥yn+1 − yn∥ = 0.
From (3.13), we have

∥xn+1 − xn∥
≤(1− αn)∥xn − xn−1∥+ |αn−1 − αn|∥xn−1∥(3.20)

+ αn∥βnf(yn) + (1− βn)PC(I − λCAC)(I − aM)xn

− (βn−1f(yn−1) + (1− βn−1)PC(I − λCAC)(I − aM)xn−1)∥
+ |αn − αn−1|∥PC(βn−1f(yn−1) + (1− βn−1)PC(I − λCAC)(I − aM)xn−1)∥

≤(1− αn)∥xn − xn−1∥+ |αn−1 − αn|∥xn−1∥
+ αn(βn∥f(yn)− f(yn−1)∥+ |βn − βn−1|∥f(yn−1)∥
+ (1− βn)∥xn − xn−1∥+ |βn−1 − βn|∥PC(I − λCAC)(I − aM)xn−1∥)
+ |αn − αn−1|∥PC(βn−1f(yn−1) + (1− βn−1)PC(I − λCAC)(I − aM)xn−1)∥

≤(1− αnβn)∥xn − xn−1∥+ |αn−1 − αn|∥xn−1∥
+ αn(βnā∥yn − yn−1∥+ |βn − βn−1|∥f(yn−1)∥
+ |βn−1 − βn|∥PC(I − λCAC)(I − aM)xn−1∥)
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+ |αn − αn−1|∥PC(βn−1f(yn−1) + (1− βn−1)PC(I − λCAC)(I − aM)xn−1)∥.(3.21)

By using the same process as (3.20), we have

∥yn+1 − yn∥
≤(1− αnβn)∥yn − yn−1∥+ |αn−1 − αn|∥yn−1∥
+ αn(βnā∥xn − xn−1∥+ |βn − βn−1|∥g(xn−1)∥+ |βn−1 − βn|∥PC(I − λCAC)(I − aM)yn−1∥)

+ |αn − αn−1|∥PC(βn−1g(xn−1) + (1− βn−1)PC(I − λCAC)(I − aM)yn−1)∥.
(3.22)

From (3.20) and (3.22), we have

∥xn+1 − xn∥+ ∥yn+1 − yn∥
≤(1− αnβn(1− ā))(∥xn − xn−1∥+ ∥yn − yn−1∥)
+ |αn−1 − αn|(∥xn−1∥+ ∥yn−1∥
+ ∥PC(βn−1f(yn−1) + (1− βn−1)PC(I − λCAC)(I − aM)xn−1)∥
+ ∥PC(βn−1g(xn−1) + (1− βn−1)PC(I − λCAC)(I − aM)yn−1)∥)
+ |βn−1 − βn|(∥f(yn−1)∥+ ∥g(xn−1)∥+ ∥PC(I − λCAC)(I − aM)xn−1∥
+ ∥PC(I − λCAC)(I − aM)yn−1∥).

Applying Lemma 2.3 and the conditions i), iii), we have

(3.23) lim
n→∞

∥xn+1 − xn∥ = lim
n→∞

∥yn+1 − yn∥ = 0.

Step 3. Show that limn→∞ ∥xn − Wn∥ = 0 where Wn = βnf(yn) + (1 − βn)PC(I −
λCAC)(I − aM)xn and limn→∞ ∥yn − Vn∥ = 0 where Vn = βng(xn) + (1 − βn)PC(I −
λCAC)(I − aM)yn.

Let x̃, ỹ ∈ Φ. From (3.13), we obtain that

∥xn+1 − x̃∥2

=(1− αn)∥xn − x̃∥2 + αn∥PCWn − x̃∥2 − αn(1− αn)∥xn − PCWn∥2

≤(1− αn)∥xn − x̃∥2 + αn∥Wn − x̃∥2 − αn(1− αn)∥xn − PCWn∥2

=(1− αn)∥xn − x̃∥2

+ αn∥βn(f(yn)− PC(I − λCAC)(I − aM)xn) + PC(I − λCAC)(I − aM)xn − x̃∥2

− αn(1− αn)∥xn − PCWn∥2

≤(1− αn)∥xn − x̃∥2 + αn(∥PC(I − λCAC)(I − aM)xn − x̃∥2

+ 2βn⟨f(yn)− PC(I − λCAC)(I − aM)xn,Wn − x̃⟩)− αn(1− αn)∥xn − PCWn∥2

≤(1− αn)∥xn − x̃∥2 + αn(∥xn − x̃∥2 + 2βn∥f(yn)− PC(I − λCAC)(I − aM)xn∥∥Wn − x̃∥)
− αn(1− αn)∥xn − PCWn∥2

=∥xn − x̃∥2 + 2αnβn∥f(yn)− PC(I − λCAC)(I − aM)xn∥∥Wn − x̃∥
− αn(1− αn)∥xn − PCWn∥2,

which implies that

αn(1− αn)∥xn − PCWn∥2

≤∥xn − x̃∥2 − ∥xn+1 − x̃∥2 + 2αnβn∥f(yn)− PC(I − λCAC)(I − aM)xn∥∥Wn − x̃∥
≤∥xn − xn+1∥(∥xn − x̃∥+ ∥xn+1 − x̃∥)
+ 2αnβn∥f(yn)− PC(I − λCAC)(I − aM)xn∥∥Wn − x̃∥.
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By (3.23), the conditions i) and ii), then we get

(3.24) lim
n→∞

∥xn − PCWn∥ = 0.

By using the same process as (3.24), we have

(3.25) lim
n→∞

∥yn − PCVn∥ = 0.

From firmly nonexpansiveness of PC , we have

∥PCWn − x̃∥2 =∥PCWn − PC x̃∥2

≤⟨Wn − x̃, PCWn − x̃⟩

=
1

2
(∥Wn − x̃∥2 + ∥PCWn − x̃∥2 − ∥Wn − PCWn∥2).

It implies that

(3.26) ∥PCWn − x̃∥2 ≤ ∥Wn − x̃∥2 − ∥Wn − PCWn∥2.
By using the same process as (3.26), we have

(3.27) ∥PCVn − ỹ∥2 ≤ ∥Vn − ỹ∥2 − ∥Vn − PCVn∥2.
From the definitions of Wn and Vn, we have

∥Wn − x̃∥2 ≤βn∥f(yn)− x̃∥2 + (1− βn)∥PC(I − λCAC)(I − aM)xn − x̃∥2

≤βn∥f(yn)− x̃∥2 + (1− βn)∥xn − x̃∥2.(3.28)

And

∥Vn − ỹ∥2 ≤βn∥g(xn)− ỹ∥2 + (1− βn)∥PC(I − λCAC)(I − aM)yn − ỹ∥2

≤βn∥g(xn)− ỹ∥2 + (1− βn)∥yn − ỹ∥2.(3.29)

From (3.26) and (3.28), we have

∥xn+1 − x̃∥2 ≤(1− αn)∥xn − x̃∥2 + αn∥PCWn − x̃∥2

≤(1− αn)∥xn − x̃∥2 + αn(∥Wn − x̃∥2 − ∥Wn − PCWn∥2)
≤(1− αn)∥xn − x̃∥2

+ αn(βn∥f(yn)− x̃∥2 + (1− βn)∥xn − x̃∥2 − ∥Wn − PCWn∥2)
=(1− αnβn)∥xn − x̃∥2 + αnβn∥f(yn)− x̃∥2 − αn∥Wn − PCWn∥2.

It implies that

αn∥Wn − PCWn∥2 ≤∥xn − x̃∥2 − ∥xn+1 − x̃∥2 + αnβn∥f(yn)− x̃∥2

≤∥xn − xn+1∥(∥xn − x̃∥+ ∥xn+1 − x̃∥) + αnβn∥f(yn)− x̃∥2.
From (3.23) and condition i), we have

(3.30) lim
n→∞

∥Wn − PCWn∥ = 0.

From the definition of Vn and utilizing the similar technique as (3.30), it can conclude that

(3.31) lim
n→∞

∥Vn − PCVn∥ = 0.

Since

∥xn −Wn∥ ≤∥xn − PCWn∥+ ∥PCWn −Wn∥.
From (3.24) and (3.30), we have

(3.32) lim
n→∞

∥xn −Wn∥ = 0.
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Similarly

∥yn − Vn∥ ≤∥yn − PCVn∥+ ∥PCVn − Vn∥.

From (3.25) and (3.31), we have

(3.33) lim
n→∞

∥yn − Vn∥ = 0.

Step 4. Show that limn→∞ ∥xn − PC(I − λCAC)(I − aM)xn∥ = 0 and limn→∞ ∥yn −
PC(I − λCAC)(I − aM)yn∥ = 0.
Since

Wn − xn =βnf(yn) + (1− βn)PC(I − λCAC)(I − aM)xn − xn

=βn(f(yn)− xn) + (1− βn)(PC(I − λCAC)(I − aM)xn − xn),

then

(1− βn)∥PC(I − λCAC)(I − aM)xn − xn∥ ≤ βn∥f(yn)− xn∥+ ∥Wn − xn∥.

From condition i) and (3.32), we have

(3.34) lim
n→∞

∥xn − PC(I − λCAC)(I − aM)xn∥ = 0.

Similarly

Vn − yn =βng(xn) + (1− βn)PC(I − λCAC)(I − aM)yn − yn

=βn(g(xn)− yn) + (1− βn)(PC(I − λCAC)(I − aM)yn − yn),

then

(1− βn)∥PC(I − λCAC)(I − aM)yn − yn∥ ≤ βn∥g(xn)− yn∥+ ∥Vn − yn∥.

From condition i) and (3.33), we have

(3.35) lim
n→∞

∥yn − PC(I − λCAC)(I − aM)yn∥ = 0.

Step 5. Show that limn→∞ sup⟨f(y∗)−x∗,Wn−x∗⟩ ≤ 0 and limn→∞ sup⟨g(x∗)−y∗, Vn−
y∗⟩ ≤ 0, where x∗ = PΦf(y

∗) and y∗ = PΦg(x
∗).

Indeed, take a subsequence {Wnk
} of {Wn} such that

lim
n→∞

sup⟨f(y∗)− x∗,Wn − x∗⟩ = lim
k→∞

sup⟨f(y∗)− x∗,Wnk
− x∗⟩.

Since {xn} is bounded, without loss of generality, we may assume that xnk
⇀ x̂ as k → ∞

where x̂ ∈ C. We obtain Wnk
⇀ x̂ as k → ∞.

Assume that x̂ ̸= PC(I − λCAC)(I − aM)x̂.
From Remark 2.1, (3.17), (3.34) and Opial’s property, we have

lim
k→∞

inf ∥xnk
− x̂∥ < lim

k→∞
inf ∥xnk

− PC(I − λCAC)(I − aM)x̂∥

≤ lim
k→∞

inf(∥xnk
− PC(I − λCAC)(I − aM)xnk

∥

+ ∥PC(I − λCAC)(I − aM)xnk
− PC(I − λCAC)(I − aM)x̂∥)

≤ lim
k→∞

inf ∥xnk
− x̂∥.

This is a contradiction, and then, we have

x̂ = PC(I − λCAC)(I − aM)x̂,

then

(3.36) x̂ ∈ F (PC(I − λCAC)(I − aM)).
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Since Wnk
⇀ x̂ as k → ∞, (3.36) and Lemma 2.1, we can derive that

lim
n→∞

sup⟨f(y∗)− x∗,Wn − x∗⟩ = lim
k→∞

sup⟨f(y∗)− x∗,Wnk
− x∗⟩

=⟨f(y∗)− x∗, x̂− x∗⟩
≤0.(3.37)

Similarly, indeed, take a subsequence {Vnk
} of {Vn} such that

lim
n→∞

sup⟨g(x∗)− y∗, Vn − y∗⟩ = lim
k→∞

sup⟨g(x∗)− y∗, Vnk
− y∗⟩.

Since {yn} is bounded, without loss of generality, we may assume that ynk
⇀ ŷ as k → ∞

where ŷ ∈ C. We obtain Vnk
⇀ ŷ as k → ∞.

Following the same method as (3.37), we easily obtain that

(3.38) lim
n→∞

sup⟨g(x∗)− y∗, Vn − y∗⟩ ≤ 0.

Step 6. Show that {xn} converses strongly to x∗, where x∗ = PΦf(y
∗) and {yn} con-

verses strongly to y∗, where y∗ = PΦg(x
∗).

From (3.13), we have

∥xn+1 − x∗∥2

≤(1− αn)∥xn − x∗∥2 + αn∥PCWn − x∗∥2

≤(1− αn)∥xn − x∗∥2 + αn∥Wn − x∗∥2

=(1− αn)∥xn − x∗∥2 + αn∥βn(f(yn)− x∗) + (1− βn)(PC(I − λCAC)(I − aM)xn − x∗)∥2

≤(1− αn)∥xn − x∗∥2 + αn((1− βn)∥PC(I − λCAC)(I − aM)xn − x∗∥2

+ 2βn⟨f(yn)− x∗,Wn − x∗⟩)
≤(1− αn)∥xn − x∗∥2 + αn((1− βn)∥xn − x∗∥2 + 2βn⟨f(yn)− x∗,Wn − x∗⟩)
=(1− αnβn)∥xn − x∗∥2 + 2αnβn(⟨f(yn)− f(y∗),Wn − x∗⟩+ ⟨f(y∗)− x∗,Wn − x∗⟩)
≤(1− αnβn)∥xn − x∗∥2 + 2αnβn∥f(yn)− f(y∗)∥(∥Wn − xn+1∥+ ∥xn+1 − x∗∥)
+ 2αnβn⟨f(y∗)− x∗,Wn − x∗⟩

≤(1− αnβn)∥xn − x∗∥2 + 2αnβnā∥yn − y∗∥(∥Wn − xn+1∥+ ∥xn+1 − x∗∥)
+ 2αnβn⟨f(y∗)− x∗,Wn − x∗⟩

≤(1− αnβn)∥xn − x∗∥2 + 2αnβnā∥yn − y∗∥∥Wn − xn+1∥
+ αnβnā(∥yn − y∗∥2 + ∥xn+1 − x∗∥2) + 2αnβn⟨f(y∗)− x∗,Wn − x∗⟩,

it implies that

(1− αnβnā)∥xn+1 − x∗∥2 ≤(1− αnβn)∥xn − x∗∥2 + 2αnβnā∥yn − y∗∥∥Wn − xn+1∥
+ αnβnā∥yn − y∗∥2 + 2αnβn⟨f(y∗)− x∗,Wn − x∗⟩,

then

∥xn+1 − x∗∥2

≤ 1− αnβn

1− αnβnā
∥xn − x∗∥2 + 2αnβnā

1− αnβnā
∥yn − y∗∥∥Wn − xn+1∥

+
αnβnā

1− αnβnā
∥yn − y∗∥2 + 2αnβn

1− αnβnā
⟨f(y∗)− x∗,Wn − x∗⟩

=

(
1− αnβn(1− ā)

1− αnβnā

)
∥xn − x∗∥2 + 2αnβnā

1− αnβnā
∥yn − y∗∥∥Wn − xn+1∥
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+
αnβnā

1− αnβnā
∥yn − y∗∥2 + 2αnβn

1− αnβnā
⟨f(y∗)− x∗,Wn − x∗⟩.(3.39)

Similarly, as derived above, we also have

∥yn+1 − y∗∥2

≤
(
1− αnβn(1− ā)

1− αnβnā

)
∥yn − y∗∥2 + 2αnβnā

1− αnβnā
∥xn − x∗∥∥Vn − yn+1∥

+
αnβnā

1− αnβnā
∥xn − x∗∥2 + 2αnβn

1− αnβnā
⟨g(x∗)− y∗, Vn − y∗⟩.(3.40)

From (3.39) and (3.40), we have

∥xn+1 − x∗∥2 + ∥yn+1 − y∗∥2

≤(1− αnβn(1− 2ā)

1− αnβnā
)(∥xn − x∗∥2 + ∥yn − y∗∥2)

+
2αnβnā

1− αnβnā
(∥xn − x∗∥∥Vn − yn+1∥+ ∥yn − y∗∥∥Wn − xn+1∥)

+
2αnβn

1− αnβnā
(⟨f(y∗)− x∗,Wn − x∗⟩+ ⟨g(x∗)− y∗, Vn − y∗⟩).(3.41)

By (3.23), (3.32), (3.33), (3.37), (3.38), the condition i), and Lemma 2.3, this implies by
(3.41) that the sequences {xn} and {yn} converge to x∗ = PΦf(y

∗) and y∗ = PΦg(x
∗),

respectively. This completes the proof. □

4. APPLICATIONS

4.1. The split variational inequality problem and the split feasibility problem. In 2012,
Censor et al. [19] introduced the split variational inequality (SVIP), which is to find x̂ ∈ C
such that

(4.42) ⟨f1x̂, x− x̂⟩ ≥ 0, ∀x ∈ C,

and find ŷ = Dx̂ ∈ Q such that

(4.43) ⟨f2ŷ, y − ŷ⟩ ≥ 0, ∀y ∈ Q,

where f1 : C → H1 and f2 : Q → H2 are nonlinear mappings and D : H1 → H2 is
a bounded linear operator. The set of all solution of the SVIP is denoted by ϕ = {x̂ ∈
V I(C, f1) : ŷ ∈ V I(C, f2)}. The SVIP reduces to the split feasibility problem (SFP) if
f1 ≡ f2 ≡ 0.

Corollary 4.1. Let C, Q, A, AC , AQ, f , and g define as the same in Theorem 3.2. Assume that
ϕ ̸= ∅. For given x1, y1 ∈ C and let the sequences {xn} and {yn} generated by (3.13), where
M = A∗(I−PQ(I−λQAQ))A, a = (0, 1

LA
) and parameters af , ag , ā, λC , λQ, {αn}, {βn}, and

the conditions (i)-(iii) define as the same in Theorem 3.2. Then, {xn} and {yn} converge strongly
to x∗ = Pϕf(y

∗) and y∗ = Pϕg(x
∗), respectively.

Proof. If we put A ≡ B, in Theorem 3.2. The conclusion of Corollary 4.1 can be obtained
from Theorem 3.2. □

Corollary 4.2. Let C, Q, A, f , and g define as the same in Theorem 3.2. Assume that Γ ̸= ∅. For
given x1, y1 ∈ C and let the sequences {xn} and {yn} generated by{

xn+1 = (1− αn)xn + αnPC(βnf(yn) + (1− βn)PC(I − a(A∗(I − PQ)A))xn),

yn+1 = (1− αn)yn + αnPC(βng(xn) + (1− βn)PC(I − a(A∗(I − PQ)A))yn),
(4.44)
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where a ∈ (0, 1
LA

) and parameters af , ag , ā, {αn}, {βn}, and the conditions (i)-(iii) define as
the same in Theorem 3.2. Then, {xn} and {yn} converge strongly to x∗ = PΓf(y

∗) and y∗ =
PΓg(x

∗), respectively.

Proof. If we put AC ≡ AQ ≡ 0, in Corollary 4.1, we obtain the desired conclusion. □

4.2. The minimization problem. The constrained minimization problem is to find x∗ ∈ C
such that

(4.45) h(x∗) = min
x∈C

h(x) =
1

2
∥(I − PQ)Ax∥2,

where h : H1 → R is a continuous differentiable function.
After that, Kantunyakarn [31] introduced the general constrained minimization prob-

lem as follows:

(4.46) min
x∈C

h(x) :=
∥
(
I − PQ)Ax∥2

4
+

∥(I − PQ)Bx∥2

4
.

The set of all solution of (4.46) is denoted by Γ̄h = {x∗ ∈ C : h (x∗) ≤ h (x) , ∀x ∈ C}.
By using the concepts of (4.45) and (4.46), we introduce the modified general constrained

minimization problem as follows;

(4.47) min
x∈C

h(x) :=
∥(I − PQ(I − λQAQ))Ax∥2

4
+

∥(I − PQ(I − λQAQ))Bx∥2

4
.

The set of all solution of (4.47) is denoted by Γh = {x∗ ∈ C : h(x∗) ≤ h(x),∀x ∈ C}.
From (1.3), if we put AC ≡ 0, then we have a new problem to find x∗ ∈ C and y∗A =

Ax∗, y∗B = Bx∗ ∈ Q such that

(4.48) ⟨z − y∗A, AQy
∗
A⟩ ≥ 0,

and

(4.49) ⟨z − y∗B , AQy
∗
B⟩ ≥ 0,

for all z ∈ Q. The set of all solutions of (4.48) and (4.49) is denoted by θ̄ = {x∗ ∈ C :
Ax∗, Bx∗ ∈ V I(Q,AQ)}.

By applying Lemma 2.5, we get a lemma that expresses the relationship between the
constrained minimization problem and problems (4.48) and (4.49) as follow:

Lemma 4.6. Let A∗, B∗ are adjoint of A and B, respectively, and let h : H1 → R be a continuous
differentiable function defined by h(x) =

∥(I−PQ(I−λQAQ))Ax∥2

4 +
∥(I−PQ(I−λQAQ))Bx∥2

4 , for all
x ∈ H1. Assume that θ̄ ̸= ∅. Then the followings are equivalent.

(i) x∗ ∈ θ̄,
(ii) x∗ ∈ Γh,

(iii) x∗ = PC(I − a(
A∗(I−PQ(I−λQAQ))A

2 +
B∗(I−PQ(I−λQAQ))B

2 ))x∗.

Proof. i) ⇔ iii). If we put AC ≡ 0 in Lemma 2.5, it is easy to see that i) equivalent iii).
ii) ⇒ i). Let x∗ ∈ Γh and let x̄ ∈ θ̄, we get x̄ ∈ C and Ax̄,Bx̄ ∈ V I(Q,AQ).

Since x∗ ∈ Γh, we have

∥(I − PQ(I − λQAQ))Ax∗∥2

4
+

∥(I − PQ(I − λQAQ))Bx∗∥2

4

≤ ∥(I − PQ(I − λQAQ))Ay∥2

4
+

∥(I − PQ(I − λQAQ))By∥2

4
,
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for all y ∈ C.
Since x̄ ∈ C, we have

∥(I − PQ(I − λQAQ))Ax∗∥2

4
+

∥(I − PQ(I − λQAQ))Bx∗∥2

4

≤ ∥(I − PQ(I − λQAQ))Ax̄∥2

4
+

∥(I − PQ(I − λQAQ))Bx̄∥2

4
.(4.50)

Since Ax̄,Bx̄ ∈ V I(Q,AQ), we have Ax̄ = PQ(I−λQAQ)Ax̄ and Bx̄ = PQ(I−λQAQ)Bx̄.
From (4.50), we have

∥(I − PQ(I − λQAQ))Ax∗∥2

4
+

∥(I − PQ(I − λQAQ))Bx∗∥2

4
= 0.

It implies that Ax∗ = PQ(I − λQAQ)Ax∗ ∈ V I(Q,AQ) and Bx∗ = PQ(I − λQAQ)Bx∗ ∈
V I(Q,AQ).
Since x∗ ∈ Γh then x∗ ∈ C.
Hence x∗ ∈ θ̄.

i) ⇒ ii). Let x∗ ∈ θ̄, we have x∗ ∈ C and Ax∗, Bx∗ ∈ V I(Q,AQ). Then, we have

∥(I − PQ(I − λQAQ))Ax∗∥2

4
+

∥(I − PQ(I − λQAQ))Bx∗∥2

4
= 0

≤ ∥(I − PQ(I − λQAQ))Ay∥2

4
+

∥(I − PQ(I − λQAQ))By∥2

4
,

for all y ∈ C. It implies that x∗ ∈ Γh. □

Remark 4.2. From (4.47), we observe that ∇h =
A∗(I−PQ(I−λQAQ))A

2 +
B∗(I−PQ(I−λQAQ))B

2 ,
where A∗ and B∗ are adjoint of A and B, respectively, and ∇h is a gradient of h.

We get the result of ∇h to prove Theorem 4.3 as follow:

Theorem 4.3. Let AC , AQ, f , and g define as the same in Theorem 3.2. Let the function h :

H1 → R be a continuous differentiable function defined by h(x) =
∥(I−PQ(I−λQAQ))Ax∥2

4 +
∥(I−PQ(I−λQAQ))Bx∥2

4 , for all x ∈ H1. Assume that Γh ̸= ∅. For given x1, y1 ∈ C and let the
sequences {xn} and {yn} generated by{

xn+1 = (1− αn)xn + αnPC(βnf(yn) + (1− βn)PC(I − a∇h)xn),

yn+1 = (1− αn)yn + αnPC(βng(xn) + (1− βn)PC(I − a∇h)yn),
(4.51)

where parameters af , ag , ā, λC , λQ, {αn}, {βn}, and the conditions (i)-(iii) define as the same in
Theorem 3.2. Then, {xn} and {yn} converge strongly to x∗ = PΓh

f(y∗) and y∗ = PΓh
g(x∗),

respectively.

Proof. From Theorem 3.2 and Lemma 4.6, we can conclude Theorem 4.3. □

5. EXAMPLES

In this section, we present two distinct numerical examples: one in R2 and another in
l2.

Example 5.1. Let R be the set of real numbers, and let ⟨·, ·⟩ : R2 × R2 → R be an inner product
defined by ⟨x,y⟩ = x · y = x1 · y1 + x2 · y2 for all x = (x1, x2) ∈ R2, y = (y1, y2) ∈ R2

and a usual norm ∥ · ∥ : R2 → R be defined by ∥x∥ =
√
x2
1 + x2

2, where x = (x1, x2) ∈ R2.
Let H1 = H2 = R2, C = [−100, 100] × [−100, 100], Q = [−200, 200] × [−200, 200]. Let
AC : C → H1 and AQ : Q → H2 be defined by

ACx = (
x1

2
,
x2

3
) and AQx = (

x1

4
,
x2

5
),
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for all x = (x1, x2) ∈ R2. Let the mappings f, g : H1 → H1 be defined by

f(x) = (
x1

4
,
x2

5
),

and
g(x) = (

x1 − 2

5
,
x2 + 3

6
),

for all x = (x1, x2) ∈ R2. Let the mappings A,B : R2 → R2 be defined by

A(x) = (2x1 − x2, x1 + 2x2) and B(x) = (x1 + x2, x1 − x2),

and let A∗, B∗ : R2 → R2 be defined by

A∗(x) = (2x1 + x2,−x1 + 2x2) and B∗(x) = (x1 + x2, x1 − x2),

for all x = (x1, x2) ∈ R2.
From the definitions of AC , AQ, f , and g, then AC , AQ are 1

2 and 1
3 -inverse strongly monotone,

respectively, and f , g are 1
3 and 1

4 -contraction mappings, respectively, with λC ∈ (0, 1), λQ ∈
(0, 2

3 ), and ā = max{ 1
3 ,

1
4} = 1

3 . Moreover, the spectral radius of the operators A∗A, B∗B are 5
and 2, respectively, thus L = max{5, 2} = 5. Define M : R2 → R2 by

M(x) =
A∗(I − PQ(I − λQAQ))A

2
+

B∗(I − PQ(I − λQAQ))B

2
, ∀x ∈ R2.

Let x1 = (x1
1, x

2
1), y1 = (y11 , y

2
1) ∈ C and the sequences {xn}, {yn} generated by (3.13), where

xn = (x1
n, x

2
n), yn = (y1n, y

2
n), αn = 1

n2 and βn = 1
n , for every n ∈ N. By the definitions of

A,B,AC , AQ, f and g, we have {(0, 0)} ∈ Φ. For every n ∈ N, we can rewrite (3.13) as follows:

xn+1 = (1− 1

n2
)xn + (

1

n2
)PC(

1

n
· f(yn) + (1− 1

n
)PC(I − λCAC)(I − (

1

8
)M)xn),

yn+1 = (1− 1

n2
)yn + (

1

n2
)PC(

1

n
· g(xn) + (1− 1

n
)PC(I − λCAC)(I − (

1

8
)M)yn),

where PC(x1, x2) = (max{min{x1, 100},−100},max{min{x2, 100},−100}) and PQ(x1, x2) =
(max{min{x1, 200},−200},max{min{x2, 200},−200}).

The following Table 1 and Figure 1 shows the values of {xn} and {yn} with x1 = (x1
1, x

2
1) =

(−1, 1), y1 = (y11 , y
2
1) = (−1, 1), λC = 1

2 , λQ = 1
3 and n = N = 500.

TABLE 1. The values of {xn} and {yn} with x1 = (x1
1, x

2
1) = (−1, 1),

y1 = (y11 , y
2
1) = (−1, 1), and n = N = 500.

n xn = (x1
n, x2

n) yn = (y1
n, y2

n)

1 (-1.0000,1.0000) (-1.0000,1.0000)
2 (-0.2500,0.2000) (-0.6000,0.6667)
3 (-0.1748,0.1531) (-0.4637,0.5556)
4 (-0.1359,0.1278) (-0.3963,0.4997)
.
.
.

.

.

.
.
.
.

250 (-0.0024,0.0076) (-0.0267,0.0724)
.
.
.

.

.

.
.
.
.

496 (-0.0011,0.0045) (-0.0155,0.0484)
497 (-0.0011,0.0045) (-0.0155,0.0483)
498 (-0.0011,0.0045) (-0.0154,0.0483)
499 (-0.0011,0.0045) (-0.0154,0.0482)
500 (-0.0011,0.0045) (-0.0154,0.0481)
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FIGURE 1. The convergence of {xn} and {yn} with x1 = (x1
1, x

2
1) =

(−1, 1), y1 = (y11 , y
2
1) = (−1, 1), and n = N = 500.

From Theorem 3.2 we can guarantee that the sequences {xn} and {yn} approach to (0, 0).

Example 5.2. Let R be the set of real numbers. Let H1 = l2 := {x = (x1, x2, x3, ...) : xk ∈
R, k = 1, 2, ... and

∑∞
k=1 x

2
k < ∞} with the inner product defined by

⟨x,y⟩ :=
∞∑
k=1

xkyk, for all x = (x1, x2, ...), y = (y1, y2, ...) ∈ H1,

and let C = H(α, 0) := {z = (z1, z2, ...) ∈ l2 : ⟨α, z⟩ = 0} = {z ∈ l2 :
∑∞

k=1 αkzk = 0},
where α = (α1, α2, α3, ...), we obtain

PH(α,0)x = x−
∑∞

k=1 αkxk∑∞
k=1 α

2
k

· α.

TABLE 2. The values of {xn} and {yn} with x1 =
(x1

1, x
2
1, x

3
1, x

4
1, ...) = ( 1√

2
, 1√

6
, 1√

12
, 1√

20
, ...) and y1 = (y11 , y

2
1 , y

3
1 , y

4
1 , ...) =

(− 1√
2
,− 1√

6
,− 1√

12
,− 1√

20
, ...), and n = N = 20.

n xn = (x1
n, x2

n, x3
n, x4

n, ...) yn = (y1
n, y2

n, y3
n, y4

n, ...)

1 (0.7071,0.4082,0.2887,0.2236,...) (-0.7071,-0.4082,-0.2887 ,-0.2236,...)
2 (-0.3536,-0.2041,-0.1443,-0.1118,...) (0.1768,0.1021,0.0722,0.0559,...)
3 (-0.1316,-0.0760,-0.0556,-0.0431,...) (0.0550, 0.0317 ,0.0206 ,0.0159,...)
4 (-0.0811,-0.0468,-0.0354,-0.0275,...) (0.0320, 0.0185 ,0.0109 ,0.0084,...)
.
.
.

.

.

.
.
.
.

10 (-0.0271,-0.0156,-0.0134,-0.0105,...) (0.0119,0.0069 ,0.0027 ,0.0020,...)
.
.
.

.

.

.
.
.
.

17 (-0.0166,-0.0096,-0.0089,-0.0070,...) (0.0086, 0.0050 ,0.0017 ,0.0012,...)
18 (-0.0158,-0.0091,-0.0085,-0.0067,...) (0.0084, 0.0049 ,0.0016 ,0.0011,...)
19 (-0.0151,-0.0087,-0.0082,-0.0065,...) (0.0081, 0.0047 ,0.0015 ,0.0011,...)
20 (-0.0145,-0.0083,-0.0079,-0.0062,...) (0.0079, 0.0046, 0.0015 ,0.0010,...)

Let H2 = R4 with the inner product defined by ⟨x̄, ȳ⟩ = x1y1+x2y2+x3y3+x4y4, for all x̄ =
(x1, x2, x3, x4), ȳ = (y1, y2, y3, y4) ∈ R4, and let Q = [−100, 100]×[−100, 100]×[−100, 100]×
[−100, 100], we have PQx̄ = (max{min{x1, 100},−100}, ...,max{min{x4, 100},−100}), where
x̄ = (x1, x2, x3, x4). Let AC : C → H1 be defined by

AC(z) = (
z1
2
,
z2
2
, ...), for all z = (z1, z2, ...) ∈ C,
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and let AQ : Q → H2 defined by

AQ(r̄) = (r1,
r2
2
,
r3
3
,
r4
4
), for all r̄ = (r1, r2, r3, r4) ∈ Q.

Let A,B : H1 → H2 be defined by

A(x) = (0, x1, x2, x3), for all x = (x1, x2, ...) ∈ l2,

and
B(x) = (0, 0, x1, x2), for all x = (x1, x2, ...) ∈ l2,

and let A∗, B∗ : H2 → H1 be defined by

A∗(x̄) = (x2, x3, x4, 0, 0, ...), for all x̄ = (x1, x2, x3, x4) ∈ R4,

and
B∗(x̄) = (x3, x4, 0, 0, 0, ...), for all x̄ = (x1, x2, x3, x4) ∈ R4,

where LA = sup {|λ| : (A∗A− λI)x = 0} = 1 and LB = sup {|λ| : (B∗B − λI)x = 0} = 1
with L = max {LA, LB} = 1 and a ∈ (0, 1).

Let f, g : H1 → H1 be defined by

f(h) = (
h1

2
,
h2

2
, ...) and g(h) = (

h1

4
,
h2

4
, ...), for all h = (h1, h2, ...) ∈ l2.

From the definitions of AC , AQ, f , and g, then AC , AQ are 1
2 and 1

3 -inverse strongly monotone,
respectively, and f , g are 1

2 and 1
4 -contraction mappings, respectively, with λC ∈ (0, 1), λQ ∈

(0, 2
3 ), and ā = max{ 1

2 ,
1
4} = 1

2 . Let M : H1 → H1 be defined by

M(x) =
A∗(I − PQ(I − λQAQ))A(x)

2
+

B∗(I − PQ(I − λQAQ))B(x)

2
,

for all x = (x1, x2, ...) ∈ l2. By the definitions of A, B, AC , AQ, f , and g, we have

PC(I − λCAC)(I − aM)(x1, x2, x3, ...) = (x1, x2, x3, ...),

then
(x1, x2, x3, ...) = (0, 0, 0, 0, ...).

Hence, (0, 0, 0, 0, ...) is fixed point of PC(I − λCAC)(I − aM).
Let x1 = (x1

1, x
2
1, x

3
1, ...),y1 = (y11 , y

2
1 , y

3
1 , ...) ∈ C, and the sequences {xn} and {yn} gener-

ated by (3.13), where xn = (x1
n, x

2
n, x

3
n, ...), yn = (y1n, y

2
n, y

3
n, ...) for all n ∈ N and the parameters

{αn} and {βn} define as the same in Example 5.1 and we choose a = 1
3 , λC = 1

4 , and λQ = 1
3 .

For every n ∈ N, we can rewrite (3.13) as follows:

xn+1 = (1− 1

n2
)xn + (

1

n2
)PC(

1

n
· f(yn) + (1− 1

n
)PC(I −

1

4
AC)(I −

1

3
M)xn),

yn+1 = (1− 1

n2
)yn + (

1

n2
)PC(

1

n
· g(xn) + (1− 1

n
)PC(I −

1

4
AC)(I −

1

3
M)yn).

From Theorem 3.2, we can conclude that the sequences {xn} and {yn} converge strongly to
(0, 0, 0, ...). To illustrate the numerical example, we choose

αk =

− 1√
(k+1)(k+2)

; k = 2n− 1,

1√
k(k−1)

; k = 2n,

where n ∈ N, we have C = {z = (z1, z2, z3, ...) ∈ H1 |
∑∞

k=1 αkzk = 0} and PCx =

x−
∑∞

k=1 αkxk∑∞
k=1 α2

k
· α = x− α ·

∑∞
k=1 αkxk, where x = (x1, x2, x3, ...) and α = (α1, α2, α3, ...).

To demonstrate the convergence of the sequences {xn} and {yn}, where xn = (x1
n, x

2
n, x

3
n, x

4
n, ...),

yn = (y1n, y
2
n, y

3
n, y

4
n, ...) for all n ∈ N, we observe that the values x5

n, x
6
n, x

7
n, ... and y5n, y

6
n, y

7
n, ...
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exhibit the same convergence behavior as x1
n, x

2
n, x

3
n, x

4
n and y1n, y

2
n, y

3
n, y

4
n, respectively. There-

fore, we only show the first four values of the sequences {xk
n} and {yk

n}. The following Table
2 and Figure 2 show the values of {xn} and {yn} with x1 = (x1

1, x
2
1, x

3
1, x

4
1, ...) and y1 =

(y11 , y
2
1 , y

3
1 , y

4
1 , ...), where xk

1 = 1√
k(k+1)

and yk
1 = − 1√

k(k+1)
, for all k ∈ N, and n = N = 20.

FIGURE 2. The convergence of the sequences {xn} and {yn} with x1 =
(x1

1, x
2
1, x

3
1, x

4
1, ...) = ( 1√

2
, 1√

6
, 1√

12
, 1√

20
, ...) and y1 = (y11 , y

2
1 , y

3
1 , y

4
1 , ...) =

(− 1√
2
,− 1√

6
,− 1√

12
,− 1√

20
, ...), and n = N = 20.

From Theorem 3.2 we can guarantee that the sequences {xn} and {yn} approach to (0, 0, 0, ...),
where xn = (x1

n, x
2
n, x

3
n, x

4
n, ...) and yn = (y1n, y

2
n, y

3
n, y

4
n, ...).
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