CARPATHIAN ] MATH. Online version at https://www.carpathian.cunbm.utcluj.ro/
Volume 41 (2025), No. 3, Print Edition: ISSN 1584 - 2851; Online Edition: ISSN 1843 - 4401
Pages 813-835 DO https:/ /doi.org/10.37193/CJM.2025.03.12

Two-step inertial viscosity subgradient extragradient
algorithm with self-adaptive step sizes for solving
pseudomonotone equilibrium problems

MANATCHANOK KHONCHALIEW !, NARIN PETROT 23*, AND MONTIRA
SUWANNAPRAPA 4

ABSTRACT. This paper presents a two-step inertial viscosity subgradient extragradient algorithm with self-
adaptive step sizes for finding a solution to pseudomonotone equilibrium problems in the setting of a real
Hilbert space, where such a solution also includes some additional properties. Without prior knowledge of
the Lipschitz constants of the pseudomonotone bifunction, the strong convergence theorem of the suggested
algorithm is provided under some mild constraint qualifications for the scalar sequences. To demonstrate the
effectiveness of the constructed algorithm, numerical experiments are performed on Nash-Cournot oligopolistic
equilibrium models of electricity markets, Nash-Cournot models, and the image restoration problem.

1. INTRODUCTION

The equilibrium problem started to gain interest after the publication of a paper by
Blum and Oettli [5], which has been widely applied to study real world applications, see
[23, 29, 30], and the references therein. The equilibrium problem is a problem of finding a
point * € C such that

(1.1) fa,y) 20,vy € C,

where C' is a nonempty closed convex subset of a real Hilbert space H, and f: H x H -+ R
is a bifunction. The solution set of the equilibrium problem (1.1) will be denoted by
EP(f,C). Mathematically, the equilibrium problem (1.1) encompasses various signifi-
cant problems as particular cases. Examples include optimization problems, variational
inequality problems, minimax problems, Nash equilibrium problems, saddle point prob-
lems, and fixed point problems, as highlighted in [1, 10, 15, 22, 25, 33], and the references
therein.

To address the equilibrium problem (1.1) with f being a monotone bifunction, one often
resorts to approximate solutions using the proximal point method, as outlined below.

(12) {(E()GH,

f@r1,9) + 3= (Th1 — T,y — 2p1) > 0,Vy € C,

where {\;} C (0,+00). In [7], the authors demonstrated that the sequence {z}, con-
structed by Algorithm (1.2), converges weakly to a solution of the equilibrium problem
(1.1). However, the proximal point method may not be applied for a weaker assumption,
such as a pseudomonotone, see [13]. To overcome this drawback, Tran et al. [31] proposed
the following so-called extragradient method for solving the equilibrium problem when
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the bifunction f is pseudomonotone and satisfies Lipschitz-type continuity with positive
constants ¢; and ¢s:

zg € C s
(1.3) yr = argmin {\f(zx,y) + 3lly — 2xl]* : y € C},

p41 = argmin {Af (e, y) + 5lly — zel* -y € C},
1 1
2C1 ) 2C2
Algorithm (1.3) converges weakly to a solution of the equilibrium problem (1.1). Observe
that the extragradient method needs to solve two optimization problems on the feasible
set C for finding y;, and x4 at each iteration. This point may lead to difficulties in use
if the feasible set C' has a complex structure. In order to improve this situation, Hieu
[14] proposed the following so-called subgradient extragradient method for solving the
equilibrium problem when the bifunction f is pseudomonotone and satisfies Lipschitz-
type continuity with positive constants ¢; and ¢s:

where 0 < A < min { } The authors proved that the sequence {z;} generated by

xo € H,
yr = argmin { Ao f(zk, y) + 5lly — 2xl|* 1 y € C},
(1.4) Ty ={z€ H: (x — AV — Ui, 2 — Yi) < 0}, v € 0o f (T, Yi),

2 = argmin { A\ f(yr, y) + 5lly — x| 1y € T},
Tpt1 = oo + (1 — ag)zg,

where 0 < A\, < min{ L1 }, {ar} C (0,1) such that >} o = +o0 and klim o =0,
k=0 — 00

2c17 2¢a

and 0, f (xk, Yk ) is the subdifferential of f(xy, - ) at yx. They proved that the sequence {x}
generated by Algorithm (1.4) converges strongly to Pgp(s,c)(z0) where Prp(s.c)(xo) is
the metric projection of zy onto EP(f,C). It is worth noting that the subgradient extra-
gradient method also involves solving two optimization problems to find 4, and z;, at each
iteration, similar to the extragradient method. However, the second optimization prob-
lem for finding z;, is not performed over the feasible set C but only on the half-space 7.
Consequently, the subgradient extragradient method holds a competitive advantage over
the extragradient method, particularly when the feasible set C'is not straightforward. On
the other hand, for the application of the aforementioned algorithms, one must choose
suitable step sizes, dependent on the Lipschitz constants of the bifunction f. However,
this choice may impose restrictions in practical applications as the Lipschitz constants of
the bifunction are often unknown or challenging to estimate.

Meanwhile, inertial-type methods have garnered significant interest from researchers
in solving equilibrium problems, as demonstrated in [12, 17, 26, 32, 35, 36] and related
references. This method is derived from the heavy ball method, an implicit discretization
of second-order dynamics in time [2, 3], and is considered as a means to enhance con-
vergence properties. A key feature of inertial-type techniques is that the next iterate is
constructed using two prior iterates. In this context, this iterative scheme is referred to as
the one-step inertial method.

In 2021, Thong et al. [30] proposed the following algorithm by using the ideas of one-
step inertial and subgradient extragradient methods (shortly, One-step ISE) for solving the
equilibrium problem when the bifunction f is pseudomonotone and satisfies Lipschitz-
type continuity:
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Algorithm: One-step ISE Algorithm
Initialization. Choose parameters A\; > 0, u € (0,1), {6x} C [0,7) for some 7 > 0,
o0

{7} C (a,b) C (0,1 —ay), and {ex} C [0,00), {ar} C (0,1) such that kg_jlak = oo,

lim ap =0,and lim <& = 0. Pick zg,x1 € H and set k = 1.
k—o0 k—oo %k

Step 1. Choose 0 such that 0 < ), < 6, where
gk _ min {T,m}, lka #xkfl,
T, otherwise.
Step 2. Compute
W = Tk + Gk(xk — xk,l).

Step 3. Solve the strongly convex program

. 1
Y, = argmin {)\kf(wkyy) +3lly - wel” 1y € C} :
Step 4. Construct a half-space

Ty, ={z€ H : (wg — \pvr. — Y, 2 — yx) < 0},
where vy, € 0o f (Wi, Yi)-

Step 5. Solve the strongly convex program

. 1
2, = argmin {)\kf(yk,y) + §||y —wil?:y € Tk} )
Step 6. Update the next iterate z;; as
Tp1 = (I — ap — V)T + Yi2ks
Step 7. Compute
. { p(llwr = yill® + llz6 — ysll®) }
min  Ag,
2 [f (w, z6) — fwi yi) — f(Yks 21)]

A = .
ot lff(wkazk)_f(wkvyk)_f(ykazk) >07
A, otherwise.

Step 8. Put k := k + 1 and go to Step 1.

Consequently, the authors proved that the sequence {x)} generated by the One-step
ISE Algorithm converges strongly to an element p* € EP(f,C) where |p*|| = min{||p| :
p € EP(f,C)}.

In 2022, Rehman et al. [25] proposed the following algorithm by using the techniques
of one-step modified inertial and subgradient extragradient methods (shortly, One-step
MISE) for solving the equilibrium problem when the bifunction f is pseudomonotone
and satisfies Lipschitz-type continuity:
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Algorithm: One-step MISE Algorithm
Initialization. Choose parameters \; > 0, u € (0,1), 7 € (0,1), n € (0,2 — v/2), and

+oo
{ax} C (0,1) such that >  ap = 400, lim a; =0, and lim < = 0. Pick xg,x; € H and
b—1 k—o0 k—oo %k

setk =1.

Step 1. Choose 0, such that 0 < 6, < ), where

. Ek .
G, — {mm {T, Tl } , if g # a1,

T, otherwise.
Step 2. Compute
wi = g + O (z) — Tp—1) — g [zk + Ok (e — T-1)] -
Step 3. Solve the strongly convex program

. 1
Yr = argmin {Akf(wkvy) + §||y —wi|?:y € C} .

Step 4. Construct a half-space
T, ={z¢€ H : (wy — AUk — Yk, 2 — Y) < 0},

where vi, € O f (Wi, Y&)-
Step 5. Update the next iterate x 1 by solving the strongly convex program
. 1
Tky1 = argmin {)\kf(ykay) + §||Z/ —wi|?:y € Tk} :

Step 7. Compute
_ /9 a2 _ /o a2
min{)\k, (2= V2 — mpllws — yill® + (2= V2 = mulleri — vl }7

2[f(wr, Trt1) — flwr, yr) — f(Yk, Try1)]

if f(wr, xr41) — fwi, ye) — f(Wrs Tog1) > 0,
Ak, otherwise.

Akt1 =

Step 8. Put k := k + 1 and go to Step 1.

Accordingly, the authors proved that the sequence {z;} generated by the One-step
MISE Algorithm converges strongly to p* € EP(f,C). It is emphasized that both the
One-step ISE and One-step MISE Algorithms used a self-adaptive process to deal with
the unknown knowledge of the Lipschitz constants of the bifunction f.

In this paper, drawing from the literature mentioned earlier, our main focus will be on
the algorithm for solving the equilibrium problem (1.1). Additionally, we consider the
problem (1.1) in conjunction with a contraction mapping h: H — H and finding a point
p* in EP(f,C) such that ||h(p*) — p*|| < ||h(p*) — pl|, for all p € EP(f,C). It is worth
pointing out that this type of problem will not only yield a solution point for EP(f,C)
but also address concerns related to an optimization problem, as discussed in [21] and
reference therein for more information. We introduce a new iterative algorithm for finding
solutions to pseudomonotone equilibrium problems. To illustrate the convergence of the
introduced algorithm and to compare it with other noteworthy algorithms, we perform
numerical examples in the context of practical applications.
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This paper is organized as follows: Section 2 provides relevant definitions and proper-
ties that will be used in subsequent sections. In Section 3, we present the two-step inertial
viscosity subgradient extragradient algorithm with self-adaptive step sizes and prove the
convergence theorem. Section 4 discusses the performance of the introduced algorithm
by comparing it to well-known algorithms that have appeared previously.

2. PRELIMINARIES

This section will present the definitions and some important basic properties that will
be used throughout this paper. The notation R and N will stand for the set of the real
numbers and the natural numbers, respectively.

Let H be a real Hilbert space with inner product (-, - ), and its corresponding norm || - ||.
We will start by reviewing the definitions and some useful facts that will be utilized in
this paper. For a Hilbert space H, we know that

lz + yll* < ll=ll* + 2(y, @ + y),

and
[A+a)z—(a—=By—BzlI° = A+a)|zl® = (a—p)lyl* - Bl
+(1+a)(a =Bz —yl* + 81 + o)z — |
(2.5) —B(a—B)ly — |,

for each z,y, z € H, and for each «, 8 € R, see [16].
Definition 2.1. Let C be a nonempty closed convex subset of H. A bifunction f : H x H — R
is said to be:
(i) monotone on C if
flxy) + fly,x) <0, Va,y € C;
(ii) pseudomonotone on C' if
flz,y) > 0= f(y,z) <0,Va,y € C;
(iii) Lipschitz-type continuity on H if there exists two positive constants ¢, and co such that

(26) f(xay) + f(yaz) > f(x,z) - Cl”‘r - y||2 - CQHy - Z”?,VSE,y,Z € H.

Remark 2.1. A monotone bifunction is a pseudomonotone bifunction, but the converse is not true
in general, for instance, see [18].

For each « € H, we denote the metric projection of x onto a nonempty closed convex
subset C of H by Pc(x), thatis

l — Po ()] < [l —yll,vy € C.

Lemma 2.1. [6, 11] Let C be a nonempty closed convex subset of H. Then,
(i) Pc(x) is singleton and well-defined for each x € H;
(ii) z = Po(x) ifand only if (x — z,y — z) < 0,Vy € C.
For a function f : H — R, the subdifferential of f at x € H is defined by
Of(x)={z€H: f(y) - f(z) 2 (z,y —x),Vy € H}.
The function f is said to be subdifferentiable at z if 9f (x) # 0.

Lemma 2.2. [6] For any « € H, the subdifferentiable O f (x) of a continuous convex function f is
a weakly closed and bounded convex set.
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Lemma 2.3. [9] Let C be a nonempty convex subset of H and f : C' — R be a convex subdiffer-
entiable and lower semicontinuous function on C. Then, x* is a solution to the following convex
problem:

min {f(z) : x € C}
if and only if 0 € Of(z*) + Nc(x*), where No(x*) is the normal cone of C at x*, that is
Ne(z*):={z€ H: {z,y—2*) <0,Vy € C}.
We end this section by recalling some auxiliary results for obtaining the main results.

Lemma 2.4. [21] Let {ay } and {c}, } be sequences of non-negative real numbers such that
ak+1 < (1 —ag)ag + apb + g, Vk e NU {O},
where {ay,} is a sequence in (0,1) and {by} is a sequence in R. Assume that 3 ¢, < oo. If
k=0

oo
> ap = ocoand limsup b, < 0, then lim ag = 0.
k=0 k— 00 k—oco

Lemma 2.5. [20] Let {ax} be a sequence of real numbers such that there exists a subsequence
{ar,} of {ax} such that ay, < ay,+1, for all i € N. Then, there exists a nondecreasing sequence
{mn} of positive integers such that lim m,, = oo and the following properties hold:

n—oo

Qm,, S A, 41 and Gnp S A, +15

for all (sufficiently large) numbers n € N. Indeed, m, is the largest number k in the set {1,2,...,n}
such that

ap < Gg41-

3. MAIN RESULTS
Let C be a nonempty closed convex subset of a real Hilbert space H. The following
assumptions on the bifunction f: H x H — R will be assumed in this work:

(A1) f(-,y) is sequentially weakly upper semicontinuous on C, for each fixed y € C,
thatisif {z;} C C'isasequence converging weakly tox € C, then limsup f(z,y) <

k—o0
f(@y);
(A2) f(x,-)is convex, subdifferentiable and lower semicontinuous on H, for each fixed
T € H;

(A3) fis psuedomonotone on C;
(A4) fis Lipschitz-type continuity on H.

Remark 3.2. (i) If the bifunction f satisfies the assumptions (A3) and (A4), then f(z,z) =
0, for each x € C, see [32].
(ii) If the bifunction f satisfies the assumptions (Al) — (A3), then the solution set EP(f,C')
is closed and convex, see [24, 31] for more detail.

Now, to find a solution to the equilibrium problem (1.1) along with a p-contraction
mapping h : H — H, we introduce the following two-step inertial viscosity subgradient
extragradient algorithm:
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Algorithm: Two-step Inertial Viscosity Subgradient Extragradient Algorithm
(Two-step IVSE Algorithm)

Initialization. Choose parameters \; > 0, 7 € [0,1), ¢ € [0,1), p € (0,1), {Bx} € (0,1)
(oo}
with 0 < inf B < supfr < 1, and {ex} C [0,00), {ar} C (0, L ) such that Y aj = oo,

2—p
k=1
lim ap =0,and lim £ = 0. Pick x_1, zo,2z1 € H and set k = 1.
k—o00 k—oo %k

Step 1. Choose 0, such that 0 < 6, < 0}, where
gk _ min {T7m}, lf.rk #l‘k—l7
T, otherwise,

and choose J;, such that 0 < §;, < &, where

. s s .
S = min {g, lzn—ze—2ll” l[Tk—1—zr—2ll } ;o # wp—2 and w1 # Ti-2,
S otherwise.

Step 2. Compute
wi =Tk + O (@) — Tp—1) + Op(Tp—1 — Tp—2).

Step 3. Solve the strongly convex program

Yp = argmin{)\kf(wk,y) + %Hy —wgl*:y € C} .
Step 4. Select v, € A, and construct a half-space
Ty ={z€ H : (wp — M\ — Yk, 2 — Y) < 0},
where
A ={s € 0af(wr,yr) : A5 +yr = wr —t,3t € Ne(yr)}-

Step 5. Solve the strongly convex program
. 1
2), = arg min {)\kf(yk,y) + §||y —wil?:y € Tk} .
Step 6. Update the next iterate x5 as

Tr1 = agh (wi) + (1 — ag) (Bewr + (1 = Bi) 2k) -
Step 7. Compute

p(llwe = yell® + llz — yel?) }
2 [f(wr, 21) — f(wr, yx) — f(Yr, 2x)]

if f(wg, zr) — flwr, ye) — f(Yrs 2) > 0,
Aks otherwise.

min {)\k,
Akt1 =

Step 8. Put k := k + 1 and go to Step 1.

Remark 3.3. (i) The terms Oy (x — xx—1) and Op(Tx—1 — TK—2), included in the Two-step

IVSE Algorithm, are intended to enhance convergence properties. Consequently, the next
iterate in the Two-step IVSE Algorithm is constructed using three prior iterates, forming
what is referred to as the two-step inertial method. It is worth noting that if §;, = 0, for
each k € N, the Two-step IVSE Algorithm reduces to the one-step inertial viscosity sub-
gradient extragradient algorithm (shortly, One-step IVSE). Furthermore, we emphasize
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that the choice of parameters 0y, and &y, can significantly influence the numerical behavior
of the Two-step IVSE Algorithm, potentially leading to superior performance.

(ii) The step size Ay, in the Two-step IVSE Algorithm is self-adaptive, supporting straightfor-
ward computations, as highlighted in [25, 28, 30]. This feature enables the implementa-
tion of the Two-step IVSE Algorithm without the need for prior knowledge of the Lipschitz
constants of the bifunction.

(iii) In particular, in the case that h is a constant operator, say h(z) = c for some ¢ € H and
forall x € H, one sees that the sequence {x},} generated by the Two-step IVSE Algorithm
converges strongly to Ppp(s,c)(c), which is the case that was considered in [14, 30].

(iv) In step 4, the nonemptiness of the set Ay, is guaranteed. Indeed, it is demonstrated by the
definition of yy, and Lemma 2.3 that

1
0 € 0 { o f (o) + gl = wnl? | + No (),

Then, there exist s € Oa f (wy, yr) and t € Ne(yx) such that
s+ yp —wy +1 = 0.
This confirms that a solution exists within Ay, ensuring its nonemptiness.

The following lemma establishes crucial relations in the convergence analysis of the
sequence generated by the Two-step IVSE Algorithm.

Lemma 3.6. Let f: H x H — R be a bifunction which satisfies (A1) — (A4). Suppose that the
solution set EP(f,C') is nonempty. Let wy, € H. If yx, zx, and Ap41 are constructed as in the
process of the Two-step IVSE Algorithm, then the following result hold:

KA Pk
|2 —plI* < lwe —plI* — (1 — ) l[wi — yi||* — (1 - ) lye — 21 )|%,Vp € EP(f,C).
Akt1 Ak41

Proof. The proof of this Lemma follows the technique in [34, Lemma 3.2]. Nevertheless,
for the sake of completeness and detail, we have attached its detailed proof in the Appen-
dix section. O

Now, we present the strong convergence theorem for the Two-step IVSE Algorithm.

Theorem 3.1. Let f: H x H — R be a bifunction which satisfies (A1) —(A4),and h: H — H be
a p-contraction mapping. Suppose that the solution set EP(f, C) is nonempty. Then, the sequence
{x1.} generated by the Two-step IVSE Algorithm converges strongly to p € EP(f,C) such that

b= Ppp(s.0)h(D)-
Proof. Let p € EP(f,C). Firstly, we note that {\;} is a nonincreasing sequence. On the
other hand, by the Lipschitz-type continuity of f on H, there exists two positive constants
c1 and c5 such that
Fwiy 21) = flwiyye) = Flyks 2e) < eallwr — yell® + callye — 2]
< max{er,ca} (lwr — yull* + lys — 22]1%)-
So, by the definition of \;, we get

| p i -
N> Ao, ———— LU > Al g -
k+1m1n{ k’Zmax{ChCQ}} = mm{ 1’2max{01702}}
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This implies that {\;} is bounded from below. Consequently, we know that the limit of
{Ax} exists. Now, let € (0,1 — p) be fixed. These imply that

lim (1— ‘M’“>:1—u>n>o.
k—o0 k41

Thus, there exists kg € N such that

Pk
k1

1—

>n>0,

for each k > ky. By Lemma 3.6 and the above facts, we have

I?

(3.7) 2 = pII* < llwe = pI* = nllwe = yull* = nllys — 2|,

for each k > kq. This implies that
(3.8) 26 = pll < [lwk = p,
for each k > k.
Now, let u, = Brwy + (1 — Bi)zx. In view of the inequality (3.8), we get
lue —pll < Bellwe —pll + (1 = Bi)llze — pll
(3.9) < Jlwk —pll,
for each k > k. It follows from the definition of xj; that
lzer1 —pll < axllh(wr) —pll + (1 = o) ||[ux — p|
< pagllwg = pll + axllh(p) — pll + (1 — ag)lJw — pl|

p
(1= (1= pla) = pl + 1= ppu =2,
for each k > ko. Using this one together with the definition of wj, we obtain, for each
k > ko, that

lep —pl < (1= (1 =plag) [lzx —pl + (1 = (1 = p)ag) Oxllzr — 2]

h(p) —
+ (1= (1= p)aw) dkllwg—1 — zp—2| + (1 - P)akw
h(p) —
(3.10) = (1= =pow)l|ze —pll + (1 = p)o (crk + Y + ”(11))_[)‘D> ,
1-(- 0 1-(1— 5
st (L0 e (0 s
P O L—=p Qg

Due to the choices of the sequences {6} and {0}, we have

1—-(1- 0 1—-(1-
o = ( ( P)%) k ok — zpa]| < ( ( P)%) €k7
1—p g 1—-p Qg

and
1-(1—-pag\ 9 1-(1—=plag\ €
Vi = 1-(=pay *k||$k71 —apa| < 1-QA-pak Sk
1—0p 1—p ag
for each k € N. It follows from the properties of hm — =0and hm oy, = 0 that
k—o0
(3.11) hm o =0,
k— o0
and

(3.12) lim = 0.
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Thus, there exist constants My, M; > 0 such that

1—(1-)p 0
(3.13) o) = (W) ZE ey — zp_ || < Mo,
- P (€77
and
1—(1— 5
(3.14) i = (g”)“’“) R ko — wrall < My,
—p Qg

for each k € N. Using this one with the inequality (3.10), we get that

h _
2k —pll < (=1 =plag) [l —pll + (1 = pag <Mo + M + W)

1—

< max{||xkp||,Mo+Ml+” Q_pp'}
<
< nmx@m%pwm@+ﬂﬁ+l<>pm}7

for each k > k. This implies that the sequence {||zx — p||} is bounded.
is a bounded sequence.
Furthermore, by the definition of wy and (2.5), we see that

Subsequently, {z}

lwe =pl? = [I(1+6k) (@ = p) = (O — %) (@e—1 — p) = O(@r—2 — D)||”
= (1+0)llzx —plI* = O — ) lzr—1 — plI* = Sullzr—2 — p|?
(14 01) (01 — Sp)lzn — zr—1 || + k(1 + O1) |21, — zp—2|®

—01 0k — )| zh—1 — T2 ?

< A+ 0)llak —pl* — Ok — 6k)llzk—1 — plI* — Okllz—2 — pl?
+(20k — 61 — Or) || vk — Tp—1]* + 20k |7k — T—2]|?
+(6 — O0k) || Th—1 — Tp—2]|?
<l = pl® + O (llex — pl* = llzr—1 = pII?) + 0k (llen—1 — p|?
—llzk-2 = plI?) + 26 ||zk — zx-a|® + 20 ||z — zi2|®
(3.15) +0kl|Tk—1 — TR—2]?,

for each k € N. This, along with the relation (3.7), implies that

lze = plI> = llze — plI* < Ok(lar — plI* = |2e—1 — plI*) + 0k (||2r—1 — pI|?
—llzk-2 = plI?) + 260k l|zk — zx-1|* + 20|z — zi—2|®
(3.16) +ollze—1 — za—2ll* — nllwk — yll* = nllye — 2l

for each k > k.

On the other hand, by the definition of u;, and the relation (3.7), we have

Brllwk = plI* + (1 = Be)llzk — pl?
Brllwr — plI> + (1 = Be) (lwe — plI* — nllwe — yx

lur = pl®

<
< 12

lwi = plI* = (1= Bi)n (lwe — yell* + lye — 2lI?) ,

— llye — 2%
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for each k > ko. Thus, applying the above inequality and the inequality (3.15) to the
definition of x1, we obtain that

ek —pI* < arlh(wr) = pl* + (1 = ag)llux — p|?

< agl|h(wy) = pl|* + (1 = ag) ([lwr, = pl* = (1 = Br)n([lwr, — yxll?
+lyk — 2zl1?))

< agllh(wr) = pl? + (1 = o) ller, — plI? + (1 = ar)fr ([l — pl?
—llzr—1 = pl?) + (1 — ) (llze—1 — plI* = llzn—2 — pl1?)
+2(1 — )0k l|lze — p—1[* + 2(1 — i) Sk |lzp — z—2?
+(1 = an)dpllzn—1 — zp—2]® = (1 — ar)(1 = Br)n(lwe — yil?

(3.17) +lyk — zll?),

for each k > ko. This implies, for each k > k, that

(1= Binllwe = yill® + (1 = Br)nllyx — 2l
< g = ol = e — o> + (1= ar)Or(zx — plI* — 21 — plI?)
+(1 = o) ([lzi—1 — plI* = llzr—2 — pII*) + 2(1 — o) Ok ||z, — p—1|?
(3.18) +2(1 = o) S|z — w2 + (1 — an)drllen—1 — zr—2l® + arp Mz,

where My = sup {[[h(wr) = pII* = llax = pl*+ (1 = Be)nllwn = yel* + (1 = Be)nllye — 2%}
Z R0

Now, since Prp(s,c)h is a contraction on H, we know that there exists p € EP(f,C)
such thatp = Pgp(s,c)h(p). Next, we will show that the sequence {x}.} converges strongly
to p. We investigate the following two possible cases.

Case 1. Suppose that ||zx+1 — D|| < |lzx — D|, for all k& > kg. This means that {|z; —
Dl }k>k, is @ nonincreasing sequence. Consequently, by using this one together with the
boundness property of {|z; — pl|}, we know that the limit of ||z, — p| exists. Since

hm Opllrr — xi_1]|*> = 0, hm Sellze — zp_2|]? = 0, hm Okllzk_1 — zp_2||* = 0, and

the properties of the control sequences {ar}, {Be}, {Gk} 1t follows from the inequality
(3.18) that

(3.19) lim [Jwg, — gkl = 0,
k— o0

and

(3.20) lim ||y — 2| = 0.
k—o0

These imply that

(3.21) lim |Jwg — 2] = 0.
k—o00

In addition, since klim Orllzr — 2x—1|| = 0 and klim Skllzr—1 — xR—2]| = 0, we get
—00 — 00
(3.22) lim ||z — wg| = 0.
k—o0

This, combined with (3.19), implies that

(3.23) A [z =yl = 0.
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On the other hand, by the definition of x4 and the inequality (3.9), we have

ok —pI1° = llar(h(wg) —p) + (1 — o) (ux — p)|I?

< (1= ar)?lux = pII* + 2an (h(wi) — P, 241 — P)

< (1= ap)?|Jwg = pII* + 20 (h(wk) = P, & 41 — D)

= (1 —ar)’|lwe — plI* + 20 (h(wi) — h(p), Tks1 — P)
+2a;(h(p) — P, Tr11 — D)

< (1= o)?llwi = pII” + 20pllwr, — pll||eks1 — B
+2a,(h(p) — P, Tr11 — D)

< (1= ar)?lwe — Bl + arp ([lwr — BI* + |zks1 — BII)
+2a(h(p) — D, Tk+1 — D)

= (1= aw)® + awp) lwr — plI* + awpllris — Bl

(3.24) +2ay(h(p) — D, Tk41 — D),

for each k > kq. Consider, for each k£ € N,

lwr —plI? < (lox = Bl + Okllew — zpa ]l + Skllzr—1 — zr—2l))?
< ok = I + Oxller — ar—a|* + Sk llan—1 — zp—ol®
+20k||xk — Pllllzk — we—1 | + 20k ||z — Bll[|[wk—1 — Tr—2||
+26k ||z — Tp—1lll|2k—1 — TH—2||
< lww = Bl + 3Mabi|lz — @y || + 5Msdklap—1 — zp—2],

where Ms = sup {||zx — ||, l|lzx — zk—1||, |xr—1 — Tx—2||}. Combining this with the in-
keN

equality (3.24), for each k > ko, we have that

|@pt1 — I
1—a)?+a . 1—ap)?+a
< (Voo g goang (Lm0t o) gy
1—agp 1—agp
1—ap)+a 20 o ~
450y ((1)”) Sullr-s = oicall+ (2 ) ()~ s 7
—agp 1—app
2(1 - - 1-(1-pa
< (1= 200 o — g (S
1-— 1 —agp
1-— 2(1 — pag [ awllzr — P2
< >5 ||5Ck | — T 2||+ ( P) k k” k pH
1 —oawp 2(1=p)
+ﬂ<h(lﬂ) Py Tt — I3>>
2(1 — p)o; _o 2(1—plog 1—(1—plog 9k
< (12— - S A Y Vs -
< < 1= anp lzx — BII" + = arp \ 20 ||33k T—1||

1—(1—plak\ o agpMy 1 N _
+5M3 (m_p)) ||J"k7 1= xk—Q” + 2(1 N p) + 1— p<h(p) — D, Tk+1 _p>>a
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2(1 —
M, for each k € N. Hence, the above

where My = sup {|lz;, — p[|*}. Puty, =
k> ko 1—agp

inequality implies that

3M30'k 5M31/)k- OékM4
2 2 21— p)

lrpr — 217 < (1 —w)llew — B> + %(

(3.25) +

(1 — p) <h(ﬁ) _ﬁ7 Tk41 _ﬁ>>’

for each k > k¢. Moreover, by the property of the sequence {«y,}, we note that
(3.26) > =0
k=1

Now, let 2* € wy,(zr) and {zx, } be a subsequence of {x)} which converges weakly to
x*. Utilizing (3.23), we observe that the subsequence {yy, } of {yx} also converges weakly
to z*. Since C is closed and convex set, so it is weakly closed, therefore we can confirm
that z* € C.

Next, in view of the inequalites (6.41), (6.44), and (6.46) in the Appendix section, we
obtain

Mo f W) = Moy f(Yhs 2k,) + (Whyy — 28, Y — 2,,)
k:’n,

> A, flwk,, 2k,) — M, f (ks Yk, ) — r [wk, — Y, II”

Ak
— By = i 1P (W, — 2y — 20,
2Mk, 41

> H/\kn 2

> Yk, — Whys Yk — Zhy) — mll?ﬂkn = Yk |l
Ak

(3.27) — B — 2 |2+ (k= 20y Y — 28),

2k, +1
for each y € C. It follows from the facts (3.19), (3.20), (3.21), and the boundedness of
{z;} that the right-hand side of the above inequality tends to zero. Thus, by using the
sequentially weakly upper semicontinuity of f and Az, > 0, we have
0 < limsup f(yx,,y) < f(z%,y),vy € C.

n—oo
This means z* € EP(f,C) and so wy,(zx) C EP(f,C).
Next, since 2* € wy,(zx) C EP(f,C) is arbitrary and the property of p = Pgp(s.cyh(p),
we observe that

limsup(zg+1 — P, h(p) —p) = lim (zg, 41 — D, h(P) — D)
k—o0 n—oo
(3.28) = (2" =p,h(p) —p) <0.

Hence, by (3.11), (3.12), (3.25), (3.26), (3.28), and Lemma 2.4, we have
lim ||z, —p| = 0.
k— 00

This completes the proof for the first case.

Case 2. Suppose that there exists a subsequence {||zx, — p||} of {||zx — p||} such that
ek, = pll < k2 — Pl Vi € N.
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According to Lemma 2.5, there exists a nondecreasing sequence {m,} C N such that

lim m,, = oo, and
n— oo

329 zm, =l < [2m,+1 =Pl and [[zn = p|| < [|l2m, +1 = B[, ¥n € N.
It follows from the inequality (3.18) that

(1 = B )1l w, = Y, 1 + (1= B, JllYm, — 2m, I

< Nzm, =2l = N2ma1r = 2l + 1 = ), ([T, = pI* = 20, -1 = pl?)

+(1 = am,, )0m, ([Tm, -1 _pH2 — |Zm,—2 — sz) +2(1 — am, )0, [|[Tm,, — $m7ﬁl||2
+2(1 = am,, )om, | Tm, — xmn—2||2 + (1 = am,)0m, |Tm, -1 — xmn—2H2 + am, Mo
(1= am, )0m, [Tm, — Tm,-1l(lzm, =Bl + [|2m, -1 — Bl)

+(1 = am,)om, [[2m, -1 = Zm, —2l| (|2m, -1 = DIl + [|[£m, —2 — BI)

+2(1 = am ), [Tm,, = T 112+ 21 = @, )om, [T,y — T,y 21

IN

+(1 = am,)m, [Tm, -1 — T, —2|* + @, Ma,
where M, = S“E,{IIIh(wmn)—ﬁIIQ—llxmn =Bl 1+ A =Bm )0l wm, =ym,, 12+ (1=Brm, 7| Ym,, —
ne

Zm,, [}

Following the line of proof for Case 1, we can demonstrate that

(3.30) lim ||wpm, — Ym, || =0, im ||ym, — 2m, || =0,
n— o0 n—oo
(3.31) lim |[wm, — 2m, || =0, im ||, — ym,[ =0
n— oo n— oo
(332) limsup<ajmn+1 _ﬁa h(i)) - ﬁ> S 07
n— o0
and

3M3om,,, n SM3ztppm,,
2 2

|Zm,+1 = B1* < @ =vm)Em, = BlI* +Ym, (

Otmn M4 1

(3.33) Gt

(h(P) = P Tm, 41 — ﬁ)) ;

where M3z = Sup{llwmn Bl em, = mo -1l |2m,—1 = @m,, —2|} and My = sup { ||z, — 5]}
neN

Thus, the relatlons (3.29) and (3.33) imply that

3Mso,, n SMsp,,
2 2

|Zm,+1 _ﬁ”Q < (= vm )1 Tm, 1 _ﬁHQ + Ym,, <

am”M4 + 1
20=p) 1-p

(3.34) + (h(P) = P, T, 41 — ]5>> :

Using this one together with the relation (3.29) again, we obtain

3M30'm 5M3’¢m (0779 M4 1 ~ ~ ~
T n n h _ m _ .

Then, by using (3.11), (3.12), and (3.32), we have

[ _ﬁHQ <

limsup ||z, — p||* < 0.
n— oo
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Hence, we can conclude that the sequence {z,} converges strongly to p. This completes
the proof. O

4. NUMERICAL EXPERIMENTS

This section will provide examples and numerical results to support the presented The-
orem 3.1. Specifically, we will consider the Two-step IVSE Algorithm along with the One-
step ISE Algorithm, the One-step MISE Algorithm, and [28, Algorithm 3.1] denoted as
Tan et al. Algorithm 3.1. All numerical experiments were implemented in Matlab R2024b
and conducted on a MacBook Air with Apple M1 and 8.00 GB of RAM.

Example 4.1. Let H = R"™ be an n-dimensional vector space equipped with the Euclidean norm.
The bifunction f, defined according to the Nash-Cournot oligopolistic equilibrium models of elec-
tricity markets (see [8, 24]), is given by:

f(x,y)z(Ax+By,yf:L>, Vl‘,yERn,
where A, B € R™ "™ are matrices such that B is symmetric positive semidefinite and B — A is
negative semidefinite. Note that f(z,y) + f(y,z) = (x —y)T (B — A)(z — y), Va,y € R™. Thus,

by the property of B — A, we see that f is a monotone operator.
Next, we consider the bifunction f which is generated by

flz,y) = {f(x,y), if (z,y) € C x C,

0, otherwise,

where C = [];_,[—5, 5] is the constrained box, see [27]. We observe that the bifunction f satisfies
Lipschitz-type continuity, see [31].

Here, the numerical experiment is considered under the case n = 10 and the following setting:
the matrices A and B are randomly generated from the interval [—5, 5] such that they satisfy the
above required properties and the p-contraction mapping h : R® — R19 s a 10 x 10 diagonal
matrix, in which each entry of the main diagonal is p. The control parameters of the Two-step IVSE
Algorithm, the One-step ISE Algorithm, the One-step MISE Algorithm, and Tan et al. Algorithm
3.1 are set as follows.

o [n the proposed Two-step IVSE Algorithm, we choose Ay = 0.5, 7 = 0.6, ¢ = 0.3, p = 0.9,

0.5

p =001, e = G055, and ay, = k5.

o [n the One-step ISE Algorithm, we take Ay = 0.5, 7 = 0.6, p = 0.9, ¢}, =
and v, = 0.5(1 — o).

o In the One-step MISE Algorithm, we pick Ay = 0.5, 7 = 0.6, o = 0.9, n = 0.05, ¢ =
05 and oy, = 5
(k+1)2” k= k¥2-

o In Tan et al. Algorithm 3.1, we set A\; = 0.5, 0 = 0.6, u = 0.9, p = 0.01, § = 1.05,
€ = %, ap = 725, B = 0.5, and &, = 1+ W when S = Iguo is identity mapping on
R,

Besides, the starting points x_1 = zo = x1 € R'" are randomly generated from the inter-
val [—5,5]. The Two-step IVSE Algorithm was tested along with the One-step ISE Algorithm,
the One-step MISE Algorithm, and Tan et al. Algorithm 3.1 by using the stopping criteria

|k 41—zl -6
Teni1 < 1077

In the first experiment, we fix the parameter S, = 0.01 + ﬁ We conducted experiments to
evaluate the performance of each set of parameters over 10 trials, with independently randomized
initial points in each trial. The presented results represent the average performance across those 10

05 o = 1
(k+1)27 Yk = 12/
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trials. Observe that when 0, = 0, the two-step inertial method in our proposed algorithm reduces
to the one-step inertial method, as provided in [28, 30].

TABLE 1. Influence of parameters 6, and J;, in Two-step IVSE Algorithm
where 8, = 0.01 + k%rl for the equilibrium problems in Example 4.1

Two-step IVSE 0, = 0 0y, = O.2§§k 0 = 0-5§k 0y, = O.7§§k 0 = 5;? One-step ISE One-step MISE Tan et al. A}g.S.I
Iter Time  Iter Time Iter Time  Iter Time Iter Time  Iter Time  Iter Time Iter Time
6 =0 158.8  0.09 147.0  0.06 1347  0.06 1214 0.05 106.2  0.05
5, = 0.258,, 1524  0.08 140.3  0.06 127.6  0.06 113.3  0.05 1049  0.05
0.07

8p = 0.56; 146.1  0.07 1336 0.06 1202 0.05 106.2  0.05 1044  0.05 247.6 011 2201 0.09 142.6
S = 0.756, 1394  0.07 126.5  0.06 1109 0.05 108.1  0.05 108.8  0.05
Sp, = Op 1321 0.06 118.5  0.06 107.1  0.05 1101 0.05 1180  0.05

From Table 1, we presented the number of iterations (Iter) and the CPU time (Time) in seconds.
The best choice of the involved parameters for both cases is 6, = 0, and 8, = 0.50;,. This
means that the number of iterations and the CPU time for the Two-step IVSE Algorithm in these
cases are better than in all other considered cases. Furthermore, when the parameter 6, = 0,
reducing the Two-step IVSE Algorithm to the One-step IVSE Algorithm, we observe that it yields
a higher number of iterations and CPU time compared to other cases, for each fixed considered
parameter 0y, # 0. In conclusion, both the number of iterations and the CPU time of the Two-step
IVSE Algorithm are almost superior to those of the One-step ISE Algorithm, the One-step MISE
Algorithm, and Tan et al. Algorithm 3.1.

In the next experiment, we consider the influence of parameter By by fixing the parameters
Ox = Ok and 6, = 0.56. We conducted experiments to evaluate the performance of each set of
parameters over 10 trials, with independently randomized initial points in each trial. The presented
results represent the average performance across those 10 trials.

TABLE 2. Influence of parameter 3 in Two-step IVSE Algorithm where
0x = 0x and &), = 0.56, for the equilibrium problems in Example 4.1

Two-step IVSE ~ One-step ISE~ One-step MISE ~ Tan et al. Alg.3.1

B Iter Time Iter Time Iter Time Iter Time
001+ 35 943 004
0.5 140.9  0.07 2805 011 2601 011 1336 0.6
0.99 — iy 11195 040

Based on Table 2, we can suggest that setting the parameter 3, = 0.01 + k%rl results in better

numbers of iterations and CPU time compared to other cases. Furthermore, the numbers of itera-
tions and CPU time of the Two-step IVSE Algorithm in this case, B, = 0.01 + k%_l, outperform
those of the One-step ISE Algorithm, the One-step MISE Algorithm, and Tan et al. Algorithm 3.1.

Example 4.2. Let H = R" be an n-dimensional vector space equipped with the Euclidean norm.
We consider a classical form of the bifunction which given by the Nash-Cournot models, see [19],

f(III7y):<PCL'+qn(y+{L')7y—(E>, V(E,yERn,

where
0 q ¢ q
q 0 q P q
P=]q q 0 --- ¢ ,
q q . “ e O an

where q is a positive real number. We know that the bifunctions f is pseudomonotone and it is not
monotone on C, see [4].
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The numerical experiment is conducted under the case n = 10 and the following setting: the
constrained box C, the bifunction f, the contraction mapping h, and the control parameters are all
specified as in Example 4.1, with the parameter By, fixed at 0.01 + k—}rl We note that f satisfies
Lipschitz-type continuity, see [27]. In addition, the positive real number q is randomly generated
from the interval (0,1) and the starting points x_y = zo = x1 € R'% are randomly generated
from the interval [—5,5]. Here, we conducted experiments to evaluate the performance of each
set of parameters over 10 trials, with independently randomized initial points in each trial. The
presented results represent the average performance across those 10 trials. The Two-step IVSE

Algorithm was tested along with the One-step ISE Algorithm, the One-step MISE Algorithm, and

Tan et al. Algorithm 3.1 by using the stopping criteria ”m@%ﬂff” <1076,

TABLE 3. Influence of parameters 6, and d;, in Two-step IVSE Algorithm
where 8, = 0.01 + k—}rl for the equilibrium problems in Example 4.2

Tewo-step IVSE 0k =0 0 = 0.25§k 0 = 045_§,€ 0 = 0.75§k 0 = ?,? One-step ISE___ One-step MISE _ Tan et al. Alg.3.1
Iter Time  Iter Time Iter Time  Iter Time Iter Time  Iter Time  Iter Time Iter Time

0 =0 6233 022 551.0  0.19 520.9  0.18 4871  0.17 551.6  0.20

5, = 0.258,, 6022 022 5425 0.19 4155  0.14 504.6  0.18 456.1  0.16

5 = 0.58) 500.2  0.18 4775  0.16 4323  0.16 484.6  0.17 4101 0.14 683.8 023 671.9 023 4212 0.15

8, = 0.758;, 4156 0.14 5424 0.19 512.6  0.18 5555 0.19 448.7  0.16

S = Op 468.8  0.16 534.3  0.18 518.0 0.18 500.7  0.18 6143 022

Table 3 reveals that the selected parameters, 0, = 0y and 6, = 0.50y, result in improved
numbers of iterations and CPU time compared to all other considered cases. Additionally, we
observe that both the number of iterations and the CPU time of the Two-step IVSE Algorithm
outperform those of the One-step ISE and One-step MISE Algorithms. Meanwhile, the iterations
and the CPU time of the Two-step IVSE Algorithm, with some choices for the parameters 0, and
O, exhibit better performance than those of Tan et al. Algorithm 3.1.

Example 4.3. Here, we regard the image restoration problem, when all images have n := my X my
pixels and each pixel value belongs into the range [0, 255]. Let H = R™ be an n-dimensional vector
space equipped with the Euclidean norm and C = [[;_, [0, 255] be a constrained box.

The image restoration problem can be modeled by the linear equation system as follows:
(4:35) r = Q(E + v,
where x € R™ is the original image, r € R™ is the degraded image, v € R™ is additive noise, and
Q € R™*™ is the blurring matrix. To solve (4.35), we aim to estimate the original image, vector x,
by utilizing the following minimization problem to minimize the additive noise:

1 2
min 5 [|Qz — |,
see [30]. We take into consideration the bifunction f, which is defined by
f(xvy) = g(y) - g('T)a vx7y € Rna
where g(x) := 1||Qz — r||%. It is obvious that
f(@,y) + fy,x) =0, Y,y € R™.
Then, the bifunction f is monotone. Besides, the bifunction f satisfies Lipschitz-type continuity.
During this numerical experiment, the control parameters are imposed as in Example 4.1 by
fixing values of the control parameters 0y, = 0y, 6, = 0.5k, B, = 0.01 + ﬁ, while the contrac-
tion mapping h : R™ — R" is given by h(x) = % The starting points t_; = x9 = 1 € R"
are randomly generated from the interval (0,1). The Two-step IVSE Algorithm was tested along
with the One-step ISE Algorithm, the One-step MISE Algorithm, and Tan et al. Algorithm 3.1
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by using the stopping criteria as the number of iterations 2000. Throughout all comparisons, the
original images are two RGB images, peppers and Barbara with the sizes 384 x 512 and 512 x 512,
respectively. To obtain the degraded images, the motion blur is applied to the original images with
a motion length of 21 pixels and motion orientation 11°. We use the peak signal-to-noise ratio
(PSNR), in decibel (dB), to measure the quality of the restored image, which is determined by
2552

PSNR = 201log; Ton — 22
where x is the original image and xy, is the restored image at the k-th iteration. The higher PSNR
value indicates the higher quality restored image. This means the PSNR value increases as the
restored image x;, tends to the original image x. The restored images at the 2000-th iteration are
illustrated in Figures 1 and 2, respectively. In the interim, the PSNR values are displayed in Figure
3.

(B) Degraded image (c) Two-step IVSE Algorithm
PSNR = 49.69 dB

(D) One-step ISE Algorithm (E) One-step MISE Algorithm (F) Tan et al. Algorithm 3.1
PSNR = 46.39 dB PSNR =49.14 dB PSNR =41.09 dB

FIGURE 1. Comparison of the restored peppers images in Example 4.3

From Figures 1 and 2, it is evident that the Two-step IVSE Algorithm provides higher PSNR
values in comparison to the One-step ISE Algorithm, the One-step MISE Algorithm, and Tan et
al. Algorithm 3.1 for both tested images. In addition, the plots in Figure 3 demonstrate that the
Two-step IVSE Algorithm yields a more effective solution than the One-step ISE Algorithm, the
One-step MISE Algorithm, and Tan et al. Algorithm 3.1.

5. CONCLUSIONS

This paper introduces a two-step inertial viscosity subgradient extragradient algorithm
with self-adaptive step sizes, specifically designed for solving pseudomonotone equilib-
rium problems within the framework of a real Hilbert space. The proposed algorithm not
only provides a solution but also incorporates additional properties. Notably, the strong
convergence theorem for this algorithm is established without the need for prior knowl-
edge of the Lipschitz constants of the pseudomonotone bifunction, and this convergence
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(B) Degraded image

(c) Two-step IVSE Algorithm
PSNR = 40.45 dB

(D) One-step ISE Algorithm (E) One-step MISE Algorithm (F) Tan et al. Algorithm 3.1

PSNR =37.22 dB

PSNR = 39.89 dB

PSNR = 38.41 dB

FIGURE 2. Comparison of the restored Barbara images in Example 4.3

PSNR (dB)

= -

ISt

Two-step IVSE Algorithm
—-— - One-step ISE Algorithm |-
— — One-step MISE Algorithm
=== Tan etal. Algorithm 3.1

0 200 400 600 800

1000 1200 1400 1600 1800 2000

Number of iterations (k)

(A) The peppers image with size 384 x 512

PSNR (dB)

Two-step IVSE Algorithm

— -~ One-step ISE Aigorithm |-
— — One-step MISE Algorithm
— === Tan etal. Algorithm 3.1

200 400 600 800 1000 1200 1400 1600 1800 2000

Number of terations (k)

(B) The Barbara image with size 512 x 512

FIGURE 3. The behavior of PSNR values of the RGB images with different
sizes in Example 4.3

result holds under mild constraint qualifications for the scalar sequences. To demonstrate
the effectiveness of the developed algorithm, numerical experiments are conducted, fo-
cusing on Nash-Cournot oligopolistic equilibrium models in electricity markets, Nash-
Cournot models, and the image restoration problem. In the context of future research
directions, consideration should be given to analyzing the convergence rate of the pro-

posed algorithm.
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APPENDIX
This section demonstrates the proof of Lemma 3.6.

Proof. Firstly, we show that C' C Ty, for each k € N. Let k € N be fixed and y € C. Since
v € Ay, then there exists g € N (y) such that

(6.36) AkVk + Yk = Wk — G-
Using above equality, in view of g, € N¢(yx), we get
(6.37) (e = Akvk = Y,y = Yk) = (@Y — Yr) < 0.

This implies that y € 7). This shows that C' C T}, for each k € N. Consequently, this fact
guarantees that the Two-step IVSE Algorithm is well-defined.

Next, we will show the conclusion of the Lemma by utilizing the above facts. Let
p € EP(f,C). By the definition of z; and Lemma 2.3, we obtain that

1
0€ 0y {)\kf(yk,zk) + §sz — ’wk”z} + NTk(zk;)

Then, there exists v € s f (yk, zx) and g € N, (zx) such that
(6.38) AU+ 2z — wi + q¢ = 0.
So, by using the subdifferentiability of f, we have
(6.39) FWey) — fyr, ze) = (v,y — 21),Vy € H.
In addition, from g € Np, (2x), we get

(¢, 21 —y) > 0,Vy € Ty.
This together with the equality (6.38) yields that

(6.40) (W — 2k, 21 — y) = M (v, 2 — y), Yy € Ty
It follows from the relation (6.39) that
(6.41) (wr, — 2, 21 — y) = Melf (Yro 26) — f(yr, y)], Yy € Ty

Note that, since p € C C T}, we have
(W — 21, 2k — P) > N[ (ks 21) — f(yr, D))
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Thus, by utilizing the pseudomonotonic of f, we obtain that
(6.42) (W — 21y 2k — D) = Mo f (Uk» 2k)-
Furthermore, from the subdifferentiability of f and vy, € s f (wg, yx), we have
f(wi,y) — flwi, yi) = (vk,y — yr), Vy € H.

In particular, from z;, € T), C H, we get
(6.43) flwk, 26) — fwi, ye) > (v, 26 — Yi)-
Indeed, by the definition of T}, and z;, € T}, we see that

(Wi — Akvk — Y, 26 — Y) <0
It follows from the inequality (6.43) that
(6.44) Aklf (W, 2) = f (Wks y&)] > (Y — Wk Yo — 2k)-
Thus, the relations (6.42) and (6.44) imply that

Melf (W 21) — flwis yi) — f(yr, 26)] > {2k — Wi, 26 — D)
(6.45) Yk — Wi, Yk — 2k)-

On the other hand, by the definition of A1, we observe that

6.46)  flwr, z) — Fwr,yr) — Fyw, 21) < pullwe = yu > + llye = 2]%)
2A k41

Using this one together with the inequality (6.45), we get

Me(lwe = yell? + llye — 2 l?
T R [ L Tt )
2Ak41

Due to the above inequality, we note that

lwe = plI* = llwk = zlI” = 2 —pI* = 2(wk — 2, 26 — p)
e (lws = yall® 4 llye — 2l1?)

> 2(Yp — Wk, Yk — 2k) N
+1

This implies that

lzr = pl? < llwe = pl® = llwk — 2zl — 2(yr — wi, v — 2x)
Nk (lwre = yiell® + llye — 22l?)
Akt1
= Jlwk —plI* = llwe — yell® = llyk — 26l1* = 2(we — Yi> & — 21)
e (lwr = yell® + llye — 26l?)
Ak+1

Pk Pk
= =l = (1= 225 ) = el - (1= 22—

+

—2(yx — Wk, Yr — 2k) +

This completes the proof. O
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