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Algorithmic and Analytical Approach for a System of
Generalized Multi-valued Resolvent Equations- Part II:
Algorithms and Convergence

JAVAD BALOOEE ' AND SULIMAN AL-HOMIDAN 23

ABSTRACT. The concept of resolvent operator associated with a P-n-accretive mapping is used in construct-
ing of a new iterative algorithm for solving a new system of generalized multi-valued resolvent equations in
the framework of Banach spaces. The convergence analysis of the sequences generated by our proposed itera-
tive algorithm under some appropriate conditions is studied. The results presented in this paper are new, and
improve and generalize many known corresponding results.

1. INTRODUCTION

Building on the foundational work established in Part I [1], this section delves into
the convergence properties of the proposed iterative algorithm for solving the system of
generalized multi-valued resolvent equations within Banach spaces. Part I introduced
the concept of the resolvent operator associated with a P — n-accretive mapping and
demonstrated its Lipschitz continuity, accompanied by an estimate of its Lipschitz con-
stant under novel conditions. These results provided a solid theoretical framework and
generalized several existing findings in the field. Additionally, Part I laid out definitions,
examples, and the primary theoretical advancements, which collectively highlighted the
versatility and applicability of the newly proposed algorithm. Also, we reviewed some
definitions and theoretical developments of the n-accretive, strictly n-accretive, r-strongly
n-accretive, p-Lipschitz continuous, k-strongly n-accretive and generalized m-accretive (or
n-m-accretive) for vector-valued mapping and multi-valued mapping. Also, we derived
our main result showing that if P is a J-strongly n-accretive mapping, 7 is a 7-Lipschitz
continuous mapping and M is a P-n-accretive mapping this implies that P-n-proximal-
point mapping J, é” is -Lipschitz continuous.

In this part, we extend the analysis by focusing on the convergence of the sequences
generated by the algorithm. By imposing appropriate conditions, we aim to ensure rig-
orous convergence results, further enhancing the algorithm’s utility and reliability in ad-
dressing complex variational inclusion problems.

In 2009, Ahmad and Yao [4] considered and studied a system of generalized resolvent
equations (for short, SGRE) in a uniformly smooth Banach space setting. They established
an equivalence relation between the SGRE and a system of variational inclusions and
then by employing the obtained equivalence formulation, they suggested some iterative
algorithms for finding the approximate solutions of the SGRE. Finally, they discussed
the existence of the solution of the SGRE and studied the convergence analysis of the
sequences generated by their proposed iterative algorithms.

Received: 20.08.2024. In revised form: 27.01.2025. Accepted: 06.02.2025

2020 Mathematics Subject Classification. 47HO06, 47]20, 47]20, 47]25, 46B20, 47H09.

Key words and phrases. System of generalized multi-valued resolvent equations, Resolvent operator, Iterative algo-
rithm, System of generalized variational inclusions, Convergence analysis.

771



772 Javad Balooee and Suliman Al-Homidan

Inspired and motivated by recent research going on in this fascinating and interest
fields, in this paper, using the notion of resolvent operator associated with a P-n-accretive
mapping, we first construct a new iterative algorithm for finding the approximate solu-
tion of a system of generalized multi-valued resolvent equations (for short, SGMRE) in a
real Banach space setting. Then, we discuss the existence of the solution of the SGMRE
and study the convergence analysis of the sequences generated by our iterative algorithm
under some appropriate conditions. The results derived in this paper are new, and im-
prove and generalize the results presented in [4] and many known corresponding results.

2. PRELIMINARY NOTIONS AND RESULTS

In order to make the paper self-contained we begin by introducing some preliminary
notions. Consider E a real Banach space and E* its topological dual space. For the sake
of simplicity, the norms in E and E* will be designated by the same symbol ||.||, and the
metric induced by the norm ||.|| will be denoted by d. As usual, the notation z* stands for
the weak* topology in E*, while by (z,z*) we denote the value of the inner continuous
functional z* € E* atz € E. We also use the symbol CB(E) (resp. 2F) to represent the
set of all nonempty closed and bounded (resp., all nonempty) subsets of E. We define the
graph and range of a given multi-valued mapping M : E — 2F by

Graph(M) :={(z,u) e ExX E:ue M(x)}
and

Range(M) = {ye€FE:3x e FE: (z,y) € Graph(M)} = U M(z),
zeE
respectively. We shall denote by Sg and Bp respectively the unite sphere and the unit ball
in E.

Let us recall that a normed space FE is called strictly convex if Sg is strictly convex,
that is, the inequality ||z + y|| < 2 holds for all distinct unit vectors z and y in E. It
is said to be smooth if for every vector x in E there exists a unique z* € E* such that
o]l = {z,2%) = 1.

It is known that E is smooth if E* is strictly convex, and that F is strictly convex if E*
is smooth.

Definition 2.1. A normed space E is said to be uniformly convex if for any given ¢ > 0 there
exists 0 > 0 such that for all x,y € By with ||z —y|| > ¢ the inequality ||x +y|| < 2(1—9) holds.

The modulus of convexity of E is a function dg : [0, 2] — [0, 1] defined in the following
way:

0p(e) =inf{l —

T+
”Ty”:x,yeBE,H:U—y” > e}

It should be pointed out that in the definition of g (¢) we can as well take the infimum
over all vectors z,y € Sg with ||z — y|| = ¢, see for example [5]. The functional dz is
continuous and increasing on the interval [0, 2] and §z(0) = 0. Obviously, invoking the
definition of the function §, a normed space E is uniformly convex if §g(¢) > 0 for every
¢ € (0,2]. For any Banach space F, its modulus of convexity is bounded from above by

the modulus of convexity of a Hilbert space H, dp(e) < dy(e) =1—4/1 — %. This means
that Hilbert spaces are the most convex among all Banach spaces.
Definition 2.2. A normed space E is called uniformly smooth if for any given ¢ > 0 there exists

T > 0 such that for all x,y € E with ||z|| < 1and ||y|| < 7, the inequality ||x + y|| + ||z — y| <
2 + e||ly|| holds.
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The function pg : [0, 4+00) — [0, +00) defined by the formula

1
pe(r) = sup{z (= +ryl + [l —7yl) - 1: 2,y € Sp}
2

is called the modulus of smoothness of E. Note, in particular, that the function pg is
convex, continuous and increasing on the interval [0, +00) and pg(0) = 0. In addition
pe(T) < 7forall T > 0. In the light of the definition of the function pg, a normed space is
uniformly smooth if lim mtpp(r) =0.

Any uniformly convex and any uniformly smooth Banach space is reflexive. A Ba-
nach space E is uniformly convex (resp., uniformly smooth) if and only if £* is uniformly
smooth (resp., uniformly convex). The spaces [?, L? and W2, 1 < p < oo, m € N, are uni-
formly convex as well as uniformly smooth, see [6,8,13]. At the same time, the modulus
of convexity and smoothness of a Hilbert space and the spaces [?, L? and W2, 1 < p < oo,
m € N, can be found in [6, 8, 13].

Let us recall that the normalized duality mapping F : E — 2E" is defined by

Fo) ={f € E": (=, f) = =1 =l = [}, Ve e E.

We observe immediately that if £ = #, a Hilbert space, then F is the identity mapping on
‘H. Furthermore, it is an immediate consequence of the Hahn-Banach theorem that F(x) is
nonempty for each x € E. In the sequel, the notation j will be used to represent a selection
of the normalized duality mapping F.

Definition 2.3. Let P : E — Eand n : E x E — E be two vector-valued mappings and
F : E — 2F" be the normalized duality mapping. Then P is said to be

(i) m-accretive if,
(P(z) = P(y),i(n(z,y))) =0,  Vz,y € E,j(n(z,y)) € F(n(z,y));

(ii) strictly n-accretive if, P is n-accretive and equality holds if and only if v = y;
(iii) r-strongly n-accretive if there exists a constant r > 0 such that

(P(x) = P(y),i(n(z,))) > rlle —yl*, Va.y € E,j(n(z,y)) € F(n(z,y));
(iv) o-Lipschitz continuous if there exists a constant o > 0 such that
1P(x) = Pl < ellz —yl, Va,yeE.

It should be pointed that if n(z,y) = z — y, for all z, y € E, then parts (i) to (iii) of Defi-
nition 2.3 reduce to the definitions of accretivity, strict accretivity and strong accretivity of
the mapping P, respectively.

Definition 2.4. Let n: E x E — E be a vector-valued mapping, M : E — 2% be a multi-valued
mapping, and let F : E — 27" be the normalized duality mapping. Then M is said to be

(i) n-accretive if
(u—v,j(n(z,y)) >0, V(z,u),(y,v) € Graph(M), jn(z,y)) € F(n(z,y));

(ii) strictly n-accretive if, M is n-accretive and equality holds if and only if x = y;
(iii) k-strongly n-accretive if there exists a constant k > 0 such that

(uw—v,5(n(z,))) > kllz = ylI?,  V(x,u), (y,v) € Graph(M), j(n(z,y)) € F(n(z,y));

(iv) generalized m-accretive (or n-m-accretive) if M is n-accretive and (I + pM)(E) = E
holds for every real constant p > 0, where I stands for identity mapping.
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It should be remarked that if n(z,y) = = — y for all x,y € E, then parts (i) to (iv) of
Definition 2.4 reduce to the definitions of accretivity, strict accretivity, strong accretivity
and m-accretivity of the mapping M, respectively.

We note that M is a generalized m-accretive (or n-m-accretive) mapping if and only if
M is n-accretive and there is no other 7-accretive mapping whose graph contains strictly
Graph(M). The generalized m-accretivity is to be understood in terms of inclusion of
graphs. If M : E — 2% is a generalized m-accretive mapping, then adding anything to its
graph so as to obtain the graph of a new multi-valued mapping, destroys the n-accretivity.
In fact, the extended mapping is no longer n-accretive. In other words, for every pair
(x,u) € E x E\ Graph(M) there exist (y,v) € Graph(M) and j(n(z,y)) € F(n(z,y)) such
that (u — v, j(n(z,y))) < 0. In the light of the above-mentioned discussion, a necessary
and sufficient condition for a multi-valued mapping M : E — 2F to be generalized m-
accretive is that for any (z,u) € E x E, the property

(u—=v,j(n(z,y)) =0, V(y,v) € Graph(M), j(n(z,y)) € F(n(z,y))
is equivalent to (x, u) € Graph(M). The above characterization of generalized m-accretive
mappings provides us a useful and manageable way for recognizing that an element u
belongs to M (z).

Definition 2.5. Let P : E — Eandn : E x E — E be vector-valued mappings, and M :
E — 2% be a multi-valued mapping. M is said to be P-n-accretive if M is n-accretive and
(P + pM)(E) = E holds for every real constant p > 0.

3. FORMULATIONS, ITERATIVE ALGORITHMS AND CONVERGENCE RESULTS

Let for each i € {1,2}, E; be a real Banach space, n; : E; x E; — E; be a vector-valued
mapping and P; : E; — E; be a strictly n;-accretive mapping. Suppose that S : £y x Ey —
E.,T:E1 xEy = Ey, f: By - Ejand g : E; — Ej are single-valued mappings, and let
p, H : By — 2F1 and ¢, F : B> — 2F2 be four multi-valued mappings. Let M : E; x E; —
281 and N : Ey x E5 — 252 be two multi-valued mappings such that for each z € E,
M(.,z) : By — 2F1 is a P;-n;-accretive mapping with f(E;) ND(M(.,z)) # 0, and for each
t € By, N(.,t) : By — 2F2 is a Py-mp-accretive mapping with g(E2) N D(N(.,t)) # 0. For
given two arbitrary real constants p,y > 0, we consider the problem of finding (z,y) €
Ey x By, w € p(x),u € H(z),v € Fly), v € q(y), 2 € Ey and 2" € E such that

3.1 S(w,v) + p~ Ry (1) = 0,
(3.1) T 71RN(«71/):P2 " =0
(U,V)+’Y YsN2 (Z )_ I

where RYT = 1 — o ST = L = P 0), BYO = I - Pyo

Ji\fé;y)’Pz =1y — Pg((]é\f,(,'z’y)’P2 (.)), I; is the identity mapping on E;, J%?(l"”“')’Pl is the resol-
vent operator (or P;-n;-proximal-point mapping) associated with P;-7;-accretive map-

ping M(.,z), Jox,*"" is the resolvent operator (or Py-rjp-proximal-point mapping) as-

sociated with P-ns-accretive mapping N(.,y), and P; o J,%(l"m)’Pl (resp. Py o Jé\f ,(]'Q’y)’Pz)

denotes P; composition Jé\f[y,(l"m)’Pl (resp. P, composition fo 7g;y)’Pz). The problem (3.1) is
called a system of generalized multi-valued resolvent equations (SGMRE).

Let E;, P;,n; (i =1,2), M,N,S,T,F,H, f,g,p and ¢ be the same as in the SGMRE (3.1).
Corresponding to the SGMRE (3.1), we now consider the following system of generalized
variational inclusions (SGVI): Find (z,y) € E1 X Es, w € p(z),u € H(z),v € F(y) and
v € q(y) such that

0€ S(w,v)+ M(f(x),x),
(3.2) { 0€T(u,v)+ N(g(y)y)-
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Ifp: By — Eyand q : E; — E5 be two single-valued mappings, M : E; — 2F1 ig a
Py-mp-accretive mapping and N : Ey — 272 is a Py-np-accretive mapping, then the system
(3.1) reduces to the problem of finding (z,y) € E1 x Es, uw € H(z),v € F(y),z' € Ey and
2" € Fy such that

(3.3) { S(p(x).v) + p7 Rylp () =0,
T(u,q(y)) +v~ " Ry2(2") =0,
where R\ = I — Po JMP = 1 — P(J)MP(), RY = I — Pyo JN> =

Iy — Py (12 (.)), I; is the identity mapping on E;, J)%™ is the resolvent operator (or P;-
n1-proximal-point mapping) associated with Py-7;-accretive mapping M, J2Y;™* is the re-
solvent operator (or P»-ns-proximal-point mapping) associated with P»-1j2-accretive map-
ping N, and Py o J):Pt (resp. P, 0 JX;F*) denotes Py composition .J:F (resp. P, compo-
sition J2Y;"2). The problem (3.3) is also called a system of generalized multi-valued resolvent
equations.

It should be remarked that for appropriate and suitable choices of the mappings P;, 7;(i =
1,2), M,N,S,T,F,H, f, g,p,q and the underlying spaces E; (i = 1,2), the SGVI (3.2) in-
cludes various systems of variational inequalities/inclusions and many classes of varia-
tional inequality /inclusion problems, see, for example, [2-4,7,10-12] and the references
therein.

As a direct consequence of the definition of resolvent operator (or P-n-proximal-point
mapping) and using some simple arguments, we now present the following assertion
which has a key role in obtaining the main results of this paper.

Lemma 3.1. Suppose that E;, P;,n;(i = 1,2),M,N,S,T,F,H, f,g,p and q are the same as in
the SGMRE (3.1). Moreover, let for each i € {1,2}, P; be a strictly n;-accretive mapping, and
the multi-valued mappings M : Ey — 251 and N : Ey — 252 be Py-ny-accretive and Py-no-
accretive, respectively. Then (z,y,u,v,w,v) € By X Ey x H(x) X F(y) x p(x) x q(y) is a solution
of the SGVI (3.2) if and only if (x,y, u, v, w, v) satisfies the relations

(34) { F(@) = T Py o f(x) = pS(w, ),
g(y) = Ty [P2 0 gy) — AT (w, V)],

where p,~y > 0, J%(l"m)‘Pl and J«%;y)’PZ are the same as in the SGMRE (3.1), and P, o f (resp.
P, o g) denotes Py composition f (resp. Py composition g).

Thanks to the above last assertion, we now present the following conclusion in which
the equivalence between the SGMRE (3.1) and SGVI (3.2) is established and has a promi-
nent role in constructing iterative algorithms and in the study of convergence analysis of
the sequences generated by our proposed iterative algorithms.

Proposition 3.1. Let E;, P;,n;(i = 1,2), M, N, S, T, F, H, f, g, p and q be the same as in Lemma
3.1. Then (z,y,u,v,w,v) with (z,y) € By x By, u € H(z),v € F(y),w € p(x) and v € q(y)
is a solution of the SGVI (3.2) if and only if (z,y,u,v,w,v, 2, 2"), where (#',2") € E1 x Es, is
a solution of the SGMRE (3.1) satisfying

f@) = Jpi ™ (),
(3.5) 9(y) = Ty (),

"=Po f(z) - pS(w,v),
Z'=Pyog(y) =T (u,v),

where p,~ > 0and J)AF and JNSVP are the same as in the SGMRE (3.1).
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Proof. Utilizing Lemma 3.1, (z,y,u,v,w,v) € E1 x Ey x H(z) x F(y) x p(z) x ¢(y) is a
solution of the SGVI (3.2) if and only if

f() =Jp W,

{ @) = Joa T [Pro f(a) = pS(w,0)), ) gly) = SN (2),
g(y) = ISP [Py 0 gly) — 4T (u, v)), '—Plof< ) — pS(w,v),
2" = Pyogly) - mw,

o = PI(J%(l"I)’Pl(Z/)) - ,OS(’U),U), - ([1 P1 oJ, (1,93) P1>(Z/) = —pS(w )
2 = Py(J3lgs " () = AT (u,v), (T2 = Py o 305" (") = =T (u.v),

S(w,v) + p~ Ry (21) = 0,
T(u,v) +77 Ry () = 0,

where RGP = 1 — Py o M0 and RYGVT = 1, — Py o SNV Accordingly,

(x,y,u,v,w,v,2",2") € By X By x H(z) X F(y) X p(z) x ¢(y) is a solution of the SGMRE
(3.1). Hence, the solution sets of the SGMRE (3.1) and SGVI (3.2) are the same. This gives
us the desired result. O

Lemma 3.2. [14] Let E be a complete metric space, and T : E — CB(E) be a multi-valued
mapping. Then for any € > 0 and for any given x,y € E, u € T(z), there exists v € T'(y) such
that

d(u,v) < (1 4)D(T(2),T(y)),
where D(.,.) is the Hausdorff metric on C B(E) defined by

D(A, B) = max{sup inf ||z —y||,sup inf ||z —y|]}, VA,Be CB(E).
zecAYEB yeB TEA

We employ Proposition 3.1 and Nadler technique [14] and suggest the following itera-
tive algorithm for approximating a solution of the SGMRE (3.1).

Algorithm 3.1. Let E;, P, n;(: = 1,2), M, N, S, T, F, H, f, g, pand ¢ be the same as in the
SGMRE (3.1) such that the mappings f and g are onto. For any given (zo, yo), (2}, 2/) €
Ey X Ey, up € H(zo), vo € F(y0), wo € p(zo) and vy € ¢(yo), compute the sequences

{zn}azo {un o {un}iZo, {vntno, {wn}iZo, {vn o, {20020 and {2]/}72, by the fol-
lowing iterative schemes:

M(.,xn),P1
flan) = Jx?ﬁ )>P (1),
9(yn) = J%n;yn 2 (zn),
U € H(xn);  |lunt1 —unlls < (1+ 1+,L)D1(H(337L+1)7H(1'n))7
(3.6) Un € F(yn);  [lvngr —vnll2 < (1 + 1+n)D2( (Yn+1)s F(yn)),
Wy, € P(mn), ||wn+1 wn”l = (1 + 1+n)D1( ($n+1)7p(mn))a
Vn € 4(Yn);  [[Vn+1 = vnllz < (14 55) D2(0(Yn+1), 4(Yn)),
Zpr = Pro f(zn) — pS(wn,vn),
Z;I{-‘rl = Py 0g(yn) — YT (tn,n),
where n = 0,1,2,...; p,v > 0 are positive real constants and for i = 1,2, D; is the Haus-
dorff metric on CB(E;).

If p,q, M and N are the same as in the system (3.3), then Algorithm 3.1 reduces to the
following iterative algorithm.

Algorithm 3.2. Suppose that E;, P;, n;(i = 1,2), S, T be the same as in the SGMRE (3.1)
and M, N,p and q are the same as in the system (3.3). For any given (zo,v0), (20, 2() €
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Ey x By, uwy € H(zg) and vy € F(yo), define the sequences {z,}52 ¢, {yn}rro, {un}izo,
{vn}520, {2,152 and {z]/}>° , in the following way:

flan) = Jé‘ﬁ,fjl (z),
9(yn) = I3 (20),
up € H(xy); [Ung1 — unlls < (14 n) 1(H(zpy1), H(zp)),
vn € F(yn); [vns1 —vnll2 < (1 + Tfn ) 2(F'(Yn+1), F(yn)),
Znp1 = Pro f(zn) — pS(p(an), vn),
Znpr = P20 g(yn) — T (uns a(yn)),
wheren = 0,1,2,...; p,v > 0 are positive real constants and for ¢ = 1,2, D; is the Haus-
dorff metric on CB(E;).

We are now in a position to present the main result of this section regarding the strong
convergence of the sequences generated by our suggested iterative algorithms to a solu-
tion of the SGMRE (3.1). For this end, we need to recall some definitions and a useful
result.

Definition 3.6. A mapping T : E x E — E is said to be
(i) &-Lipschitz continuous in the first arqument if, there exists a constant § > 0 such that

1Tz, 2) =Ty, 2)|| < &lle =yl Va,y,z € E;
(ii) s-Lipschitz continuous in the second argument if, there exists a constant ¢ > 0 such that
1T (2, 2) =T(z )l <<llz—yll, Vo,y,z€ B

Definition 3.7. A multi-valued mapping S : E — CB(FE) is said to be D-Lipschitz continuous
with constant Ag (or Ag-D-Lipschitz continuous) if, there exists a constant \g > 0 such that

D(5(x),5(y)) < Asllz —yll, Vz,y € E;
where D(.,.) is the Hausdorff metric on C B(E).

Lemma 3.3. [15] Let E be a uniformly smooth Banach space and F be the normalized duality
mapping from E into E*. Then, for all x,y € E, we have

() o+ yll? < [|=]* + 2(y, J(x + v));

(i) (@ —y,J(2) — J(y)) < 2%(x,y)pp (he=sL), where d(z,y) = |/ 112512,

Theorem 3.1. Let for each i € {1,2}, E; be a real uniformly smooth Banach space with the
dual space E} and module of smoothness pg, (t) < C;t? for some C; > 0. Assume that for each
i € {1,2}, n; : E; x E; — E; is a 7;-Lipschitz continuous mapping, and P; : E; — E; isa
0i-strongly n;-accretive and ;-Lipschitz continuous mapping. Let M : By x By — 251 and N :
By x By — 2F2 be two multi-valued mappings such that for each z € Ey, M(.,2) : By — 2Fvisa
Py-my-accretive mapping with f(E1) ND(M(., 2)) # 0, and for each t € Ea, N(.,t) : Ey — 22
is a Py-ng-accretive mapping with g(FE2) N D(N(.,t)) # 0. Suppose that S : Ey x Ey — Fj
is a Lipschitz continuous mapping in the first and second arquments with constants \g, and
As,, respectively, T : Ey x Ey — Es is a Lipschitz continuous mapping in the first and second
arguments with constants Ay, and Ar,, respectively, f : E1 — Ey is an a-strongly accretive,
d1-Lipschitz continuous onto mapping, and g : Eo — Es is a S-strongly accretive, do-Lipschitz
continuous and onto mapping. Let p, H : E1 — CB(E:) be Dy-Lipschitz continuous with
constants A\p, and \p,,, respectively, and q, F' : Ey — CB([s) be Dy-Lipschitz continuous with
constants Ap, and Ap ., respectively. If there exist constants o; (i = 1,2), p,~y > 0 such that

B7) st z) = T @) < ol = a2l Vel a2 € By,
(3.8) TNV () — INEVO P )|y < oally’ — "l VYt € B,
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and
0 < B4V Vo g
3.9) ,al-B-a) ’
o<l

where

i, — 14 pAs, Ap, b, — PAS,AD

1 —p(As,Ap, +As,ADy)’ 1 —p(As; Ap, + As,Apr)’
b, — L +7A1,Ap, i, — YAT, ADy

 1=v(AnApy +AnAp,)’ 1 —y(Ar,Apy +An,AD,)’

B' = /1 —2a + 64C16% and B" = /1 — 23 + 64C262 such that 2a. < 1 + 64C1 67 and 23 <
1 + 64C263. Then, the iterative sequences {, %o, {Un 0, {tun}S0, {vn}0, {wn}y,
{350, {2015 g and {21122, generated by Algorithm 3.1 converge strongly to z,y, u, v, w, v, 2’
and 2", respectively, and (z,y,u,v,w,v, z’, 2"") is a solution of the SGMRE (3.1).

Proof. Using (3.6), we yield
12041 — 2Znlli = 1Py o f(zn) — pS(wn, vn) — (Pro f(zn-1) — pS(wn—1,vn-1))1
<lzn —2n—1— (Pro f(zn) — Pro f(zn—1))lh
+lon —2po1 — p(S(wmvn) = S(wp—1,vn-1)) |1
< llon = @1 = (f(@n) = f(@n-1))l1
+1f(@n) = f@n-1)lli + [|1Pro f(zn) = Pro f(zn-1)lh
+ llzn — 2n-1 — p(S(wn, v) = S(wn—1,vn-1))l1.

(3.10)

Since f is a-strongly accretive and d;-Lipschitz continuous, and E; is a uniformly smooth
Banach space with pg, (t) < Cyt? forall t € E; and for some t € E;, by using Lemma 3.3,
it follows that

||In — Tp-1— (f(zn) - f(zn—l))”%
<z — $n71||§ + 2(F1(zn — xp—1 — (f(xn) = f(@0n-1))), —=(f(xn) = f(@n-1)))1
= ”xn - xn—1||% - 2<]:1(517n - 1’”_1), f(xn) - f(xn—l»l
+ 2(F1(2n — 21 — (f(xn) = f(@n-1)) = Fr(@n — 2n1), —(f(2n) — f(@n_1)))1
< ||33n - xn—l”% - 2(1”73” - ’In—le
+ 4di(xn — Zn—1 — (f(xn) = f(@n-1)), Tn — Tn_1)
Al f () = f(@n—1)llx )
dn(xn —Tn-1— (f(mn) - f(:z:n_l)),xn - xn—l)
< (1= 2a) e — zp—a|[§ + 64C || f(2n) — flzn-1)II}
= (1 — 2+ 64C103) ||z — 1|3,

XPEI(

where F; is the normalized duality mapping from E; into E}. The last inequality implies
that

(311) ||z — zn-1 — (f(zn) — f(@n-1))|li <y/1—2a+ 64C16?||xy, — Tp—1]|1-

Considering the fact that f and P; are §;-Lipschitz and ¢;-Lipschitz continuous, respec-
tively, we yield

(3.12) 1 f(@n) = f(@n-1)ll1 < 1llwn — p-1]
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and
(3.13) [ Pro f(zn) — Prof(zn-1)l1 <sid1llzn — zn-1]1.
Making use of Lemma 3.3(i), we obtain

[2n = &n—1 — p(S (Wi, vn) — S(wn—1,v5-1))II}

< llen = 2n-1[§ = 20(8(wn, vn) = S(wn-1,va-1),
(3.14) Fi(xp — xp—1 — p(S(wp, vy) — S(wp—1,v0-1))))1

< lzn — xn,1||? + 2p|[S(wn, v5) — S(Wn—1,vn-1) 1

X lwn = zn—1 = p(S(wn, vn) = S(Wn-1,0n-1))lh1-

Taking into account that S is Lipschitz continuous in the first and second arguments with
constants Ag, and Ag,, respectively, p and F' are Ap,-D;-Lipschitz continuous and Ap,.-
D,-Lipschitz continuous, respectively, it follows that

HS(’LUn,’Un) - S(wnflvvn 1)”1 < /\Sl||wn - wnlel + )\Sgan — Up— 1||2
(3.15) <A, (1+ )Dl( (#n), p(Tn—1)) + As, (1 + )Dz( (Yn), F(yn—1))

< As,Ap, (1+ )||~Tn — Zn—1ll1 + As, A (1 + )IIyn Yn—1l[2-

Let Q = ||lxp, — zp—1 — p(S(wp, vn) — S(wp—1,vp-1))|1, then substltuting (3.15) into (3.14),
we get

1
0 < lzn = 2aalli +2p(As, Ap, (1 + *)||’In = Tn-1lli + As; A, (1 + )Hyn = Yn—1]2)Q2
= [|n — Tn 1”1 + 2pAs, Ap, (1+ )”xn = Tn-1[[1Q + 2pAs, A (1 + )Hyn Yn—1][282
1 1
< (L4 pAsiAp, (14 —))llan — Zn-1|[T + p(As, Ap, + As, Ap, ) (1 + E)Q

1
+ pASQADF(]‘ + E)”yn - yn—lnga
which implies that
Q § él,onn - xnflnf + é2,n||yn - ynfl‘lg

(316) S él,n”xn - xnfln% + 2 él,néZn”zEn - xn71||1||yn - yn71||2 + é?,n”yn - yn71||%

= ( élnnwn — ZTp-1ll1 + é2n||yn - yn71||2)27
where for alln € N,
- 14 pAs, Ap, (14 1) i PAs; Ap, (14 1)
YT T T 00 A, F As o)1+ 1) " T 1= p(siAp, + AsAp)(1+ 1)

Therefore, using (3.16), we deduce that

(3.17) Q <\ Oinllen —za il +\/Oanllyn — yn-1lla-
Combining (3.10)-(3.13) and (3.17), yields

lzr1 — zplln < (\/1 — 20+ 64C167 + 61 (1 4+ 1) + 91n) |lzn — 2011
(3.18) + é2nHyn —Yn—tll2 +[|P1o f(@n-1) — Pio f(zn-1)|1

=B +61+q)+ éln)Hxn —ZTpo1l1 + éQn”yn — Yn—1l|2,
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where B’ = /1 —2a + 64C16%. In the light of the facts that g is S-strongly accretive
and d2-Lipschitz continuous, P» is ¢-Lipschitz continuous, T is Lipscchitz continuous
in the first and second arguments with constants Ay, and Ap,, respectively, H and ¢ are
Apy-Di-Lipschitz continuous and Ap,_-D»-Lipschitz continuous, respectively, and E; is a
uniformly smooth Banach space with pg, (t) < Cat? for all t € E, and for some Cy > 0, by
an argument analogous to the previous one, by using Lemma 3.3 and (3.6), one can show
that

3. 19)||Zn+1 - ZnHQ < é4,n||xn - 33n—1||1 + (BH + 62(1 + §2) =+ éB,n)”yn - yn—1||2a
where
6y — 1+’y)\T2)\Dq(1+%) Oo — ’y/\le\DH(l—F%)
" — YA Apy +AnAp, )1 +2) " — YA Apy + AnAp,)(1+ 1)
and B” = /1 — 2 + 64C543. Let us now define a norm ||.||, on E; x E, by
1@, y)lls = llzlly +llyll2, V(z,y) € Er X Es.

It can be easily observed that (E; x Ej,||.||+) is a Banach space. Then, adding (3.18) and
(3.19), for each n € N, we get

(Zrg1s 2ng1) = oo 2) e = llzng1 — 2nll + 21 — 2o ll2
(3.20) < (B 4+ 61(1+61) + /010 +\/Ou0) |20 — Tn1]h

+(B”+62(1+§2>+ \/ é2,n+ éS,n)Hyn _yn—1||2-
Applying (3.6), (3.11) and Theorem 3.2 of Part I, we obtain

Hxn - xn—l”l = ||xn — Tp—1 — (f(.’I}n) - f(xn 1))

A+ YL P () — TG P D)

< ||xn_xn 1— (f(l.n) _f(ifn 1))H1
+H‘]M( zn)Pl(Z ) JM( n—1), Pl( )Hl

(3.21) pym X
< Blan — xpoally + |00 P (z) — I P (2, )
L/ SR CAY B it A 1
< B'||wp = xp-afh + E”Zn = zp_alli +oillzn — 2p-a|
and
190 = Yn—1llz = [1Yn = Yn—1— (9(yn) — 9(yn-1))
A+ I P () — TN P ()
< lyn = Yn—1 = (9(yn) — 9(yn—1))ll2
(3.22) + ISP (2]) = TN P ()|l
< B |lyn = ynallz + 1005502 (1) = TS P2 ()
A IS P () = TN P (2 )

< B//”yn - yn71||2 + g”zn - Z;Ll”? + UzH?Jn - yn71H2-

Recalling (3.21) and (3.22) it follows that for each n € N,
T1 ’

3.23 n — T < v _
( ) H.’L‘ € 1||1 — 01(1 _ B — o_l)HZn Zn—1||1
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and
(3.24) 1n = Wn-1ll2 € ——2—— Izl — 24|

. YUn Yn—112 = 92(1 Y _0_2) n n—1112-
Substituting (3.23) and (3.24) into (3.20), we yield

1(Zhy1s 20 41) = (s 2 s < (B' 4011+ 1) + A/ v + \/On) X |20 — zn1]ln
+ (B"+82(14¢1) + \/92 nt 4/ 93n ) X Y — Yn—1ll2
(B/+(51 1+§1 +\/91n \/94n7_1

X ||z, = 251l

(3.25) 01(1-B"—o;
(B”+52 14 ) +\/92n \/ 03.0)7 ,
Qz(l — B — 02 X HZ - 71”2

< enlllzn = zn_1lli + 2 — 25_1ll2)
= @ull(215 2n) — (2n—1> Zn—1) I+,
where for each n € N,

{(B’+(511+§1 +\/917n \/;n B”+(521+§2 +\/027n \/@

01(1 =B —o1) 02(1 = B" — 03)

(p, = Max

In virtue of the fact that for i = 1,2, 3, 4, we have Gi,n — 01-, as n — oo, where

él _ L+ pAs,Ap, éQ _ PAS; ADg
- p()\sl )‘Dp + >‘S2>‘DF) ' - p()‘5'1 >\Dp + )\SQ /\DF)’

. 1+ yAp,A A AT A

03 — ’y T2 Dq and 04: ’y Tl DH ,
—v( A, Apy, +>\T2>\Dq) 1 —~v(AnApy +)\T2>\Dq)

it follows that ¢, — ¢, as n — oo, where
© — ma {B+51 1+§1 Jr\/ Jr\/ B//+521+§2 Jr\/ +\/ Tz}
Ql(l—B/—Jl) Qg(l—B”—O'Q)

Evidently, (3.9) implies that ¢ € (0,1). Accordingly, there exists np € Nand ¢ € (p,1)
such that ™ < ¢, for all n > ny. Consequently, for all n > ng, by (3.25), we obtain

1(z41 2n41) = (s 201 < @7 M1(2, 20) = (2152 i{ Dl
< @l (2ns 2n) = (2n-1, 2 1)||
(3.26) < @ll(zn-1,2n-1) = (2n_2 2n—2) I«

A

< Q" (2ng 415 Zng 1) = (Zngs Zng) -

From (3.26), it follows that for any m > n > ny,

—

m—

1Czts 2m) = (2t 2 e < D7 1 (Zhgrs 2i41) = (o 20D

x>
3

(3.27)

i

3

IN

P 70 (215 Zmo1) = (Zmgs 2 )l

n

k
In view of the fact that ¢ € (0 1), we conclude that the right-hand side of (3.27) approaches

zero, as n — oo, thatis, ||(z],,, zh,) — (25, z1)||l« — 0, as n — oo. Thereby, {(z],, 2//)}52, is

m’ m
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a Cauchy sequence in E; x E,. In the light of the completeness of E; x Ej, there is
(2/,2") € Ey x Ey such that (2], 2/)) — (2/,2”), as n — oo. Making use of (3.23) and
(3.24) it follows that z,, — = and y,, — y, as n — oo. Then, using (3.6) and owing to the
fact that the mappings H, F,p and g are Ap,-D;-Lipschitz continuous, Ap,-Ds-Lipschitz
continuous, Ap,-D;-Lipschitz continuous and Ap,-D»-Lipschitz continuous, respectively,
it can be easily seen that {u, }52, {wn }520, {vn}220, {vn }or are Cauchy sequences in E,
and FE,, respectively. Consequently, there are u,w € E; and v,v; € E, such that u,, — u,
wy, — w, v, — vand v, — v, asn — oo. In view of the fact that u,, € H(z,) for each
n > 0, we have

di(u, H(z)) = inf{|lu—s|1 : s € H(z)}

< lw—unlly + di(un, H(z))

< lu = unlly + D1 (H (2n), H(2))

< lw = unlly + Apy ll2n — 2|1
Clearly, the right-hand side of the preceding inequality tends to zero, as n — oo, and
so thanks to the fact that H(z) is closed, it follows that u € H(z). Following the same
argument, we can show that v € F(y), w € p(z) and v € ¢(y). Since z,, — z, Yy, — ¥,
Up — u, w, — wand v, — v, as n — oo, and in view of the Lipschitz continuity of the
mappings f,g,S and T, it follows that z;, — 2’ = P; o f(z) — pS(w,v) and 2z, — 2" =
Py o g(y) — T (u,v), as n — oo. In the meanwhile, using Theorem 3.2 of Part I, for each
n > 0, we obtain

HJM( Tn), Pl( ) — JM(z), P1( N < HJM( Tn), Py ) — JMC, xn)Pl( N

P P Py pm
(3.28) + [ JpAG P () — P () |y
< THZn — 21 +allzn — 2
and
[ TN um b P2 () — IV () [l < (TN P2 (2r) = TN P2 (2]
(3.29) ISP () = TGP ()

.
< Qfllz;{ — 2"z + 2llyn — yll2-

Now, taking into account that 2], — 2’ and 2]/ — 2", as n — oo, (3.28) and (3.29) imply
that

N I

P771 PyM
850 2 (z17) = TN ()| = 0, asm — oo, as so

T S TP ) and G ) = N ),
asn — oco. Now, in the light of the Lipschitz continuity of the mappings f and g and using
(3.6), we deduce that f(z) = J)A™ (2') and g(y) = J25Y (2"). Thereby, thanks to

the above-mentioned arguments, it follows that (z, y, u, v, w,v) € By x Ey x H(z) x F(y) x
p(z) x q(y) is a solution of the SGMRE (3.1). This completes the proof. |

As an immediate consequence of the last result, we obtain the following corollary
which generalizes and improves Theorem 3.1 in [4].

Corollary 3.1. Suppose that E;, P;,n;(i = 1,2),S,T, F, H, f and g are the same as in Theorem
3.1. Assume that p : Ey — Ejy and q : E5 — Ej are \,-Lipschitz continuous and A,-Lipschitz
continuous, respectively. Moreover, let M : By — 21 and N : Ey — 252 be Py-n;-accretive
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and Py-ng-accretive mappings with f(Ey) N D(M) # 0 and g(Es) N D(N) # 0. If there exist
constants p,~ > 0 such that

(B'+v0:1+v04) 11
(3.30) 0= (B" Ql\(/lefflv)@rz b
0 < Ebvmeyln <,

where

6, 1+ pAs; Apge 6y — PAS; ADg

1—p()\51)\p+)\52>\DF), 1—p()\51)\p+)\52)\DF)7
0e — 14+ yAr,A\q 0, — VAT, ADy
3= 4 =

L= y(An, Apy + A1 Ag)] L= v(AmApgy + A1)’

and B’ and B" are the same as in (3.9). Then, the iterative sequences {x,} o, {yn o,
{un}so, {vn 20, {7,152, and {z/}52, generated by Algorithm 3.2 converge strongly to
x,y,u,v, 2" and 2", respectively, and (z,y,u,v, 2, 2"") is a solution to the system (3.4).

4. CONCLUSIONS

The study of nonlinear equations of evolution in the setting of Banach spaces was the
main incentive to introduce the notion of accretive mappings which the beginning of their
study comes back to the sixties. Remember that during the past decades, the applications
in different branches of sciences have been major motivations and driving forces for de-
veloping and generalizing such mappings in different contexts. In one of the pioneering
studies in this direction, the introduction of the concept of P-n-accretive mapping was first
made by Kazmi and Khan [9] in 2007. The above description motivated us to construct a
new iterative algorithm for solving a new system of generalized multi-valued resolvent
equations (for short, SGMRE) in the framework of Banach spaces. We have studied the
convergence analysis of the sequences generated by our proposed iterative algorithm un-
der some appropriate conditions along with new results which improve and generalize
many known corresponding results.
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